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Preface

L’ injénuit´´ m´ eme d’ un regard neufˆ
(celui de la science l’est toujours) peut
parfois ´clairer d’ un jour nouveau d’´
anciens problèmes.

J. Monod [77, p. 13]

T his book is intended as a comprehensive introduction to the theory of
principal sheaves and their connections in the setting of Abstract Differ-

ential Geometry (ADG), the latter being initiated by A. Mallios’s Geometry
of Vector Sheaves [62]. Based on sheaf-theoretic methods and sheaf co-
homology, the present Geometry of Principal Sheaves embodies the classical
theory of connections on principal and vector bundles, and connections on
vector sheaves, thus paving the way towards a unified (abstract) gauge the-
ory and other potential applications to theoretical physics. We elaborate on
the aforementioned brief description in the sequel.

Abstract (ADG) vs. Classical Differential Geometry (CDG). Mod-
ern differential geometry is built upon the fundamental notions of differen-
tial (smooth) manifolds and fiber bundles, based, in their turn, on ordinary
differential calculus.

However, the theory of smooth manifolds is inadequate to cope, for in-
stance, with spaces like orbifolds, spaces with corners, or other spaces with
more complicated singularities. This is a rather unfortunate situation, since
one cannot apply the powerful methods of differential geometry to them or
to any spaces that do not admit an ordinary method of differentiation. The

ix



x Preface

same inadequacy manifests in physics, where many geometrical models of
physical phenomena are non-smooth.

These deficiencies gave rise, long ago, to the study of a variety of struc-
tures extending that of a differential manifold. In this regard we may cite,
e.g., the differential spaces according to R. Sikorski [113] (see also [112]),
and the generalized spaces in the sense of M. A. Mostow [79], J. W. Smith
[114] and I. Satake [107], to name but a few. The central idea behind all
these approaches is essentially to single out a family of functions, enlarging
the set of usual smooth functions so that the singularities (with respect to
the latter) are overcome. In customary terminology, one is thus led to a
new structure sheaf, characterizing the (enlarged) “smooth” functions of theff
space under consideration.

Circa 1989, A. Mallios, in an entirely different direction and independ-
ent of the other approaches, motivated by S. Selesnick’s paper [109] (holding
no relevance to differential spaces and the like) arrived at a quite general
theory pointing out the essential, algebraic in effect, differential-geometric
mechanism of the classical theory in that context. In this respect, the struc-
ture sheaf of a “smooth” space –in the general sense– was freed from its
functional character, prevalent in the case of the aforementioned generaliza-
tions. As a matter of fact, he defined algebraized spaces (X,A) to which he
attached differential triads (A, d, Ω). Here A is a sheaf of commutative as-
sociative and unital algebras, Ω an A-module, and d an Ω-valued derivation
of A. Such Ω and d can be constructed in various ways from a given A. One
way is by applying the sheafification process to Kähler’s algebraic theory¨
of differentials. These notions laid the foundations for an abstract formula-
tion of differential geometry, where no notion of differentiability is assumed
whatsoever. Indeed, the methods applied therein are rather algebraic, being
based mainly on sheaf-theoretic techniques and sheaf cohomology.

This point of view has an obvious unifying power and naturally includes
smooth manifolds and various differential spaces, standard or otherwise.
Nevertheless, the most important of all is, perhaps, the new insight that
such a generalization gives to the meaning of a geometric space X, i.e., a
space serving as the basis for the development of a sort of “differential” geo-
metry reminiscent of its classical ancestor. Here the adjective differential,
being deprived of its ordinary connotation (recalling differential calculus),
refers rather to a wealth of effective methods and notions parallel to their
classical counterparts. In such a space, the object of primary importance
is the structure sheaf and not X itself, which may contain many types of
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singularities (relative to any classical structure or a given A). Accordingly,
the “removal” of the said singularities consists of changing the pathological
A (expressing our old “arithmetic”) to a new structure sheaf absorbing –so
to speak– the singularities, while X remains unaltered.

In other words, the space X now plays the secondary rôle of the carrier ofˆ
the generalized “smooth” functions, which can be thought of as the sections
of the structure sheaf A, whereas the entire differential-geometric appar-
atus lives in A and certain other sheaves over X. We refer to A. Mallios –
E. E. Rosinger [71, 72] for an application of these ideas to the highly singu-
lar algebra of Rosinger’s generalized functions and the multi-foam algebra
of them, both encountered and confronted with, in problems of non-linear
PDE’s. An interesting discussion (with mathematical, physical, and even
philosophical, repercussions) on the meaning, appearance and removal of
singularities, within CDG and ADG, can be found in A. Mallios [66].

Undoubtedly, the same approach is also important to physical applic-
ations, where –as already mentioned– differentiability is quite a restrictive
property (if not non-natural) and the quest for algebraic methods seems to
be most desirable. In this respect we refer to A. Einstein’s conclusion in [26,
p. 158], the relevant comments of M. Heller [42, pp. 349–350] (in conjunc-
tion with M. Heller -W. Sasin [43]), and A. Mallios [66, 65]. Without going
into details, which are beyond the scope of this book, the same geometrical
mechanism can be applied to the quantum domain. Elementary particles
can be treated as “geometrical” objects, without reference to any space in
the usual sense, by applying the methods of ADG.

In the same spirit, the recent publication of J. Nestruev [83], though in
a different setting, is another advocate of the algebraic formalism motivated
by physical considerations. Indeed, Nestruev’s book “. . . explains in detail
why the differential calculus on manifolds is simply an aspect of commutative
algebra” (op. cit., p. vii) and why “Perhaps, more important is the algebraic
approach to the study of manifolds” (ibid., p. 6). This is in accordance with
the earlier idea that “a large part of the classical differential geometry is
part of linear algebra, more precisely –of the theory of modules”(R. Sikorski
[113, p. 45]; see also [112]). Technically speaking, a manifold can be defined
as the spectrum of a certain commutative topological algebra ([58], [83]).

The main ideas of ADG are expounded in [62] and are applied to the
geometry of vector sheaves, that is, the abstract analog of vector bundles.
An extensive summary of this work is also given in [63]. It is remarkable that
classical topics such as connections and their curvature, various notions of
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flatness, Riemannian and Hermitian structures, Weil’s integrality theorem,
the Chern -Weil homomorphism, characteristic classes and many more are
treated in this context. Two other volumes ([67]), devoted mainly to physical
applications, are under preparation (see also [68], [69], [70]).
The present author had the opportunity to become acquainted, as early as
1990, with the Geometry of Vector Sheaves through a seminar organized
by A. Mallios at the Mathematics Department of the University of Athens,
by numerous discussions with him, and finally from various preprints and
subsequent drafts of certain sections of his treatise. In this inspiring envir-
onment the author embarked on a research project concerning the geometry
of principal sheaves, results of which are collected in a coherent and system-
atic way herein. Besides its “raison d’ être” per se, which will be further
justified below, this volume can also be considered as a natural companion
of [62], extending and complementing various aspects of it.

The next figure depicts the relationship between the classical geometry of
fiber spaces, mainly vector and principal bundles, and their abstract coun-
terparts vector and principal sheaves. The vertical arrows of the picture
represent categorical imbeddings.

Classical Differential Geometry

principal bundles
�

vector bundles

��

principal sheaves
�

vector sheaves
�

Abstract Differential Geometry
�

���

The contents in brief . For the reader’s convenience we continue with an
outline of the book. More detailed information can be found in the table of
contents and the individual introduction of each chapter.
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Chapter 1 contains the very basic notions and results of the theory of sheaves
and sheaf-cohomology needed throughout this exposition. It is rather sketchy,
principally without formal statements and proofs, and intends to facilitate
references to standard material fully treated in many excellent books. The
expert may skip this chapter.

Chapter 2 is a detailed categorical study of differential triads, a point of
view not treated in [62]. It is shown that the category of differential triads
is closed under subspaces, quotients, products and various limits, unfolding
evidence to its potentiality as described. Smooth manifolds, differential
spaces and related structures are naturally imbedded in this category. An
abstract differentiability notion, rendering smooth a very broad category of
continuous mappings, is also introduced.

Chapter 3 is devoted to the study of Lie sheaves of groups, the abstract
analog of Lie groups. They are sheaves of groups G admitting a representa-
tion on an appropriate sheaf of Lie algebras L, say ρ : G → Aut(L), and are
equipped with an abstract form of logarithmic differential ∂ : G → Ω ⊗A L,
satisfying the property

∂(g · h) = ρ(h−1).∂(g) + ∂(h), (g, h) ∈ G ×X G.

We call such a ∂ a Maurer-Cartan differential. Lie sheaves of groups consti-
tute both the structure sheaf and the structure type of our principal sheaves,
and one of the building blocks of the theory of connections developed in sub-
sequent chapters. An important example is the general linear group sheaf
GL(n,A), closely related with the geometry of a vector sheaf (of rank n).

Chapter 4 aims at the theory of principal sheaves, originally considered by
A. Grothendieck [36]. However, here we define them in a slightly different
way, allowing the development of the geometry we have in mind. A prin-
cipal sheaf P, for our purpose, is a sheaf locally isomorphic to a (Lie) sheaf
of groups G, the latter also acting on P. After studying the morphisms
of principal sheaves and their relationship with 1-cocycles, we proceed to
the cohomological classification of this category of sheaves. An important
example is the sheaf of frames of a vector sheaf, treated in the next chapter.

Chapter 5 starts with vector sheaves. Each vector sheaf E determines a
corresponding principal sheaf of frames P(E). By means of the latter, the
geometry of vector sheaves is reduced to that of principal ones. A consid-
erable part of the chapter is devoted to various sheaves associated with a
given principal sheaf P by representations of its structure sheaf G on certain
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sheaves of groups. A vector sheaf is trivially associated with its principal
sheaf of frames.
Chapter 6 introduces the fundamental notion of connection (or gauge po-
tential of physicists) on a principal sheaf P. A connection is defined to be a
morphism of sheaves D : P → Ω⊗A L, satisfying the fundamental property

D(p · g) = ρ(g−1).D(p) + ∂(g), (p, g) ∈ P ×X G.

It turns out that D is equivalent to a family of local sections (ωα) of Ω⊗AL,
analogous to the ordinary local connection forms. The existence of con-
nections is ensured by the annihilation of a particular cohomology class,
named the Atiyah class of the principal sheaf, after the classical analog of
holomorphic connections. Our approach provides yet another, operator-like,
definition of ordinary connections. Other results concern connections linked
together by morphisms of principal sheaves, gauge transformations of con-
nections and the moduli sheaf of connections.
Chapter 7 explains how the connections of a principal sheaf induce connec-
tions on various associated sheaves, principal or vector ones. In particular,
it is shown that the theory of connections on vector sheaves, as developed
in [62], can be deduced from the general theory of Chapter 6.
Chapter 8 is centered on another fundamental notion of differential geo-
metry, namely the curvature of a connection (in the language of physics,
the field strength of a gauge potential). Its existence is ensured if higher
order differentials, extending the Maurer-Cartan differential ∂, exist. By
the same token, we obtain the analogs of Cartan’s (second) structure equa-
tion and Bianchi’s identity. In the sequel we focus on flat and integrable
connections, flat principal sheaves and parallelism. Unlike the classical case,
these notions are not equivalent unless an appropriate Frobenius condition
is assumed to be satisfied.
Chapter 9 deals exclusively with the abstraction of the Chern -Weil homo-
morphism using the theory of connections on principal sheaves.
Chapter 10 contains a few applications further illustrating some of the gen-
eral methods and ideas of this work. They are examples somewhat more
technical than those included in the previous chapters. Among them we in-
clude infinite-dimensional connections , Riemannian metrics, the torsion of
a linear connection on Ω∗, and non-commutative differential triads. Finally,
the concluding problems are not exercises intending to test the reader’s com-
prehension. They are merely inviting him/her to complete our exposition
by pursuing this trend of research towards certain topics not covered here.
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Reverting to CDG, we would like to add that, in the course of our in-
vestigation, we show in detail how the standard theory fits into the present
scheme. Apart from providing a basic example, this endeavor gives two use-
ful by-products: the disclosure, on the one hand, of the basic tools of CDG
that are susceptible of the described abstraction, and, on the other hand,
the investigation of the rôle of others, less exploited in the classical contextˆ
because of the abundance of means therein.

To be more precise, let us mention, as an example, the case of connections
on a principal bundle. Looking carefully at them, we see they involve two
fundamental tools: the adjoint representation and the logarithmic (or total)
differential of the structural group of the bundle. Including them (in an
appropriate, axiomatic way) in the structure of a sheaf of groups, we are
able to define connections on principal sheaves with structure sheaf the said
(Lie) sheaf of groups. In contrast to this, other widely used methods, based
on connection mappings (defined over tangent spaces), global connection
forms, horizontal subspaces and the like, are nonsensical in our framework,
so they cannot serve this approach.

As a moral, we could say that a classical notion fits well here, if it is
susceptible of a convenient localization.

We believe that the preceding summary of contents along with the dis-
cussion on ADG helps to clarify the framework and scope of this book,
succinctly presented in the beginning of the preface.

Readership. The book is addressed to researchers and graduate students
with an interest in differential geometry, wishing to become acquainted with
the theory of connections on principal sheaves within ADG, and/or to look
at the classical theory from a different (algebraic) point of view. Combined
with [62, 67], it can be used as the platform for potential applications to
theoretical physics such as gauge theories, (pre)quantization, gravitation,
and quantum theory.

Although an ample summary of the theory of sheaves is included, some
familiarity with its techniques would be welcome. Similarly, a working know-
ledge of the fundamentals of the geometry of smooth manifolds and bundles
would help the reader to better bridge CDG with the present approach.

Since the book addresses a wide audience, with different backgrounds
and interests, particular care is given to the details of the exposition. For
the benefit of the novice, all the proofs are meticulously laid out, using as
elementary as possible methods, although this may sometimes seem tedious
to the expert.
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Chapter 1

Sheaves and all that

... the central message of Quantum
Field Theory [is] that all inform-
ation characterizing the theory is
strictly local ...

R. Haag [39, p. 326]

Sheaves were introduced ... by J. Le-
ray and have had a profound effect
on several mathematical disciplines.
Their major virtue is that they unify
and give a mechanism for dealing
with many problems concerned with
passage from local information to
global information.

R. O. Wells, Jr. [142, p. 37]

I n this preliminary chapter we gather together the very basic notions of
the theory of sheaves and their cohomology. Rather than writing a com-

plete introduction to the subject, our intention is to fix the notations and
terminology applied in the main part of the book, and to guide the reader to
the sources that seem to be most appropriate for the purpose of this work.

We are primarily concerned with the relationship between sheaves and
(complete) presheaves, their morphisms, and the rudiments of the Čech co-
homology. The latter is almost exclusively used throughout and is developed

1



2 Chapter 1. Sheaves and all that

in the general case of A-modules, where A is a sheaf of algebras. Other useful
topics, such as sums and products, the pull-back and the push-out of sheaves
by continuous maps, and certain sheaves of functions are also treated.

For later reference, as well as for the reader’s convenience, each section is
divided into short subsections. Formal statements and proofs have generally
been omitted to allow the reader to proceed in a leisurely manner.

For complete details we mainly refer to Bredon [16], Dowker [23], Go-
dement [33], Grothendieck [36], Gunning [37], Hirzebruch [44], Swan [119],
Tennison [121], Vaisman [123], and Mallios [62, Vol. I], covering more or less
standard topics. The last book contains a detailed approach to A-modules
and their cohomology. Additional references, for more specific topics, will
be given occasionally.

1.1. Sheaves

Here we deal with the basic definitions and properties of sheaves, their
morphisms and sections.

1.1.1. Sheaves and morphisms

Let X ≡ (X, TX) be a topological space. A sheaf (of sets) over X is
determined by a triplet

S ≡ (S, π, X),

where S is topological space and π : S → X a local homeomorphism. The
previous definition implies that π is a continuous, open map. However, it is
not necessarily a surjection.

We call S the total or sheaf space, X the base, and π the projection
of the sheaf. If there is no danger of confusion, a sheaf as above is simply
denoted by its (total) space S.

For any x ∈ im π, the set

SxS := π−1(x) ≡ π−1({x})

is called the stalk of S at (or, over) x. It is a direct consequence of the
definitions that each stalk SxS is a discrete subspace of S, with respect to the
relative topology. Some authors, influenced by the general theory of fiber
spaces, use the term fiber in place of stalk.

For any open U ⊆ X, the restriction S|U = π−1(U) of S to U is a sheaf
over U , with projection the restriction of π to S|U .
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A subsheaf of S is an open subset S ′ of S. Then the triplet (S ′, π|S′ , X)
is a sheaf in the usual sense, whence the terminology.

Examples of some sheaves, frequently used throughout, will be given in
Section 1.3.

If (S, π, X) and (T , π′, X) are two sheaves of sets (over the same base
X), a morphism of S into T , or a sheaf morphism, is a continuous map
φ : S → T such that π′ ◦ φ = π (see the next diagram).

S φ �� T

X

�

π′π
��

Diagram 1.1

A morphism of sheaves is necessarily a local homeomorphism, thus we
may think of (S, φ, T ) as a sheaf. Also, φ is stalk preserving ; that is,
φ(SxS ) ⊆ TxTT , for every x ∈ X. Hence, one can define the restrictions of φ to
the stalks of S

φx := φ
∣∣∣∣
Sx

: SxS −→ TxTT .

The set of morphisms between two sheaves S and T is denoted by

Hom(S, T ).

A morphism φ is injective (resp. surjective) if all the restrictions φx

share the same property. Moreover, φ is said to be an isomorphism if it has
an inverse that is also a sheaf morphism. It is immediate that a morphism
φ is an isomorphism if and only if φx is an isomorphism, for every x ∈ X.

It is obvious that the composition of morphisms (over the same base) is
also a sheaf morphism, thus we obtain the category of sheaves, over the
topological space X, denoted by

ShX .

1.1.2. Sheaves with algebraic structures

Before proceeding further, we first define the fiber product of sheaves. More
precisely, if (S, π, X) and (T , π′, X) are two sheaves of sets, then their fiber
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product over X is the sheaf

(S ×X T , πX , X),

where the space

S ×X T := {(s, t) ∈ S × T : π(s) = π′(t)}

is endowed with the relative topology (as a subspace of S × T ), and

πX(s, t) := π(s) = π′(t), (s, t) ∈ S ×X T .

An alternative notation for the fiber product of two sheaves S and T is
S ◦T , but it will not be applied here. The fiber product will be rediscussed
in Subsection 1.3.2.

Very frequently, sheaves whose stalks have an algebraic structure will be
considered. In this case, the corresponding operation(s), defined stalk-wise
by some map(s) of the general form

� : S ×X S � (s1, s2) �−→�� s1 � s2 ∈ S,

is (are) assumed to be continuous.
For example, a sheaf of groups is a sheaf (G, π,X), whose stalks Gx

are groups, and the multiplication

γ : G ×X G � (g, h) �−→�� γ(g, h) = g · h ∈ G,

as well as the inversion

α : G � g �−→�� α(g) = g−1 ∈ G,

are continuous maps.
Likewise, we define sheaves of K-vector spaces (K = R, C), sheaves

of rings, and sheaves of algebras.
Another, commonly used, structure is that of an A-module, where

(A, π, X) is a sheaf of algebras. This is a sheaf of abelian groups, say
(E , π, X), whose stalks ExE are, in addition, Ax-modules (in the usual sense)
so that the operation (: scalar multiplication)

A×X E � (a, u) �−→�� a · u ≡ au ∈ E

is also continuous.
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If E is an A-module, a subsheaf E ′ such that the set E ′
xE := E ′ ∩ ExE is

an Ax-submodule of ExE , for every x ∈ X, is called an A-submodule of E .
Clearly, E ′ is an A-module itself.

A morphism of sheaves with an algebraic structure will be a
morphism of sheaves φ (in the sense of Subsection 1.1.1) preserving stalk-
wise the given structure; in other words, the restrictions φx to the stalks
are morphisms of the given structure. For convenience, a morphism of A-
modules will be called A-morphism.

Note. In most of the previous sheaves we have denoted their projections by
the same symbol π. We follow this practice whenever there is no danger of
confusion, otherwise a distinctive index will be appropriately inserted.

1.1.3. The sections of a sheaf

Let (S, π, X) be a sheaf and U a subset of X. A section of S over U is a
continuous map s : U → S such that π ◦ s = idU . In a more pictorial way,
the following diagram is commutative.

S

U
idU ��

s

��

X

π

�

Diagram 1.2

Though the definition has a meaning for any (not necessarily continuous)
sections, our main concern will be that of continuous ones over an open
domain.

It is obvious that s is an injective map and s(x) ∈ SxS , for every x ∈ U .
Moreover, if U is an open subset of X, then s(U) is an open subset of S and
s : U → s(U) is a homeomorphism. Thus, in particular, the sections of S
are open maps, and

(BTS)
the sets s(U), for all U running the topology TX of X and all
s ∈ S(U), determine a basis for the topology of S.

We denote by

(1.1.1) S(U) ≡ Γ(U,S)
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the set of continuous sections of S over U . If U � X, then the elements of
S(U) are also called local sections, whereas the set

(1.1.1′) S(X) ≡ Γ(X,S)

consists of the (continuous) global sections of S.
The local structure of a sheaf S ensures the existence of (local) sections

with given initial conditions. To be more precise, for any p ∈ S with π(p) =
x, there is an open neighborhood U of x and s ∈ S(U) such that s(x) = p.
If t ∈ S(U) is another section with t(x) = p, then there exists an open
neighborhood W ⊆ U of x such that s|W = t|W .

A morphism of sheaves φ : S → T induces the morphisms of sections

(1.1.2) φ̄U : S(U) −→ T (U),

for every U ∈ TX , given by

(1.1.2′) φ̄U (s) := φ ◦ s.

In most cases, as is the custom, the induced morphism φ̄U is simply
written as φ. Thus,

(1.1.3)
the expression φ(s) may represent either the value of the morph-
ism φ at a point s ∈ S, or the value of the induced morphism φ̄U

at a section s ∈ S(U).
The exact meaning of such an expression will be clarified by the context or
by an explicit mention of the domain of the variable s at hand.

It is evident that, when dealing with sheaves with an algebraic structure,
the corresponding sets of sections inherit the same structure. For instance,
if G is a sheaf of groups, then G(U) ≡ Γ(U,G) is a group under the operation
defined, point-wise, by

(s · t)(x) := s(x) · t(x); x ∈ U,

for every s, t ∈ G(U). Moreover, for every s ∈ G(U), one defines the inverse
section s−1 ∈ G(U) with

(1.1.4) s−1(x) := (s(x))−1, x ∈ U.

In particular, a sheaf of groups admits a distinguished continuous global
section 1 ∈ G(X), called the unit or identity section, defined by

(1.1.5) 1 : X −→ G : x �→ 1(x) := ex,
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if ex is the neutral (unit) element of Gx.
Similarly, given a sheaf of unital algebras (A, π,X), we define the zero

section 0 ∈ A(X)

(1.1.6) 0 : X −→ A : x �→ 0(x) := 0x,

as well as the unit section 1 ∈ A(X)

(1.1.7) 1 : X −→ A : x �→ 1(x) := 1x,

where 0x and 1x are, respectively, the zero and unit of Ax.
Any A-module E has also a zero section 0 ∈ E(X).

1.2. Presheaves

We give the basic definitions and properties of presheaves, along with a
detailed description of their relationship with sheaves.

1.2.1. Presheaves and morphisms

Let X ≡ (X, TX) be a topological space. A presheaf of sets consists of
two kinds of data:

– a family of sets S(U), for all U ∈ TX , and
– a family of maps

(1.2.1) ρU
V : S(U) → S(V ),

associated to every pair (U, V ) of open subset of X with U ⊇ V , and such
that the conditions

ρU
U = idS(U),(1.2.1a)

ρV
W ◦ ρU

V = ρU
W ,(1.2.1b)

hold for every U, V, W ∈ TX with U ⊇ V ⊇ W .
A presheaf, as above, is denoted by

S ≡
(
S(U), ρU

V

)
.

Sometimes, the symbol ρV U is used instead of ρU
V , in order to give (1.2.1b)

a more symmetrical form. The maps ρU
V are called restriction maps, al-

though, in the real sense, there is no restriction unless the sets S(U) them-
selves consist of maps. This is the case, for instance, of the sections of a
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sheaf (see below). In the same spirit, the elements of the set S(U) are often
called sections (over U) of the presheaf.

Condition (1.2.1b) is illustrated in the commutative diagram:

S(U)
ρU

V �� S(V )

S(W )
�

ρV
WρU

W ��

Diagram 1.3

Schematically, we may think of S as a double correspondence

U �−→�� S(U),(
iVU : V ↪→↪↪ U

)
�−→��
(
ρU

V : S(U) → S(V )
)
,

where iVU is the natural inclusion. Hence, categorically speaking, S is a
contravariant functor from the category of open subsets of X and inclusions
to the category of sets. We customarily refer to S by the first correspondence.

By its very definition, a presheaf S determines an inductive or direct sys-
tem (of sets, groups, modules etc.), with index set the topology TX directed
by the relation

U � V ⇐⇒ V ⊆ U,

for every U, V ∈ TX .
Examples of certain presheaves, required later on, are given in Section

1.3 below.
A weaker definition of a presheaf allows U to run in a basis B for the

topology of X (see Gunning [37, p. 16], Eisenbud-Harris [27, p. 16]). Such
a presheaf extends to an ordinary one in the following way: Assume that(
S(V ), ρV

W

)
is a presheaf over a basis B. Then, for any open U ⊆ X, we set

S(U) := lim←−
B�V ⊆U

S(V ).

(For the relevant definitions and properties of projective (or inverse) limits
see, e.g., Bourbaki [12], Eilenberg-Steenrod [25].) The projection of the limit
to each S(V ) is taken, by definition, as the restriction ρU

V : S(U) → S(V ).
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The restriction ρU
U ′ , for arbitrary open U, U ′ with U ′ ⊆ U , is given by the

projective limit of the morphism of projective systems{
ρV

U ′∩V : S(V ) → S(U ′ ∩ V )
∣∣∣∣V ∈ B

}
,

after the observation that

S(U ′) := lim←−
B�V ⊆U ′

S(V ) = lim←−
B�V ⊆U

S(U ′ ∩ V ).

Such an extension is unique, up to isomorphism, as a result of the universal
property of the projective limit.

If the sets S(U) have an algebraic structure, then the restriction maps
ρU

V are assumed to be morphisms with respect to this structure. Thus, e.g.,
a presheaf of groups is a contravariant functor from the category of open
subsets of X and inclusions to the category of groups. In particular, if S is a
sheaf of abelian groups, we agree that S(∅) = 0 ≡ {0} (: the trivial group).

Assume now that we are given two presheaves (of sets)

S ≡
(
S(U), ρU

V

)
and T ≡

(
T (U), τU

Vττ
)
,

over the same topological space X. A morphism of S into T , or a presheaf
morphism, φ : S → T is a family of maps φ ≡ (φU ) , with U running in
TX , where the maps

φU : S(U) −→ T (U)

satisfy equality

(1.2.2) τU
Vττ ◦ φU = φV ◦ ρU

V ,

for every open U and V in X, with V ⊆ U . In other words, the following
diagram is commutative.

S(U)
φU �� T (U)

S(V )

ρU
V

� φV �� T (V )

τU
Vττ

�

Diagram 1.4
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The set of morphisms between the presheaves S and T is denoted by

Hom(S, T ).

A morphism of presheaves is an injection, surjection or isomorphism,
if the maps φU : S(U) → T (U) have the corresponding property, for all
U ∈ TX . Clearly, the composition of two presheaf morphisms φ : S → T
and ψ : T → R is defined to be

(1.2.3) φ ◦ ψ ≡ (φU ◦ ψU ), U ∈ TX .

Thus we obtain the category of presheaves (over X), denoted by

PShX .

Given a sheaf S, its sections S(U) ≡ Γ(U,S), for all open U ⊆ X (see
Subsection 1.1.3) , together with the natural restrictions

ρU
V : S(U) −→ S(V ) : s �→ s|V ; V ⊆ U,

determine the presheaf

(1.2.4) Γ(S) :=
(
Γ(U,S) ≡ S(U), ρU

V

)
,

called the presheaf of sections of the sheaf S.
The previous process determines the so-called section functor

Γ : ShX −→ PShX ,

between the categories of sheaves and presheaves over X. In fact, to any
object S ∈ ShX , Γ assigns the presheaf Γ(S), whereas to any sheaf morphism
φ : S → T , Γ assigns the morphism of presheaves

(1.2.4a) Γ(φ) ≡ φ̄ : Γ(S) −→ Γ(T ),

determined by the family of induced morphisms (see (1.1.2) and (1.1.2′))

(1.2.4b) φ̄U : S(U) −→ T (U),

for all U ∈ TX .
In particular, as we shall see in Subsection 1.2.3, the image of Γ is con-

tained in the subcategory of complete presheaves over X.
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1.2.2. Sheaves generated by presheaves

We shall show that a presheaf generates, in a canonical way, a sheaf. In
point of fact, many sheaves arise from presheaves in this way.

Let S ≡
(
S(U), ρU

V

)
be a presheaf (of sets) over the topological space X

and let x ∈ X be any point. On the disjoint union⊔
U∈N (x)

S(U),

where N (x) is the filter of open neighborhoods of x, we define the following
equivalence relation: if s ∈ S(U) and t ∈ S(V ), then

(1.2.5) s ∼ t ⇐⇒ ∃ W ∈ N (x) : ρU
W (s) = ρV

W (t).

We denote by SxS the resulting quotient space, which is precisely the inductive
or direct limit of all S(U), with U running in N (x); that is,

SxS :=
⊔
x∈U

S(U)
/
∼ ≡ lim−→

U∈N (x)

S(U).

The equivalence class of an element s ∈ S(U) is denoted by [s]x ∈ SxS . We
call [s]x the germ of s at x.

For each open U ∈ TX and any x ∈ U , we have the corresponding
canonical map (into germs)

(1.2.6) ρU,x : S(U) −→ SxS : s �→ [s]x.

The relationship between the restriction maps and the canonical maps into
germs is pictured in the following commutative diagram:

S(U)
ρU

V �� S(V )

SxS

�

ρV,xρU,x
��

Diagram 1.5

Varying x in the entire X, we define the set
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S :=
⋃

x∈X

SxS

(actually a disjoint union too) and the obvious projection π : S → X with
π(SxS ) := x, for every x ∈ X. We topologize S by taking as a basis for the
topology all the sets of the form

{ρU,x(s) |x ∈ U} ⊆ S,

for all s ∈ S(U) and all U ∈ TX . We show that the triplet S ≡ (S, π,X) is a
sheaf, called the sheaf generated by (or associated with) the presheaf
S. It is also denoted by

(1.2.7) S = S(S) = S
(
U �−→�� S(U)

)
.

Let S = S(S). Then, for every open U ⊆ X, there is a canonical map
(morphism) of sections

(1.2.8) ρU : S(U) −→ S(U),

defined as follows: For any s ∈ S(U), the section ρU (s) is given by

(1.2.8′) (ρU (s)) (x) := [s]x ∈ SxS , x ∈ U.

Another useful notation is

(1.2.9) s̃ := ρU (s).

Thus, taking into account (1.2.6), (1.2.8′) and (1.2.9), it is seen that

(1.2.10) s̃(x) = (ρU (s)) (x) = [s]x = ρU,x(s),

for every s ∈ S(U) and x ∈ U . Therefore,

(BTGS)
the basis for the topology of the sheaf S, generated by the
presheaf S, consists of the subsets (̃U) of S, obtained from
all s ∈ S(U) and all open U ⊆ X.

The symbol S in (1.2.7) indicates a process known as the sheafification,
by which, to every presheaf, we associate a sheaf. In fact, S determines the
sheafification functor

S : PShX −→ ShX
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between the categories of presheaves (of sets) and sheaves (of sets) over the
topological space X. To prove the previous claim one has to explain how
the sheafification process generates a morphism of sheaves

(1.2.11) φ̃ ≡ S(φ) : S ≡ S(S) −→ T ≡ S(T )

from a given morphism of presheaves

φ ≡ (φU ) : S ≡
(
S(U), ρU

V

)
−→ T ≡

(
T (U), τU

Vττ
)
.

To this end, one sets

(1.2.12) φ̃|Sx ≡ S(φ)
∣∣∣∣
Sx

:= φx; x ∈ X,

where the map

φx := lim−→
U∈N (x)

(φU ) : lim−→
U∈N (x)

S(U) ≡ SxS −→ TxTT ≡ lim−→
U∈N (x)

T (U)

is defined, in turn, by

(1.2.13) φx([s]x) := [φU (s)]x = φ̃U (s)(x),

for every s ∈ S(U).
Equalities (1.2.10) and (1.2.13) imply the commutativity of the diagram

S(U)
φU �� T (U)

SxS

ρU,x

� φx �� TxTT

τU,xττ

�

Diagram 1.6

which, along with Diagram 1.5, proves that (1.2.13) is well defined. Apply-
ing the topology described in (BTGS), it is verified that S(φ) is indeed a
continuous map (commuting with the projections).

Combining (1.2.13) with (1.2.10), it follows that

(1.2.13′) φ̃( (̃x)) = φx([s]x) = φ̃U (s)(x),
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for every s ∈ S(U) and x ∈ U .
On the other hand, if

(φ̃)U ≡ S(φ)U ≡ S((φU )), U ∈ TX

are the morphisms of sections induced by φ̃ ≡ S(φ) (see (1.1.2)), we also
obtain the next commutative diagram.

S(U)
φU �� T (U)

S(U)

ρU

� (φ̃)U �� T (U)

τUττ

�

Diagram 1.7

If we start with a presheaf S, endowed with an algebraic structure de-
termined by an operation, say � , then the same structure passes to (the
stalks of) the sheaf S = S(S). Indeed, for any a, b ∈ SxS , we let

a � b := ρW,x

(
ρU

W (s) � ρV
W (t)
)
,

if s ∈ S(U), t ∈ T (V ) are presheaf sections representing a and b, respectively,
in SxS ; that is,

a = [s]x ≡ s̃(x) and b = [t]x ≡ t̃(x),

where U , V , W ∈ N (x), with W ⊆ U ∩ V . It is not difficult to show that
a � b is well defined and has the properties of the original operation on the
presheaf. In this case, the canonical maps ρU and ρU,x are morphisms with
respect to � .

Note. Let S ≡ (S(U), ρU
V ) be a presheaf, with U running in the topology

TX , and let S be the sheafification of S. If U is restricted to run in a basis
B for TX , then we can repeat verbatim the sheafification process and obtain
a sheaf, say S̃. The sheaves S and S̃ are identical set-theoretically and
topologically. Indeed, it is an easy exercise to verify that

SxS = lim−→
U∈N (x)

S(U) = lim−→
x∈U⊆B

S(U) = S̃xS ,
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thus S = S̃, as sets. Moreover, their topologies coincide since the corres-
ponding bases (see (BTGS), p. 12) are equivalent.

Similarly, assume that T ≡ (T (V ), ρV
W ) is a presheaf with V ∈ B and let

T be its extension to a presheaf over TX (see page 8). Since T is the restric-
tion of T to B, the previous arguments imply that the sheaves generated by
T and T coincide, i.e., S(T ) = S(T ).

1.2.3. Complete presheaves

In the last two subsections we defined the functors Γ : ShX → PShX and
S : PShX → ShX . If we start with a sheaf S and apply successively Γ and
S, we obtain a canonical sheaf isomorphism

(1.2.14) S (Γ(S)) �−−−−→ S�

in the following manner: For any u ∈ S (Γ(S))x, there is a section s ∈ S(U),
for some U ∈ N (x), such that u = [s]x. The desired isomorphism is realized
by the assignment

S (Γ(S))x � u = [s]x �−→�� s(x) ∈ SxS .

It is a well defined map, independent of the choice of s. Since the elements
of S (Γ(S)) are the germs of sections of S (see Subsection 1.2.2), the former
sheaf is called the sheaf of germs of the sections of S. Therefore,

(1.2.15)

a sheaf coincides, up to isomorphism, with the sheaf of germs
of its sections; hence, for any open U ⊆ X and any section
s ∈ S(U), [s]x = s(x) within an isomorphism, for every x ∈ U .
Accordingly, a morphism φ : S → T identifies with the sheaf
morphism generated by {φ̄U : S(U) → T (U) |U ∈ TX}; that is,
φ ≡ S

(
(φ̄U )
)
.

In particular, if u ∈ SxS , there is an s ∈ S(U), for some U ∈ N (x), such
that u = s(x). Thus, in virtue of (1.1.2′) and (1.1.3),

φ(u) = φ(s(x)) = φ̄U (s)(x) ≡ φ(s)(x).

In other words, we are led to the following useful conclusion:

(1.2.15′) A morphism of sheaves is completely known once it is known
section-wise.

However, if we start with a presheaf S and apply successively S and
Γ, the resulting presheaf Γ (S(S)) is not necessarily isomorphic with S (for
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counter-examples see, e.g., Gunning [37, p. 19], Warner [140, p. 168]). We
do obtain isomorphic presheaves if we consider the category of complete
presheaves, denoted by

CoPShX .

More precisely, a presheaf S ≡
(
S(U), ρU

V

)
is said to be complete if, for

every open U ⊆ X and every open covering (UαUU )α∈I of U , the following two
conditions are fulfilled:
(CP. 1) If s, t ∈ S(U) are any sections such that

ρU
UαUU (s) = ρU

UαUU (t),

for all α ∈ I, then s = t.
(CP. 2) If sα ∈ S(UαUU ), α ∈ I, is a family of sections such that

ρUαUU
UαβUU (sα) = ρ

UβU
UαβUU (sβ); UαβUU := UαUU ∩ UβU ,

for all α, β ∈ I, then there exists a section s ∈ S(U) such that

ρU
UαUU (s) = sα, α ∈ I.

The element s ∈ S(U), ensured by (CP. 2), is unique, in virtue of (CP. 1).
Now, based on (1.2.9) and (1.2.10), we can prove that, for all open

U ⊆ X, the maps

ρU : S(U) −→ Γ (U, S(S)) = S(S)(U) : s �→ s̃

are bijections and determine the desired isomorphism

(1.2.16) S
�−−−−→ Γ (S(S)).

It is worthy to note that the isomorphism (1.2.16) is the necessary and
sufficient condition for the completeness of the presheaf S. Therefore,

a presheaf over a topological space X identifies with the presheaf of
sections of some sheaf (over X) if and only if the initial presheaf is
complete.

Furthermore, if {φU : S(U) → T (U) |U ∈ TX} is a morphism between
the complete presheaves S and T , and φ̃ = S((φU )) is the morphism induced
by the sheafification of (φU ) (cf. (1.2.11) and the notations before Diagram
1.7), then, within an isomorphism,

(1.2.17) (φ̃)U := S ((φU ))U = φU , U ∈ TX .



1.3. Some useful sheaves and presheaves 17

A typical example of a complete presheaf is provided by the sections
of a sheaf. Other examples are obtained from various spaces of functions.
For instance, if X is a topological space, then, for any open U ⊆ X, we
denote by C0(U, K) the algebra of K-valued continuous functions on U .
The assignment

U �−→�� C0(U, K), U ∈ TX

is a complete presheaf of algebras generating the sheaf of germs of con-
tinuous functions on X, denoted by CX . It is a sheaf of algebras such
that, in virtue of (1.1.1) and (1.2.16),

CX(U) ∼= C0(U, K), U ∈ TX .

Likewise, if M is a smooth manifold and C∞(U, K) is the algebra of
K-valued smooth functions on U , then the complete presheaf of algebras

U �−→�� C∞(U, K), U ∈ TM

generates the sheaf of germs of smooth functions on X, denoted by
C∞

M . It is again a sheaf of algebras such that

C∞
M (U) ∼= C∞(U, K), U ∈ TM .

Sheaf theory jargon. Some authors use the terms sheaf and etalé space´
where we use complete presheaf and sheaf, respectively.ff

1.3. Some useful sheaves and presheaves

We collect below certain sheaves and presheaves frequently encountered in
this work.

1.3.1. The constant sheaf

Let F be any set equipped with the discrete topology. Then the constant
sheaf (over the topological space X) with stalks of type F is the triplet

FXF ≡ (X × F, p1, X),

where p1 : X × F → X is the projection to the first factor. If there is no
danger of confusion, often FXF is simply denoted by F .
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The above characterization of the stalks is due to the fact that

p−1
1 (x) = {x} × F ∼= F, x ∈ X.

We note that the assumption “F is a discrete space” is essential in order
to prove that p1 is a local homeomorphism. In fact, these conditions are
equivalent .

It is shown that the continuous local sections of FXF are precisely the
locally constant functions with values in F .

We obtain FXF also as the sheafification of the constant presheaf

F =
(
F (U), ρU

V

)
,

where F (U) := F , for all open U ⊆ X, and ρU
V := idF . Since

lim−→
U∈N (x)

F (U) ∼= {x} × F,

we see that
S(F ) =

⋃
x∈X

({x} × F ) = X × F = FXF .

We note that F is not a complete presheaf; hence, if f ∈ F (U) = F is a con-
stant (viewed as a constant function (“section”)), then the correspondence
(see (1.2.9))

F (U) � f �−→�� f̃ ∈ FXF (U)

is not a bijection. It is only an injection; therefore, in a suitable terminology,
F is known as a monopresheaf .

1.3.2. Products and sums of sheaves

In Subsection 1.1.2 we defined the fiber product S ×X T of two sheaves
(S, π, X) and (T , π′, X). Its stalks are

(S ×X T )x = SxS × TxTT .

It is obvious that, for any open U ⊆ X, a section f ∈ (S ×X T )(U) has the
form f = (s, t) ∈ S(U) × T (U); hence,

(1.3.1) (S ×X T )(U) ∼= S(U) × T (U).
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On the other hand, given two presheaves

S ≡
(
S(U), ρU

V

)
and T ≡

(
T (U), τU

Vττ
)
,

their direct product is the presheaf

S × T :=
(
S(U) × T (U), ρU

V × τU
Vττ
)
.

Thus, if we consider the direct product Γ(S) × Γ(T ) of the presheaves of
sections of two sheaves S and T (see (1.2.4)), we immediately check that

S ×X T ∼= S
(
Γ(S) × Γ(T )

)
;

in other words,

S ×X T is generated by the presheaf U �−→ S�� (U) × T (U).

Similarly, if S = S
(
U �−→�� S(U)

)
and T = S

(
U �−→�� T (U)

)
,

S ×X T ∼= S
(
U �−→�� S(U) × T (U)

)
.

In particular, if S and T are A-modules (see the last part of Subsection
1.1.2), then their fiber product is again an A-module. In this case we also
use the symbol

S ⊕ T = S ×X T ,

and we call it the direct or Whitney sum of the A-modules S and T .
We can define the fiber product of any family of sheaves (SiSS )i∈I .

This is denoted by ∏
i∈I

SiSS .

It coincides (within an isomorphism) with the sheaf generated by the (com-
plete) presheaf

U �−→��
∏
i∈I

SiSS (U); U ∈ TX ,

that is, ∏
i∈I

SiSS ∼= S
(
U �−→��

∏
i∈I

SiSS (U)
)
.

However, the equality of stalks(∏
i∈I

SiSS
)

x
=
∏
i∈I

Si,xSS
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is valid only if I is finite, otherwise the stalk of the product is, in general,
injectively mapped into the product of the stalks.

The direct or Whitney sum of any family (SiSS ) of A-modules⊕
i∈I

SiSS

is defined analogously. As before, we have that⊕
i∈I

SiSS ∼= S
(
U �−→��

⊕
i∈I

SiSS (U)
)
.

If (SiSS )i=1,...,n is a finite family of A-modules, then

n∏
i=1

SiSS ∼=
n⊕

i=1

SiSS ,

as A-modules. In particular, if SiSS = S, for every i = 1, . . . , n, we also set

Sn = S ×X · · · ×X S︸ ︷︷︷ ︸︸
n-factors

∼= S ⊕ · · · ⊕ S︸ ︷︷︷ ︸︸
n-summands

=
n⊕

S

Occasionally, in order to distinguish the fiber product/direct sum Sn

from the exterior power S
∧
· · ·
∧
S (n times), also denoted by Sn (see

Subsection 1.3.4), the former product/sum is denoted by S(n).

This will be applied, in particular, in Chapters 9 and 10.

1.3.3. The tensor product of A-modules

This is another very important notion needed in the sequel. More precisely,
we assume that S and T are two A-modules over the topological space X,
where

A is a unital commutative associative K-algebra sheaf.
This kind of algebra sheaf will systematically be used throughout.

We further consider the presheaf determined by the correspondence

U �−→ S�� (U) ⊗A(U) T (U); U ∈ TX ,

and the restriction maps

ρU
V ⊗ τU

Vττ : S(U) ⊗A(U) T (U) −→ S(V ) ⊗A(V ) T (V ),
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if V ⊆ U . Here ρU
V , τU

Vττ are the natural restrictions of sections of the respect-
ive sheaves. The tensor product figuring in both cases is a generalization of
the usual tensor product, having now coefficients in the algebra A(U). Its
construction is analogous to the general construction of the tensor product of
modules over a commutative ring (see Bourbaki [14]). The previous presheaf,
which is not necessarily complete, is denoted by

(1.3.2) Γ(S) ⊗Γ(A) Γ(T ),

and is called the tensor product of the presheaves (of sections) Γ(S)
and Γ(T ). It is a Γ(A)-module in the sense that each individual product
S(U) ⊗A(U) T (U) is an A(U)-module.

Now, the tensor product (over A) of the A-modules S and T is
defined to be the sheaf S ⊗A T generated by the presheaf (1.3.2); that is,

(1.3.3) S ⊗A T := S
(
Γ(S) ⊗Γ(A) Γ(T )

)
.

This is again an A-module, whose stalks satisfy (see Mallios [62, p. 130])

(1.3.4) (S ⊗A T )x
∼= SxS ⊗Ax TxTT .

Moreover, as in the ordinary case of the tensor product over a commutative
ring,

(1.3.5) S ⊗A A ∼= A⊗A S ∼= S.

The usual properties of the tensor algebra hold true in the present frame-
work.

Finally, if φ : S → S ′ and ψ : T → T ′ are two morphisms of A-modules,
we consider the induced morphisms

Γ(φ) : Γ(S) −→ Γ(S ′) and Γ(ψ) : Γ(T ) −→ Γ(T ′).

We recall from Subsection 1.2.1 that

Γ(φ) ≡
{
φ̄U : S(U) −→ S ′(U)

}
U∈TX

,

and similarly for Γ(ψ). Then the tensor product of the A-morphisms
φ and ψ is the A-morphism

φ ⊗ ψ : S ⊗A T −→ S ′ ⊗A T ′,
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defined by

(1.3.6) φ ⊗ ψ := S (Γ(φ) ⊗ Γ(ψ)).

More explicitly, φ⊗ψ is the morphism generated by the presheaf morphism{
φ̄U ⊗ ψ̄U : S(U) ⊗A(U) T (U) −→ S ′(U) ⊗A(U) T ′(U)

}
U∈TX

.

Regarding the behavior of φ ⊗ ψ on the stalks, we add that

φ ⊗ ψ
∣∣∣∣
(S⊗AT )x

∼=
(
φ
∣∣∣∣
Sx

)
⊗
(
ψ
∣∣∣∣
TxTT
)
.

Note. To clarify that the tensor product of A-morphisms (1.3.6) is defined
with respect to the algebra sheaf A, we should have written φ⊗Aψ. However,
for the sake of simplicity, this practice is generally not applied.

1.3.4. The exterior power of A-modules

As in the previous section, we consider a unital commutative associative
K-algebra sheaf A and an A-module S. The p-th exterior power of S is
the A-module

(1.3.7)
∧pS := S

∧
A · · ·
∧

AS︸ ︷︷︷ ︸︸
p-factors

.

obtained by sheafification of the (not necessarily complete) Γ(A)-presheaf

(1.3.8) U −→
∧p(S(U)) := S(U)

∧
A(U) · · ·

∧
A(U)S(U)︸ ︷︷︷ ︸︸

p-factors

.

The exterior product S(U)
∧

A(U) · · ·
∧

A(U)S(U) is defined as in the ordinary
case of modules over a commutative ring (see Bourbaki [14]).

It is proved that (∧pS
)
x

∼=
∧p(SxS ); x ∈ X,(1.3.9)

and

S
∧

AA ∼= A
∧

AS ∼= S.(1.3.10)
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The exterior power
∧pS is defined for all p = 0, 1, . . ., by agreeing that∧0S = A and

∧1S = S. Hence, the usual properties of the exterior algebra
hold true also in the present framework.

We shall return to the exterior algebra of a particular A-module in Sec-
tion 2.5, where a simplified notation of the exterior power will be introduced
(see also the final remark of Subsection 1.3.2).

The exterior product of two A-morphisms

φ : S → T and ψ : S → T

is the A-morphism
φ ∧ ψ : S

∧
AS −→ T

∧
AT

defined by

(1.3.11) φ ∧ ψ := S
(
Γ(φ) ∧ Γ(ψ)

)
.

The exterior product of p morphisms is defined analogously. As in the
case of the tensor product of two A-morphisms (see the note at the end of
Subsection 1.3.3), we write φ ∧ ψ instead of φ ∧A ψ.

1.3.5. Sheaves of morphisms

In Subsection 1.1.1 we defined the set Hom(S, T ) consisting of the morph-
isms between two sheaves of sets S and T . Analogously, we define the set of
morphisms with respect to a given structure. So, if S and T are A-modules,
the set of A-morphisms between them is an A(X)-module, denoted by

HomA(S, T ).

Let us clarify the scalar multiplication of the previous A(X)-module
structure. For any α ∈ A(X) and f ∈ HomA(S, T ), the morphism αf is
defined by

(αf)(u) := α(π(u))f(U); u ∈ S,

if π is the projection of S (cf. also the notations of page 4).
Since, for every open U ∈ X, the restricted sheaves S|U and T |U are

A|U -modules, we may define the A(U)-modules

HomA|U (S|U , T |U ), U ∈ TX .

Thus the correspondence

U �−→�� HomA|U (S|U , T |U ); U ∈ TX ,
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determines a complete presheaf, with restriction maps the usual restrictions
of morphisms to subsheaves. The sheaf generated by the previous presheaf
is called the sheaf of germs of A-morphisms of S in T , denoted by

HomA(S, T ).

It is clearly an A-module (over X) such that, by the completeness of the
generating presheaf,

HomA(S, T )(U) ∼= HomA|U (S|U , T |U ),

for every U ∈ TX . In particular,

HomA(S, T )(X) ∼= HomA(S, T ).

Given an A-module S, we define its dual to be the A-module

S∗ := HomA(S,A),

while the sheaf of germs of A-endomorphisms of S is

EndA(S) := HomA(S,S).

We have the identifications

(1.3.12)
S∗(U) ∼= HomA|U (S|U ,A|U ),

EndA(S)(U) ∼= HomA|U (S|U ,S|U ),

for every U ∈ TX . We note that EndA(S) is an A-algebra sheaf, since each
HomA|U (S|U ,S|U ) has a ring multiplication provided by the composition of
endomorphisms.

Finally, if S is a sheaf endowed with any algebraic structure (not only
that of an A-module, as before) we denote by

Aut(S)

the sheaf of germs of automorphisms of S. Sometimes, an appropriate
index indicates, if necessary, the particular structure involved. By definition,

Aut(S) = S
(
U �−→�� Aut(S|U )

)
,

where Aut(S|U ) = Iso(S|U ,S|U ) is the set of automorphisms of S|U , with
respect to the given structure. It is immediate that Aut(S) is a sheaf of
groups. In virtue of (1.3.12), we obtain

(1.3.13) Aut(S)(U) ∼= Aut(S|U ).
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1.3.6. Multiple operations

In certain cases we shall encounter sheaves derived from the successive ap-
plication of various products such as the tensor, exterior, and fiber product.
Since it is often convenient to work with presheaves, one may wonder what
the right presheaf may be in such a case.

Instead of stating a general, technical result, let us describe a few con-
crete examples which will clarify our point.

Let E ,F ,R be A-modules over the topological space X ≡ (X, TX) and
consider the A-module S = (E ⊗A F) ×X R. Typically, the fiber product
is generated by the presheaf P : U �−→�� (E ⊗A F)(U) × R(U), U ∈ TX .
However, the tensor product figuring in the previous expression is not easy
to handle. Though (E ⊗A F)(U) �=�� E(U) ⊗A(U) F(U), we can consider the
presheaf P̃ : U �−→��

(
E(U) ⊗A(U) F(U)

)
× R(U), generating an A-module

S̃. It is not hard to show that S = S̃, within an isomorphism. Therefore, S
may be thought of as generated by the second presheaf, i.e.,(

E ⊗A F
)
×X R ≡ S

(
U �−→�� ((E(U) ⊗A(U) F(U)) ×R(U)

)
.

Similarly we show that(
E
∧

AE
)
×X R ≡ S

(
U �−→�� ((E(U)

∧
A(U)E(U)) ×R(U)

)
.

The same principle applies, e.g., to
(
E
∧

AE
)
⊗A F , thus(

E
∧

AE
)
⊗A F ≡ S

(
U �−→�� ((E(U)

∧
A(U)E(U)) ⊗A(U) F(U)

)
.

Other combinations of products are dealt with analogously.

1.4. Change of the base space

We give two important constructions allowing the shifting of a sheaf over
a given base to a sheaf over a new base, in a way preserving the algebraic
structures.

1.4.1. The pull-back of a sheaf

In this case the change of the base space is accomplished by moving, so to
speak, the base space backwards by means of a continuous map.
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Let f : Y → X be a continuous map between the topological spaces Y
and X. If S ≡ (S, π, X), then the pull-back or inverse image of S by f
is the sheaf

f∗(S) ≡ (f∗(S), π∗, Y ),

whose sheaf space

(1.4.1) f∗(S) ≡ Y ×X S :=
{
(y, z) ∈ Y × S | f(y) = π(z)

}
is equipped with the relative topology as subspace of Y ×S, and its projection
is π∗ := pr1|Y ×XS . The space (1.4.1) is known as the fiber product, over X,
of the topological spaces Y and S (compare with the fiber product of sheaves
in Subsections 1.1.2 and 1.3.2).

For every open U ⊆ X, there is a canonical, or adjunction, map of
sections

(1.4.2) f∗
Uff : S(U) −→ f∗(S)(f−1(U)),

defined as follows: If s ∈ S(U), then the section f∗
Uff (s) is determined by

(1.4.3) f∗
Uff (s)(y) :=

(
y, s(f(y))

)
, y ∈ f−1(U).

The totality of the sets of the form

(B) f∗
Uff (s)(f−1(U)) =

{(
y, s(f(y))

) ∣∣∣∣ y ∈ f−1(U)
}

= f−1(U) ×U S|U ,

obtained by taking all the sections s ∈ S(U), for all U varying in the topology
TX of X, provides a basis for the topology of f∗(S).

On the other hand, for each y ∈ Y , there is a canonical bijection

(1.4.4) f∗
yff : Sf(y) −→ f∗(S)y : z �→ (y, z).

Therefore, for a given open U ⊆ X, (1.4.3) yields

(1.4.4′) f∗
yff
(
s(f(y))

)
=
(
y, s(f(y))

)
= f∗

Uff (s)(y),

for every s ∈ S(U) and y ∈ f−1(U).
Now let S and T be two sheaves over the topological space X and let

f : Y → X be a continuous map. A sheaf morphism φ : S → T induces a
morphism between the corresponding pull-backs (by f)

f∗(φ) : f∗(S) ≡ Y ×X S −→ f∗(T ) ≡ Y ×X T ,
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with f∗(φ) := (idY × φ)
∣∣∣∣
f∗(S)

, i.e.,

(1.4.5) f∗(φ)(y, z) := (y, φ(z)), (y, z) ∈ f∗(S).

As a result, for a fixed continuous map f : Y → X, the correspondence
(see the final notation in Subsection 1.1.1)

f∗ : ShX −→ ShY ,

associating f∗(S) to every S, and f∗(φ) to every morphism φ between
sheaves in ShX , is a covariant functor between the aforementioned cat-
egories of sheaves. This is the pull-back functor.

For any continuous maps g : Z → Y and f : Y → X, and for every S ∈
ShX , the sheaves (f ◦g)∗(S) and g∗(f∗(S)) are isomorphic, as a consequence
of the universal property of the pull-back. Thus we obtain the equality

(1.4.6) (f ◦ g)∗ = g∗ ◦ f∗,

within an isomorphism.
To complete our brief exposition on the pull-back of a sheaf, we describe

how this arises from a presheaf of appropriate sections. In fact, for an open
V ⊆ Y , we define the following set of continuous sections (over V ) of S
along f

Sf (V ) :=
{
s : V → S : continuous with π ◦ s = f |V

}
.

The correspondence Sf : V �−→ S�� f (V ), V ∈ TY , together with the usual
restrictions of sections, determines a complete presheaf. It can be shown
that

f∗(S) ∼= S(Sf ).

Therefore, for every open U ⊆ X,

f∗(S)
(
f−1(U)

) ∼= Sf

(
f−1(U)

)
.

If S now has an algebraic structure determined by an operation, say
� : S ×X S → S, then this structure is inherited by f∗(S). Indeed, using the
same operation symbol for both S and f∗(S), we may set

(1.4.7) (x, z) � (x, z′) := (x, z � z′),

for every (x, z), (x, z′) ∈ f∗(S).
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As a useful application of the last considerations, let us mention that,
if A is a sheaf of unital algebras (over X) and 1 ∈ A(X) denotes the unit
section, then f∗(A) is a sheaf of unital algebras (over Y ) with unit section
1∗ given by 1∗ = f∗

Xf (1), if f∗
Xf : A(X) → f∗(A)(Y ) is the (global) adjunction

map.
Similar conclusions hold for the zero section of f∗(A) and the zero section

of f∗(E), if E is an A-module.

1.4.2. The push-out of a sheaf

In this case, the base space of the sheaf is “moved” forward by means of a
continuous map.

More precisely, we assume that S ≡ (S, π, X) is a sheaf and f : X → Y
a continuous map between the topological spaces X and Y . Then, for every
open V ⊆ Y , we consider the continuous sections S(f−1(V )) of S over the
open set f−1(V ) ⊆ X. We check that the correspondence

(1.4.8) V �−→ S�� (f−1(V )); V ∈ TY ,

along with the natural restrictions of sections, is a complete presheaf. The
push-out or direct image of S by f is the sheafification of (1.4.8), denoted
by f∗ff (S) ≡ (f∗ff (S), Y, π∗); that is,

f∗ff (S) := S
(
V �−→ S�� (f−1(V ))

)
;

hence, for any open V ⊆ Y ,

(1.4.9) f∗ff (S)(V ) ∼= S(f−1(V )).

By the same token, if φ : S → T is a morphism of sheaves (over X),
there is an induced morphism

f∗ff (φ) : f∗ff (S) → f∗ff (T )

generated by the presheaf morphism

(1.4.10)
{
φ̄f−1(V ) : S(f−1(V )) −→ T (f−1(V ))

}
V ∈TY

.

To transfer an algebraic structure of S to f∗ff (S), we first consider the
same structure on every S(f−1(V )), and then we pass to f∗ff (S), by applying
the procedure described at the end of Subsection 1.2.2.
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It is useful to describe the behavior of f∗ff (φ) : f∗ff (S) → f∗ff (T ) with regard
to the local sections. For every open V ⊆ Y , there is an induced morphism
of sections (see (1.1.3))

f∗ff (φ) ≡ f∗ff (φ)V : f∗ff (S)(V ) −→ f∗ff (T )(V ).

Now, for a σ ∈ f∗ff (S)(V ), there is an s ∈ S(f−1(V )) such that σ = s̃, where
s̃ is the image of s under the isomorphism S(f−1(V )) �−−→ f∗ff (S)(V ) (see
(1.2.9)). Hence, from the following analog of Diagram 1.7, namely

S(f−1(V ))
φ̄f−1(V ) �� T (f−1(V ))

f∗ff (S)(V )

∼=

� f∗ff (φ)V �� f∗ff (T )(V )

∼=

�

Diagram 1.8

we obtain (after φ̄f−1(V ) ≡ φ)

f∗ff (φ)(σ) = f∗ff (φ)( )̃ = φ̃(s),

from which one infers that

f∗ff (φ)( )̃ = φ̃(s), s ∈ S(f−1(V )).

As in the case of the pull-back, we obtain the (covariant) push-out
functor

f∗ff : ShX −→ ShY .

Since (g ◦ f)∗(S) = g∗(f∗ff (S)) within an isomorphism, we have the identific-
ation

(1.4.11) (g ◦ f)∗ ≡ g∗ ◦ f∗ff ,

for any continuous maps f : X → Y and g : Y → Z.
To illustrate further the construction of the push-out, let us consider the

case of a sheaf of unital algebras A (over X) with unit section 1 ∈ A(X). The
push-out f∗ff (A) is sheaf of unital algebras (over Y). By (1.4.9) and (1.2.8),
the corresponding unit section 1∗ ∈ f∗ff (A)(Y ) is given by 1∗ = ρY (1), where
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ρY : A(X) = A(f−1(Y )) �−−→ f∗ff (A)(Y ) is the canonical (unital algebra)
isomorphism of sections. Hence, applying (1.2.9), we have that 1∗ = 1̃.

Similar results hold for the zero sections of f∗ff (A) and f∗ff (E), if E is an
A-module.

1.5. Exact sequences

Given an A-morphism φ : S → T between two A-modules S ≡ (S, π, X)
and T ≡ (T , π′, X), the kernel of φ is defined by

ker φ := {z ∈ S : φ(z) = 0π(z)}.

If 0 is the zero section of S, clearly ker φ = φ−1(0(X)). Since, by the
properties of sections, 0(X) is open in S, it follows that

ker φ ≡ (ker φ, π|ker φ, X)

is a subsheaf of S. It is also an A-module, because (ker φ)x = kerφx is an
Ax-submodule of SxS , for every x ∈ X. Thus, kerφ is an A-submodule of S.

In a similar way, the image of φ

im φ := φ(S),

being an open subset of T , determines the A-submodule of T

im φ ≡ (imφ, π′|im φ, X).

Its stalks (im φ)x = imφx are Ax-submodules of TxTT , for every x ∈ X.

Note. The kernel and image can also be defined for morphisms of sheaves
bearing other appropriate algebraic structures, such as groups, rings etc.
They also inherit the respective structure.

A sequence of A-modules and A-morphisms

(1.5.1) · · · −→ SiSS −1
φi−1−−−−−− → S1−− iSS

φi−−→ Si−− iSS +1 −→ · · ·

is said to be exact if kerφi = im φi−1, for every index i. If this happens only
at certain term(s), e.g., SiSS , then we say that the sequence is exact at SiSS .
The sequence (1.5.1) is exact if and only if the induced sequence of stalks

· · · −→ SiSS −1,x
φi−1,x−−−−−−− → Sx−− i,xSS φi,x−−−−−− → Sx−− iSS +1,x −→ · · ·
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is exact, for every x ∈ X.
In particular, a short exact sequence of A-modules is a sequence of

the form

(1.5.2) 0 −→ R ψ−−→ Sψ−− φ−−→ T −→φ−− 0.

Here 0 denotes the constant A-module 0X (see Subsection 1.3.1).
Exact sequences of presheaves of modules are obtained analogously. To

this end, we first consider a presheaf of (unital commutative associative)
K-algebras A ≡

(
A(U), σU

V

)
. An A-module or A-presheaf is a presheaf

S ≡
(
S(U), ρU

V

)
such that:

S(U) is an A(U)-module, for every open U ∈ TX , and

ρU
V (a · s) = σU

V (a) · ρU
V (s); (a, s)A(U) × S(U),

for every U, V ∈ TX with V ⊆ U .
Accordingly, an A-morphism φ ≡ (φU ) of S ≡

(
S(U), ρU

V

)
into T ≡(

T (U), τU
Vττ
)

is a morphism of presheaves such that every φU : S(U) → T (U)
is a morphism of A(U)-modules.

Given an A-morphism φ, the A-modules

kerφ ≡ ker ((φU )) :=
(
ker φU , ρU

V |ker φU

)
,

im φ ≡ im ((φU )) :=
(
imφU , τU

Vττ |im φU

)
,

(for all U ∈ TX) are called, respectively, the kernel and the image of the
A-morphism φ.

A sequence of A-modules and A-morphisms

(1.5.3) · · · −→ SiSS −1
φi−1−−−−−− →−− SiSS

φi−−−−− →−− SiSS +1 −→ · · ·

is said to be exact if kerφi = im φi−1, for every i. This means that, for
every open U ⊆ X, the corresponding sequence

· · · −→ SiSS −1(U)
φi−1,U−−−−−−−− →−− SiSS (U)

φi,U−−−−−− →−− SiSS +1(U) −→ · · ·

is exact.
Starting with an exact sequence of the form (1.5.1), the sequence of

Γ(A)-modules

· · · −→ Γ(SiSS −1)
Γ(φi−1)−−−−−−−− →−− Γ(SiSS )

Γ(φi)−−−−→ Γ(SiSS +1) −→ · · ·
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is not necessarily exact. On the contrary, the sheafification of an exact
sequence of A-modules of the form (1.5.3) leads to the exact sequence of
S(A)-modules

· · · −→ S(SiSS −1)
S(φi−1)−−−−−−−−− →−− S(SiSS )

S(φi)−−−−−−− →−− S(SiSS +1) −→ · · ·

since the inductive limits preserve the exactness.
By the same token, in particular, a short exact sequence of A-modules

(1.5.4) 0 −→ R
ψ−−→ S

φ−−→ T −→ 0,

leads to the corresponding short exact sequence of S(A)-modules

0 −→ S(R)
S(ψ)−−−−−− →−− S(S)

S(φ)−−−−−− →−− S(T ) −→ 0.

But, as already said, the converse is not always true; that is, starting with
a short exact sequence of the form (1.5.2), we obtain the exact sequence

(1.5.5) 0 −→ Γ(R)
Γ(ψ)−−−−−− →−− Γ(S)

Γ(φ)−−−−−− →−− Γ(T ),

where the morphism Γ(φ) is not necessarily surjective (for relevant counter-
examples we refer, e.g., to Warner [140, Section 5.11], Wells [142, p. 52]).

The cohomology theory, discussed in the next section, measures the de-
viation of (1.5.5) from being exact at Γ(T ).

1.6. Sheaf cohomology

Sheaf cohomology can be approached from various points of view. Its full
treatment is adequately covered in most of the references mentioned in the
introduction of this chapter.

Guided by the needs of the present work, we first give a brief account
of the Čech cohomology (see Subsections 1.6.1 and 1.6.2), some aspects of
which will be encountered in subsequent chapters. A very short account of
cohomology via resolutions, aiming mainly at the abstract de Rham theorem,
is given in Subsection 1.6.3. The aforementioned theorem will only be needed
in Chapter 9 (Chern -Weil theory), whence the brevity of our discussion.

The cohomology with coefficients in a sheaf of non abelian groups re-
stricts only to the 1st cohomology set. This case will be treated in Subsec-
tion 1.6.4. We close with Subsection 1.6.5, where we sketch the construction
of the 1st hypercohomology group, in order to make the results of Section
6.7 readable.
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1.6.1. Čech cohomology with coefficients in a sheaf

This is a popular approach to cohomology, allowing direct computations
without use of resolutions (cf. Subsection 1.6.3). Some of its drawbacks are
remedied by assuming that we work over paracompact topological spaces.
The sheaf of coefficients are mainly A-modules, a fact generalizing the or-
dinary cohomology theory with coefficients in a sheaf of K-modules, where
K is a ring.

We begin with an arbitrary topological space X and a fixed open covering
U = (UαUU )α∈I of it. If S is an A-module over X, then, for any integer q ≥ 0,
we define the set of (Čech) q-cochains of U with coefficients in S

Cq(U ,S) :=
∏

(α0,...,αq)

S(UαUU 0...αq),

where, for the sake of convenience, we have set

(1.6.1) UαUU 0...αq := UαUU 0 ∩ . . . ∩ UαUU q .

From Subsection 1.2.1 we recall that S(∅) = 0.
Thus, by definition, a q-cochain is a map f which, to every q + 1 indices

from I, assigns a section fαff 0...αq ≡ f(α0 . . . αq) ∈ S(UαUU 0...αq). Accordingly,
setting

(s · f)α0...αq := s
∣∣∣∣
UαUU 0...αq

· fαff 0...αq ,

for every s ∈ A(X) and f ∈ Cq(U ,S), we see that Cq(U ,S) is an A(X)-
module.

The q-th coboundary operator or homomorphism

δq : Cq(U ,S) −→ Cq+1(U ,S)

is defined by

(1.6.2)

δq(f)α0...αq+1 :=
q+1∑
i=0

(−1)iρ
UαUU

0...α̂i...αq+1

UαUU 0...αq+1

(
fαff

0...α̂i...αq+1

)
=

q+1∑
i=0

(−1)ifαff
0...α̂i...αq+1

∣∣∣∣
UαUU 0...αq+1

,

for every f ∈ Cq(U ,S). Clearly, ρU
V are now the ordinary restrictions of

sections and the “hat” (̂) indicates omission of the corresponding entry. A
useful convention is the following:

Cq(U ,S) = 0, δq = 0, q < 0.
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(1.6.3)
If there is no danger of confusion, we simply write δ in place of
δq, for all q ≥ 0.

In a different terminology, any collection σ = (UαUU 0 , . . . , UαUU q) of open sets
from the covering U , with UαUU 0...αq �=�� ∅, is called a q-simplex with support
|σ| := UαUU 0...αq . Using the previous notations and terminology, a q-cochain
f can be interpreted as a map assigning, to each q-simplex σ, a section
f(σ) ∈ S(|σ|).

If we define the i-th face of a simplex σ to be the (q − 1)-simplex

σi := (UαUU 0 , . . . , ÛαUU i , . . . , UαUU q),

then (by interpretation a cochain as a map of simplexes) the coboundary
operator can be written in the following condensed form:

δq(f) =
q+1∑
i=0

(−1)iρ
|σi|
|σ| f(σi).

To illustrate (1.6.2), we calculate two frequently occurring cases. For a
0-cochain f ≡ (fαff ) ∈ C0(U ,S), we have that

(1.6.4) δ(f) ≡ δ0((fαff )) = (fβff − fαff )
∣∣∣∣
UαβUU

,

while, for an 1-cochain f ≡ (fαβff ) ∈ C1(U ,S),

(1.6.5) δ(f) ≡ δ1((fαβff )) = (fαβff + fβγff − fαγff )
∣∣∣∣
UαβγUU

.

A fundamental property of δ is that

(1.6.6) δq+1 ◦ δq = 0; q ∈ Z+
0 ,

where, for convenience, we let

(1.6.6′) Z+
0 := N ∪ {0}.

Thus, the collection of cochains, together with the coboundary operators,
determines the (Čech) cochain complex of A(X)-modules

· · · −→ Cq−1(U ,S) δq−1

−−−−−− →−− Cq(U ,S) δq

−−−−− →−− Cq+1(U ,S) −→ · · · ,

briefly denoted by

(1.6.7) Č·(U ,S) :=
(
Cq(U ,S), δq

)
q∈Z

+
0
.
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The q-th (or q-dimensional) Čech cohomology A(X)-module of U
with coefficients in S is defined to be the quotient

Ȟq(U ,S) := ker δq
/
im δq−1.

Still, it is customary to set

Žq(U ,S) := ker δq,(1.6.8a)

B̌q(U ,S) := im δq−1,(1.6.8b)

by which we denote, respectively, the A(X)-modules of q-th (Čech) cocycles
and coboundaries of U with coefficients in S. Therefore,

(1.6.9) Ȟq(U ,S) = Žq(U ,S)
/
B̌q(U ,S).

For any cocycle f ∈ Žq(U ,S),

(1.6.10) [f ]U ∈ Ȟq(U ,S)

stands for its cohomology class, with respect to U .

Note. Influenced by the case of cohomology with coefficients in a sheaf of
abelian groups, the cohomology module (1.6.9) is also called the q-th (Čech)
cohomology group.

From (1.6.4) it follows that a 0-cochain f is a 0-cocycle if and only if f
determines a global section of S. Hence, (1.6.9) implies that

(1.6.11) Ȟ0(U ,S) = Γ(X,S) ≡ S(X).

To examine the behavior of the quotients (1.6.9) with respect to the
open coverings of X, we first consider an open refinement V = (VjVV )j∈J of U .
In this case we can find a refining map τ : J → I ; that is, a map such
that VjVV ⊆ UτUU (j). For every q ∈ Z+

0 , τ induces a corresponding cochain map
(actually an A(X)-morphism)

τqττ : Cq(U ,S) −→ Cq(V,S),

determined by

(1.6.12) τqττ (f)j0...jq := fτff (j0)...τ(jq)

∣∣∣∣
VjVV

0...jq
,
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for every f ∈ Cq(U ,S) and j0, . . . , jq ∈ J . Since the morphisms τqττ commute
with the coboundary operators as in the diagram

Cq(U ,S)
τqττ �� Cq(V,S)

Cq+1(U ,S)

δq

�
τqττ +1 �� Cq+1(V,S)

δq

�

Diagram 1.9

we obtain the A(X)-morphisms

(1.6.13) τ∗
qττ : Ȟq(U ,S) −→ Ȟq(V,S) : [f ]U �−→�� [τqττ (f)]V , q ∈ Z+

0 .

If τ̄ : J → I is another refining map (thus, VjVV ⊆ UτUU (j) ∩ Uτ̄UU (j), for every
j ∈ J), then we show that τ̄∗

qττ = τ∗
qττ , for every q ≥ 0. The proof is based on

a homotopy argument.
More precisely, we define the homotopy operators

hq : Cq(U ,S) −→ Cq−1(V,S); q ≥ 1,

by setting

(1.6.14)

hq(f)j0...jq−1 :=
q−1∑
i=0

(−1)iρU
V

fτff (j0)...τ(ji)τ̄(ji)...τ̄(jq−i)

=
q−1∑
i=0

(−1)ifτff (j0)...τ(ji)τ̄(ji)...τ̄(jq−i)

∣∣∣∣
VjVV

0...jq−1
,

for every f ∈ Cq(U ,S), where

U = UτUU (j0)...τ(ji)τ̄(ji)...τ̄(jq−i) and V = VjVV 0...jq−1 .

We check that
τ̄qττ − τqττ = δq−1 ◦ hq + hq+1 ◦ δq,

if q ≥ 1, whereas
τ̄0ττ − τ0ττ = h1 ◦ δ0.
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The following diagram may be useful. To avoid any confusion, we note
that its sub-diagrams are not commutative.

· · · �� Cq−1(U ,S)
δq−1

�� Cq(U ,S)
δq

�� Cq+1(U ,S) �� · · ·

· · · �� Cq−1(V,S)
δq−1

��
�

hq

Cq(V,S)

τ̄qττ

�

τqττ

� δq
��

�

hq+1

Cq+1(V,S) �� · · ·

Diagram 1.10

As a consequence of the preceding,

τ̄qττ (f) − τqττ (f) = δq−1(hq(f)) ∈ B̌q(U ,S),

for every f ∈ Žq(U ,S). Hence, (1.6.13) leads to

(1.6.15) τ∗
qττ ([f ]U ) = [τqττ (f)]V = [τ̄qττ (f)]V = τ̄∗

qττ ([f ]U ); f ∈ Žq(U ,S),

which proves the assertion stated after (1.6.13).
Since [f ]U �→ τ∗

qττ ([f ]U ) is independent of the choice of the refining map,
there exists a unique A(X)-morphism

(1.6.16) tUV : Ȟq(U ,S) −→ Ȟq(V,S)

with tUV = τ∗
qττ , for an arbitrary refining map τ : J → I. It is immediate that

tUU = id and tUW = tVW ◦ tUV ,

for any open coverings U , V and W of X, with W ⊆ V ⊆ U . Thus, consid-
ering the set of all proper open coverings of X directed by the relation �,
defined by

U � V ⇐⇒ V ⊆ U ,

we obtain an inductive system of A(X)-modules
(
Ȟq(U ,S), tUV

)
. Then the

inductive or direct limit

(1.6.17) Ȟq(X,S) := lim−→
U

Ȟq(U ,S)
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(with respect to the directed set of all proper open coverings of X) is the
q-th (dimensional) Čech cohomology A(X)-module of X with coef-
ficients in the sheaf (A(( -module) S. Traditionally, the previous coho-
mology module is also called the q-th cohomology group of X with
coefficients in S.

Note. The necessity of considering proper open coverings stems from the
logical difficulties concerning the set of all open coverings of X (see Dowker
[23, pp. 60–61], Hirzebruch [44, p. 17]).

For each open covering U , there exists a canonical map

(1.6.18) tU : Ȟq(U ,S) −→ Ȟq(X,S).

Then, for a cocycle f ∈ Žq(U ,S), the class

(1.6.19) [f ] := tU ([f ]U )

denotes the cohomology class of f in the module (1.6.17).
For any refinement V of U , we obtain the next commutative diagram, as

a result of the general theory of inductive systems and their limits (see, e.g.,
Bourbaki [12, p. 89]).

Ȟq(U ,S)
tUV �� Ȟq(V,S)

Ȟq(X,S)

�

tVtU
��

Diagram 1.11

However, in order to get a feeling of the mechanism expounded so far,
we give a direct proof of the commutativity of Diagram 1.11. To this end,
we take the refinement V of U and a refining map τ : J → I. We consider a
common refinement W = (WkWW )k∈K of both U and V, as well as any refining
maps σ : K → I and ρ : K → J with WkWW ⊆ UσUU (k) and WkWW ⊆ VρVV (k), thus
WkWW ⊆ UσUU (k) ∩ VρVV (k). Clearly, τ ◦ ρ : K → I is also a refining map such that
(τ ◦ ρ)q = ρq ◦ τqττ , in virtue of (1.6.12). Therefore, for an arbitrary class
[f ]U ∈ Ȟq(U ,S), equalities (1.6.15) and (1.6.16) imply that

tUW([f ]U ) = [σq(f)]W = [(τ ◦ ρ)q(f)]W

= [(ρq(τqττ (f))]W = tVW(tUV ([f ]U )).
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This proves that the classes [f ]U ∈ Ȟq(U ,S) and tUV ([f ]U ) ∈ Ȟq(V,S) are
equivalent (in the inductive limit); hence,

tU ([f ]U ) = tV
(
tUV ([f ]U )

)
,

as required.
The particular case of q = 1 is worthy to be noted because the morphism

(see (1.6.13) and (1.6.16))

(1.6.20) τ∗
1ττ ≡ tUV : Ȟ1(U ,S) −→ Ȟ1(V,S)

is injective, for every V ⊆ U . Therefore,

Ȟ1(X,S) := lim−→
U

Ȟ1(U ,S) ∼=
⊔
U

Ȟ1(U ,S)

(disjoint union). For details we refer to Mallios [62, Vol. I, p. 183].

The collection of the A(X)-modules Ȟq(X,S), for all q ∈ Z+
0 , is the

Čech cohomology of X with coefficients in the sheaf (A(( -module)
S, denoted by Ȟ∗(X,S). It can be proved that:

(1.6.21) If X is a (Hausdorff) paracompact space, then Ȟ∗(X,S) satisfies
the axioms of a cohomology theory.

The assumption that X is a (Hausdorff) paracompact space is a sufficient
condition ensuring the existence of the long cohomology sequence, derived
from a short exact sequence of sheaves. Details are given in the next sub-
section. For a neat exposition of the axioms of a cohomology theory, one
may consult, e.g., Warner [140, pp. 176–177].

1.6.2. Čech cohomology with coefficients in a presheaf

Let S ≡
(
S(U), ρU

V

)
be an A-module over any topological space X (see

the discussion following (1.5.2)). The construction of the q-th Čech co-
homology module of X with coefficients in the presheaf S, namely

Ȟq(X, S),

is analogous to the one with coefficients in a sheaf (A-module). The only
difference is that, instead of the A(U)-modules of sections S(U) ≡ Γ(U,S),
we consider the A(U)-modules S(U). Hence, in all the expressions involving
restrictions of sections, we use the restriction morphisms of the form ρU

V .



40 Chapter 1. Sheaves and all that

For instance, the coboundary and homotopy operators are now given by the
first equalities of (1.6.2) and (1.6.14), respectively.

Accordingly, the Čech cohomology of X with coefficients in the
presheaf (A(( -module) S is the collection of A(X)-modules

Ȟ∗(X, S) =
{
Ȟq(X, S)

}
q∈Z

+
0
.

It should be noted that (compare with (1.6.21)):

Ȟ∗(X, S) satisfies all the axioms of a cohomology theory, without any
restriction on the topology of X.

In the context of the cohomology theory with coefficients in a presheaf,
we obtain long exact cohomology sequences, whereas this is problematic
for the cohomology with coefficients in a sheaf, unless X is a (Hausdorff)
paracompact space (see the end of Subsection 1.6.1).

To be more specific, regarding the previous comment, assume first that

φ ≡ (φU ) : S ≡
(
S(U), ρU

V

)
−→ T ≡

(
T (U), τU

Vττ
)

is an A-morphism of A-presheaves over any topological space X. The
morphism φ induces corresponding cochain morphisms

(1.6.22) φU ,q : Cq(U , S) −→ Cq(U , T ); q ∈ Z+
0 ,

(actually morphisms of A(X)-modules) given by

(1.6.22′) (φU ,q(f))α0...αq
:= φUαUU 0...αq

(
fαff 0...αq

)
for every f ∈ Cq(U , S) and (α0, . . . , αq) ∈ Iq+1. It is easily verified that the
morphisms (1.6.22) commute with the coboundary operators, as pictured in
the next diagram.

Cq(U , S)
φU ,q �� Cq(U , T )

Cq+1(U , S)

δq

� φU ,q+1 �� Cq+1(U , T )

δq

�

Diagram 1.12
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Hence, they define (by passage to the quotients) the morphisms

φ∗
U ,q : Ȟq(U , S) −→ Ȟq(U , T ), q ∈ Z+

0 .

Moreover, for every open refinement V of U , we obtain the following com-
mutative diagram.

Ȟq(U , S)
φ∗
U ,q �� Ȟq(U , T )

Ȟq(V, S)

tUV

� φ∗
V,q �� Ȟq(V, T )

tUV

�

Diagram 1.13

The vertical morphisms are defined analogously to (1.6.16). For simplicity
we have used the same symbol, although they refer to modules derived
from cochains with values in different kinds of sections. Therefore, for each
q ∈ Z+

0 , (φ∗
U ,q) is a morphism of inductive systems (with respect to U)

yielding the A(X)-morphism of cohomology modules

(1.6.23) φ∗
q := lim−→

U
φ∗
U ,q : Ȟq(X, S) −→ Ȟq(X, T ).

Usually, we simply write φ∗ instead of φ∗
q , unless we want to explicitly men-

tion the dimension of the cohomology modules involved.
An important consequence of the previous considerations is that:

A short exact sequence of A-modules over any topological space X

(1.6.24) 0 −→ R
ψ−−→ S

φ−−→ T −→ 0

induces the long exact (Čech) cohomology sequence

(1.6.25)

0 −→Ȟ0(X,R)
ψ∗
−−→ Ȟ0(X, S)

φ∗
−−→ Ȟ0(X,T ) δ∗

−−→ Ȟ1(X,R)
ψ∗
−−→ Ȟ1(X,S)

φ∗
−−→ Ȟ1(X,T ) δ∗

−−→ Ȟ2(X,R) −→ . . .

Ȟq(X,R)
ψ∗
−−→ Ȟq(X, S)

φ∗
−−→ Ȟq(X,T ) δ∗

−−→ Ȟq+1(X,R) −→ · · ·

The connecting morphisms or Bockstein operators δ∗ will be de-
fined in a moment. Once again we write δ∗ instead of δ∗q , for all q ∈ Z+

0 .
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Note. Another common notation for the connecting morphisms δ∗ is ∂.
However, the latter symbol is reserved for a completely different use from
Chapter 3 onwards.

Let us now explain how δ∗ is defined by the so-called chasing diagram
routine . For convenience, we consider the diagram

...
...

...

0 �� Cq+2(U , R)

�

ψ�� Cq+2(U , S)

�

φ�� Cq+2(U , T )

�

�� 0

( I )

0 �� Cq+1(U , R)

δq+1

�

ψ�� Cq+1(U , S)

δq+1

�

φ�� Cq+1(U , T )

δq+1

�

�� 0

( II ) ( III )

0 �� Cq(U , R)

δq

�

ψ �� Cq(U , S)

δq

�

φ �� Cq(U , T )

δq

�

�� 0

...

�

...

�

...

�

Diagram 1.14

consisting of commutative squares (in virtue of Diagram 1.12) and horizontal
exact sequences (in virtue of equalities (1.6.24) and (1.6.22)). For simplicity,
the morphisms between cochains in the horizontal sequences of the diagram,
induced by the morphisms φ and ψ of (1.6.24), are denoted by the same
symbols instead of φU ,q, ψU ,q etc., as in (1.6.22).

Let c ∈ Ȟq(X, T ) be an arbitrary cohomology class. Then there is an
open covering U of X and a q-cocycle f ∈ Žq(U , T ) such that c = [f ] =
tU ([f ]U ) (by the analog of (1.6.19) for the presheaf T ). Because of the
exactness of the bottom sequence of Diagram 1.14, there exists a cochain
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g ∈ Cq(U , S) with φ(g) ≡ φU ,q(g) = f . By the commutativity of sub-
diagram (III), we have that

φU ,q+1(δq(g)) = δq(φU ,q(g)) = δq(f) = 0,

thus δq(g) ∈ ker φU ,q+1 = im ψU ,q+1. Hence, there exists an h ∈ Cq+1(U , R)
satisfying ψU ,q+1(h) = δq(g). This equality, combined with the commutative
sub-diagram (I) and (1.6.6), yields

ψU ,q+2(δq+1(h)) = δq+1(ψU ,q+1(h)) = δq+1(δq(g)) = 0.

But ψU ,q+2 is injective, thus δq+1(h)=0, i.e., h ∈ Žq+1(U , R). Therefore, the
previous constructions allow one to define δ∗ by setting

δ∗(c) ≡ δ∗q ([f ]) := [h].

In a more detailed form, we can equivalently write

δ∗q ([f ]) = [ψ−1
U ,q+1(δ

q(g))],

for an arbitrary g ∈ Cq(U ,S) with φU ,q(g) = f .
Of course, we must show that the previous definition is independent of

the choice of g. Indeed, assume that ḡ ∈ Cq(U , S) is a cochain with φU ,q(ḡ) =
f . As before, we find a cocycle h̄ ∈ Žq+1(U , R) such that ψU ,q+1(h̄) = δq(ḡ).
As a result,

(1.6.26) ψU ,q+1(h − h̄) = δq(g − ḡ).

On the other hand, φU ,q(g − ḡ) = 0, or (g − ḡ) ∈ ker φU ,q = imψU ,q. Thus,
there is a k ∈ Cq(U , R) with ψU ,q(k) = g − ḡ. Applying δq to both sides of
the last equality, we obtain δq(ψU ,q(k)) = δq(g − ḡ), which, by (1.6.26) and
the commutativity of sub-diagram (II), yields ψU ,q+1(δq(k)) = ψU ,q+1(h−h̄).
The injectivity of ψU ,q+1 now implies that δq(k) = h − h̄. In other words,
h − h̄ ∈ B̌q+1(U , R) from which it follows that [h] = [h̄], as required.

We now return to the case of A-modules and consider the short exact
sequence

(1.6.27) 0 −→ R ψ−−→ Sψ−− φ−−→ T −→φ−− 0.

From the comments at the end of Section 1.5, it is clear that in the induced
sequences of cochains

0 −→ Cq(U ,R)
ψU,q−−−−−− →−− Cq(U ,S)

φU,q−−−−−− →−− Cq(U , T )
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φU ,q is not surjective. The cochain morphism φU ,q(f) in the preceding se-
quence of cochains is determined by

(φU ,q(f))α0...αq
:= φ̄UαUU 0...αq

◦ fαff 0...αq

(compare with the case of presheaves, where the analogous expression is
given by (1.6.22′)). Therefore, the foregoing method of deriving the long co-
homology sequence (1.6.25) cannot be directly applied to the case of sheaves.
We overcome this shortcoming by defining the liftable cochains

C̄q(U , T ) := φU ,q (Cq(U ,S)) ⊆ Cq(U , T ),

yielding in turn the exact sequences

0 −→ Cq(U ,R)
ψU,q−−−−−−− →−− Cq(U ,S)

φU,q−−−−−−− →−− C̄q(U , T ) −→ 0,

for every q ∈ Z+
0 . Moreover, restricting the coboundary operator δq (q ∈ Z+

0 )
to C̄q(U , T ), we get the complex

· · · −→ C̄q−1(U , T ) δq−1

−−−−−− →−− C̄q(U , T ) δq

−−→ C̄q+1(U , T ) −→ · · · ,

from which, analogously to (1.6.8a-b), (1.6.9) and (1.6.17), we define the
A(X)-modules

Z̄q(U , T ), B̄q(U , T ), H̄q(U , T ),

also called modules of liftable q-cocycles, q-coboundaries, and q-co-
homology, respectively. Accordingly, we define the liftable (Čech) co-
homology H̄∗(X, T ) of X with coefficients in T . Then, working as in the
case of the presheaf cohomology long exact sequence, we obtain the long
exact sequence in liftable Čech cohomology

(1.6.28)

0 −→Ȟ0(X,R)
ψ∗
−−→ Ȟ0(X,S)

φ∗
−−→ H̄0(X, T ) δ∗

−−→ Ȟ1(X,R)
ψ∗
−−→ Ȟ1(X,S)

φ∗
−−→ H̄1(X, T ) δ∗

−−→ Ȟ2(X,R) −→ . . .

Ȟq(X,R)
ψ∗
−−→ Ȟq(X,S)

φ∗
−−→ H̄q(X, T ) δ∗

−−→ Ȟq+1(X,R) −→ · · ·

Note that, in the present case, Diagram 1.14 needs to be replaced by
Diagram 1.15 on the next page.
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...
...

...

0 �� Cq+2(U ,R)

�

ψ�� Cq+2(U ,S)

�

φ�� C̄q+2(U , T )

�

�� 0

( I )

0 �� Cq+1(U ,R)

δq+1

�

ψ�� Cq+1(U ,S)

δq+1

�

φ�� C̄q+1(U , T )

δq+1

�

�� 0

( II ) ( III )

0 �� Cq(U ,R)

δq

�

ψ �� Cq(U ,S)

δq

�

φ �� C̄q(U , T )

δq

�

�� 0

...

�

...

�

...

�

Diagram 1.15

At this stage the assumption that X is a (Hausdorff) paracompact space
(see (1.6.21)) enters the scene. Namely, one can prove that:

If X is a (Hausdorff) paracompact space, then there exists an iso-
morphism of A(X)-modules

(1.6.29) H̄q(X, T ) �−−→ Ȟq(X, T );

thus, the short exact sequence of A-modules (1.6.27) induces the
long exact cohomology sequence

(1.6.30)

0 −→Ȟ0(X,R)
ψ∗
−−→ Ȟ0(X,S)

φ∗
−−→ Ȟ0(X, T ) δ∗

−−→ Ȟ1(X,R)
ψ∗
−−→ Ȟ1(X,S)

φ∗
−−→ Ȟ1(X, T ) δ∗

−−→ Ȟ2(X,R) −→ . . .

Ȟq(X,R)
ψ∗
−−→ Ȟq(X,S)

φ∗
−−→ Ȟq(X, T ) δ∗

−−→ Ȟq+1(X,R) −→ · · ·
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A key factor to the proof of (1.6.29) and (1.6.30) is the following result:

(1.6.31)

Let S φ−−→ T −→φ−− 0 be an exact sequence of A-modules over a
(Hausdorff) paracompact space X, and let U be an open covering
of X. Then, for any q-cochain f ∈ Cq(U , T ), q ∈ Z+

0 , there is
an open refinement V of U with a refining map τ : J → I such
that τqττ (f) ∈ φV,q (Cq(V,S)) =: C̄q(V, T ).

Stated otherwise, the previous result asserts that any q-cochain f , as above,
is refinement liftable. Hence, there exists a q-cochain g ∈ Cq(V,S) such
that φV,q(g) = τqττ (f).

The proof of the previous statement can be found, in one form or another,
in most of the references cited in the introduction of the present chapter. A
particularly detailed proof is given in Mallios [62, Vol. I, Lemma 5.2]. The
reader may also consult the same source (pp. 202–207) for equally detailed
proofs of (1.6.29) and (1.6.30).

We close with the following fundamental fact:

(1.6.32) Over a (Hausdorff) paracompact space X, all the cohomology the-
ories with coefficients in A-modules coincide up to isomorphism.

1.6.3. Resolutions and the abstract de Rham theorem

Another approach to cohomology is based on resolutions. Although it is not
employed in this work, we shall describe its rudiments in order to state the
theorem in the title, needed only in Section 9.5.

An (abstract) complex of A-modules over a topological space X, de-
noted by

C· ≡ (Cq, dq)q∈Z,

is a sequence of A-modules and morphisms

· · · −→ Cq−1 dq−1

−−−−−− → C−− q dq

−−−−− → C−− q+1 −→ · · ·

(over X), such that
dq ◦ dq−1 = 0, q ∈ Z

(compare with the cochain complexes defined in Section 1.6.1). The morph-
isms dq are traditionally called the differentials of the complex.

If S is an A-module over X, then a resolution of S is an (abstract)
complex of A-modules of positive degree, i.e.,

(1.6.33) 0 −→ C0 d0

−−−−− → C−− 1 d1

−−−−− → C−− 2 −→ · · ·
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such that the augmented sequence

(1.6.34) 0 −→ S i−−→ Ci−− 0 d0

−−→ C−− 1 d1

−−→ C−− 2 −→ · · ·

is exact , for some A-morphism i.
A resolution, as above, is called acyclic if Ȟp(X, Cq) = 0, for all p > 0

and q ≥ 0. Here we have used the Čech cohomology defined earlier, although
the definition of acyclicity remains valid for any other cohomology theory
we might use.

A common example of acyclic resolution is a fine resolution; that is, one
whose modules Cq, q ∈ Z+

0 , are fine sheaves. More precisely, a sheaf F of A-
modules (over X) is said to be fine, if, for every locally finite open covering
U = (UαUU )α∈I of X, there exists a partition of unity of F subordinate
to U . By the last term we mean a family of endomorphisms{

fαff : F → F
∣∣∣∣α ∈ I

}
,

with the following properties: ∑
α∈I

fαff = id|F ,

supp(fαff ) :=
{
x ∈ X : fαff |FxFF �= 0��

}
⊆ UαUU .

For instance, if X is a (Hausdorff) paracompact space, then the sheaf C0
X

of germs of continuous K-valued functions on X is fine. Similarly, if X is a
(Hausdorff) paracompact smooth manifold , the sheaf of germs of K-valued
smooth functions C∞

X , and the sheaf differential forms ΩX are also fine.
On the contrary, constant sheaves, and the sheaf of germs of holomorphic
functions over a complex analytic manifold are not fine.

To facilitate the concluding discussion of this subsection, we define some
other important categories of sheaves.

A sheaf S is called soft if every section of S over a closed subset of the
base X can be extended to a section over the entire X. This is equivalent to
saying that the restriction map S(X) → S(B) is surjective, for every closed
B ⊆ X. Fine sheaves are soft.

On the other hand, a sheaf F is called flabby if the restriction map
F(X) → F(U) is surjective, for every open U ⊆ X. Flabby sheaves are soft.

Finally, an A-module E is called injective if, for any exact sequence of
A-modules

0 −→ S φ−→ Fφ−− ,
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the induced sequence

HomA(F , E)
φ∗
−−→ HomA(S, E) −→ 0

is also exact. The induced morphism φ∗ is given by φ∗(f) := f ◦ φ.
Now, given the resolution (1.6.34), the global section functor ΓXΓ induces

the sequence of A(X)-modules

(1.6.35)
0 −→ ΓXΓ (S)

ΓXΓ ( i )−−−−−−− →−− ΓXΓ (C0)
ΓXΓ (d0)−−−−−−−− →−−

ΓXΓ (C1)
ΓXΓ (d1)−−−−−−−− →−− ΓXΓ (C2) −→ · · ·

From (1.1.1′), (1.1.2) and (1.2.4b), we recall that ΓXΓ (S) = Γ(X,S) ≡ S(X),
for any sheaf S, and ΓXΓ (φ) = φ̄X , for any morphism φ.

The sequence (1.6.35) is not necessarily exact, except at ΓXΓ (S) and
ΓXΓ (C0). On the other hand,

ΓXΓ (dq+1) ◦ ΓXΓ (dq) = 0,

thus the A(X)-modules ΓXΓ (Cq), together with the A(X)-morphisms ΓXΓ (dq),
for all q ≥ 0, form a complex.

Taking into account the previous considerations, the so-called abstract
de Rham theorem is stated as follows:

If the sequence (1.6.34) is an acyclic resolution of S over a (Haus-
dorff) paracompact space X, then the following isomorphisms of
A(X)-modules hold true:

(1.6.36)
Ȟ0(X,S) ∼= ker ΓXΓ (i),

Ȟq(X,S) ∼= ker ΓXΓ (dq)
/
imΓXΓ (dq−1), q ≥ 1.

To close, we mention that another way of building up a cohomology
theory of a space X with coefficients in a sheaf S is by associating S with
a certain acyclic resolution. Then the cohomology modules (groups) are
obtained as quotients of (abstract) cocycles by coboundaries, by means of
derived functors (like ΓXΓ ). For instance, we can associate S with injective
resolutions (see, e.g., Brylinski [17], Mallios [62, Vol. I]), fine or soft
resolutions (see, e.g., Warner [140], Wells [142]), as well as flabby ones
(see, e.g., Bredon [16], Godement [33]). In all these cases, the isomorphisms
(1.6.36) are still valid for the corresponding –via resolutions– cohomology
groups Hq(X,S).
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1.6.4. The 1st cohomology set

Unlike the Čech cohomology with coefficients in an A-module or in a sheaf of
abelian groups, in the non-abelian case we cannot define cohomology groups
of dimension greater than 1.

Let X be a fixed topological space and G a sheaf of (not necessar-
ily abelian) groups. As in Subsection 1.6.1, given an open covering U =
{UαUU |α ∈ I} of X, we define the groups of 0 and 1-cochains C0(U ,G) and
C1(U ,G) respectively.

A 1-cochain f ≡ (fαβff ) ∈ C1(U ,G) is called a 1-cocycle if the condition

(1.6.37) fαβff · fβγff = fαγff

holds for all α, β, γ ∈ I with UαβγUU �=�� ∅. The set of G-valued 1-cocycles over
U is denoted, as usual, by Z1(U ,G).

Two 1-cocycles f, f ′ ∈ Z1(U ,G) are said to be cohomologous (or equi-
valent), if there is a 0-cochain h ≡ (hα) ∈ C0(U ,G), satisfying

(1.6.38) f ′
αβff = hα · fαβff · h−1

β ,

for all α, β ∈ I with UαβUU �=�� ∅. The corresponding quotient is, by definition,
the 1st cohomology set of U with coefficients in G

(1.6.39) H1(U ,G),

whose elements are denoted by [f ]U ≡ [(fαβff )]U .
The previous set is equipped with the particular element 1U , determined

by the class of the trivial 1-cocycle (fαβff ) = (1|UαβUU ), i.e.,

1U := [(1|UαβUU )]U

(recall that 1 is the unit section of G; see (1.1.5)).
If we take an open refinement V = (ViVV )i∈J of U and any refining map

τ : J → I, as in the abelian case (see also (1.6.12)), we define the cochain
maps

τ0ττ : C0(U ,G) −→ C0(V,G) : f ≡ (fαff ) �→
(
τ0ττ (f)i

)
:=
(
fτff (i)

∣∣∣∣
ViVV

)
,

τ1ττ : C1(U ,G) −→ C1(V,G) : f ≡ (fαβff ) �→
(
τ1ττ (f)ij

)
:=
(
fτff (i)τ(j)

∣∣∣∣
VijVV

)
.

The maps τ0ττ , τ1ττ induce the morphism

(1.6.40) tUV ≡ τ∗
1ττ : H1(U ,G) −→ H1(V,G) : [f ]U �→ [τ1ττ (f)]V ,
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which is independent of the choice of τ (compare with (1.6.13) and (1.6.16)).
This is quite straightforward now. Indeed, assume that τ̄ : J → I is an-
other refining map. Then, for every f ∈ Z1(U ,G) and i, j ∈ J , the cocycle
condition (1.6.37) implies that

τ̄1ττ (f)ij = hi · τ1ττ (f)ij · h−1
j ,

with hi := fτ̄ff (i)τ(i). Hence, [τ̄1ττ (f)]V = [τ1ττ (f)]V , which proves the assertion.
Moreover, analogously to (1.6.20), it can be shown that (see also Mallios

[62, Vol. I, pp. 183 and 274 ])

(1.6.41) the morphisms tUV are injective.

As a result, we obtain the inductive system
(
H1(U ,G), tUV

)
, whose induct-

ive limit (as U is running the set of all proper coverings of X) is the 1st
cohomology set of X with coefficients in G; that is,

(1.6.42) H1(X,G) := lim−→
U

H1(U ,G).

For every open covering U of X, there is a canonical map

tU : H1(U ,G) −→ H1(X,G),

thus we define the cohomology classe

(1.6.43) [(fαβff )] := tU
(
[(fαβff )]U

)
.

An immediate consequence of (1.6.41) is that

(1.6.44) the canonical maps tU are injective, for every U .

The 1st cohomology set is equipped with the distinguished element

1 := tU (1U ) ∈ H1(X,G).

It is independent of the choice of the element 1U corresponding to a partic-
ular covering U . This follows from the definition of the trivial cocycle, and
Diagram 1.11 adapted to the present data.
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1.6.5. Čech hypercohomology

We outline the construction of certain hypercohomology groups, which will
be applied in Theorem 6.7.2. For complete details we refer to Brylinski [17],
Mallios [62, Vol. I] and their references on the subject. Here we mainly
follow the terminology and notations of [62].

With this future application in mind, we consider a complex of A-
modules of positive degree (see the beginning of Subsection 1.6.3)

E· =
(
Em, d ≡ {dm}

)
m∈Z

+
0
.

For convenience we also set Em = 0, for every m < 0.
Let U be an open covering of X. Fixing, for a moment, an m ∈ Z+

0 , we
may consider the chain complex (see also (1.6.7))

Č·(U , Em) =
(
Cn(U , Em), δ ≡ {δn,m}

)
n∈Z

+
0
,

where each δn,m : Cn(U , Em) → Cn+1(U , Em) is the usual coboundary oper-
ator. Varying now both n and m, we form a double complex of A-modules

C·(U , E·, δ, d) =
(
{Cn(U , Em)}(n,m)∈Z

+
0 ×Z

+
0
, δ, d
)
.

...
...

· · · δn−1,m
�� Cn(U , Em)

dn,m

�

δn,m
�� Cn+1(U , Em)

dn+1,m

�

δn+1,m
�� · · ·

( I )

· · · δn−1,m−1
�� Cn(U , Em−1)

dn,m−1

�

δn,m−1
�� Cn+1(U , Em−1)

dn+1,m−1

�

δn+1,m−1
�� · · ·

...

dn,m−2

�

...

dn+1,m−2

�

Diagram 1.16
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The previous diagram illustrates the double complex just described. By
definition, all the sub-diagrams like (I) are assumed to be commutative. The
vertical operators between various cochains are induced by the corresponding
differentials of the given complex E .

A double complex gives rise to an ordinary complex of A-modules{
tot
(
C·(U , E·)), D} := (Sp, Dp)p∈Z

+
0
,

whose elements are defined by the relations:

Sp :=
⊕

n+m=p

Cn(U , Em),

Dp :=
∑

n+m=p

δn,m + (−1)ndn,m : Sp −→ Sp+1,

for every p ∈ Z+
0 .

The p-th Čech hypercohomology group Ȟ
p(U , E·) of U with coef-

ficients in the complex E· is defined to be the p-th cohomology group of
the (total) complex tot

(
C·(U , E·)). In other words,

Ȟ
p(U , E·) = kerDp

/
imDp−1, p ∈ Z+

0 .

As in the case of the ordinary Čech cohomology, the p-dimensional
Čech hypercohomology group of X with coefficients in E· is

Ȟ
p(X, E·) := lim−→

U
Ȟ

p(U , E·).

The inductive limit is taken with respect to all the proper open coverings of
the space X.



Chapter 2

The category
of differential triads

In physics there is an urgent neces-
sity to base some geometric models
of physical phenomena on sufficiently
non smooth generalizations of the dif-
ferential manifold concept.

M. Heller [42, p. 12]

T his chapter introduces the notion of an algebraized space, which will
be the base space of all the sheaves considered in the remainder of

this work. An algebraized space, together with an appropriate differential
(Leibniz) operator, determines a differential triad . The latter lies in the
foundations of the abstract differential geometry alluded to in the preface.

These notions, originally due to A. Mallios, have been defined in [62].
We supplement his treatment by showing that differential triads form a

53
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category containing, as subcategories, the smooth manifolds and –after a
suitable sheafification– the differential spaces in the sense of R. Sikorski [113]
(see also the seminal ideas of his earlier work [112]). Subspaces, quotients,
infinite products, projective and inductive limits also exist in this category.

Finally, a convenient notion of abstract differentiation for maps between
two topological spaces is defined, provided that at least one of the spaces
bears a differential triad. This notion of differentiability (having nothing to
do with ordinary calculus) implies that every continuous map is differenti-
able in abstracto.

The categorical results of this chapter are due to M. Papatriantafillou
and are taken from [97], [99] and [100]. With the exception of Sections 2.1
and 2.5, the remainder of this chapter can be omitted on a first reading.

2.1. Differential triads

Before proceeding to the fundamental definitions, we note that, in order to
keep track of ordinary differential geometry and to clarify its analogy with
the present abstraction,

we deliberately use the terms differential, differentiable etc.,
although there is not any kind of differentiation, in the usual sense
of calculus, involved.

Following [62, Chapter II, Scholium 1.2] we start with:

2.1.1 Definition. An algebraized space is a pair

(2.1.1) (X,A),

where X ≡ (X, TX) is a topological space and A a sheaf of unital commut-
ative associative K-algebras over X, with K = R, C.

Completing the terminology of Definition 2.1.1, X is called the base
space and A the structure sheaf of the algebraized space.

However, in order to develop abstract differential geometry, we need to
complement the algebraized space by some algebraic differential (or deriva-
tion). This leads to the following:

2.1.2 Definition. A differential triad is a triplet (A, d, Ω), where Ω is an
A-module over X, and

(2.1.2) d : A −→ Ω
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is a K-linear morphism satisfying the Leibniz condition

(2.1.3) d(a · b) = a · db + b · da, (a, b) ∈ A×X A.

The previous definition means that d is an Ω-valued derivation of A.
Condition (2.1.3) can be written in the equivalent form

(2.1.3′) d(s · t) = s · dt + t · ds,

for any (local) sections s, t ∈ A(U) and every (open) U ∈ TX , as explained
in (1.2.15′). We clarify that the operator d in (2.1.3′) is in fact the induced
morphism d̄U between the corresponding presheaves of sections, according
to our convention (1.1.3).

Note. In Mallios [62] d is denoted by ∂. As already mentioned in the note
on p. 42, ∂ is reserved for another use in this work.

In order to state a simple consequence of Definition 2.1.2, we need to add
a few remarks on the constant sheaf KX , K = R, C (see Subsection 1.3.1).
By the very construction, K ≡ KX is naturally imbedded in A by means of
the 1-1 morphism

(2.1.4) i : KX ↪→ A↪↪ : (x, k) �→ k · ex = k · 1(x).

Since, (KX)x = {x} × K ∼= K, identifying k ∈ K with (x, k), for arbitrary
x ∈ X, we obtain:

2.1.3 Proposition. The differential d satisfies the following equalities:

dex = 0 and dk = 0,

for every x ∈ X and k ∈ K. Similar equalities hold for the unit section
1 ∈ A(X) and any section k ∈ KX(X).

Proof. Applying (2.1.3), we have that

dex = d(ex · ex) = ex · dex + ex · dex = dex + dex

which yields the first equality of the statement. The second is a result of
the K-linearity of d, namely

dk = d(k · ex) = k · dex = 0
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2.1.4 Examples.
(a) Differential triads from smooth manifolds

Let X be a real C∞ (smooth) manifold . If A := C∞
X is the sheaf of

germs of real-valued smooth functions on X, Ω := Ω1
X the sheaf of germs

of (smooth) differential 1-forms on X, and d the morphism induced by the
sheafification of the ordinary differentiation of smooth functions, then

(C∞
X , d, Ω1

X)

is the standard differential triad associated with the smooth manifold X. In
the notations of Subsection 1.2.2,

C∞
X = S

(
U �−→�� C∞(U, R)

)
,

Ω1
X = S

(
U �−→�� Λ1(U, R)

)
,

d = S
(
U �−→�� dU

)
,

for all U running the topology TX . Here Λ1(U, R) is the C∞(U, R)-module
of real-valued differential 1-forms on U , and

dU : C∞(U, R) −→ Λ1(U, R) : f → df ≡ Tf,

where the last differential is the ordinary differential of smooth functions.
By the completeness of the presheaves involved above, we have that

A(U) = C∞
X (U) ∼= C∞(U, R), Ω(U) = Ω1

X(U) ∼= Λ1(U, R), d̄U ≡ dU .

Differential triads of the previous type are obtained from finite and
infinite-dimensional manifolds. The latter include Banach manifolds (see,
e.g., Bourbaki [13], Lang [54]) and manifolds with other infinite-dimensional
models (i.e., topological vector spaces) equipped with an appropriate differ-
entiation theory, allowing to define the usual differential mechanism on the
corresponding manifolds. In this respect we refer, e.g., to Galanis [30], Omori
[85], Papaghiuc [88] (for Fréchet manifolds), Kriegl -Michor [52] (for mani-´
folds modelled on convenient locally convex spaces), Leslie [55], Papaghiuc
[87], Papatriantafillou [94] (for manifolds modelled on arbitrary topological
vector spaces), Papatriantafillou [95] (for manifolds modelled on project-
ive finitely generated modules over a commutative locally m-convex algebra
with unit). For a systematic treatment of the general differentiation theory
we refer to Averbukh-Smolyanov [7], [8]. Another valuable source of inform-
ation, containing a very extensive and annotated bibliography, is Ver Eecke
[135], [136].
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Similar considerations are valid in the case of complex manifolds by
taking holomorphic functions and forms.
(b) K¨hler’s differential¨

In the sheaf-theoretic framework, one may wonder whether a given arbit-
rary algebraized space (X,A) can be completed to a differential triad. The
sheafification of W. Kahler’s theory of differentials guarantees the existence¨
of an A-module Ω and of an operator d so that (A, d, Ω) is a differential
triad.

Kahler’s theory is based on an nice algebraic construction, whose main¨
idea is the following: We start with a unital commutative algebra A (even
less: a unital commutative ring !) and consider the multiplication morphism

µ : A ⊗ A � a ⊗ b �→ µ(a ⊗ b) := a · b ∈ A.

Then I := kerµ and the vector space I2 (generated by I · I) are ideals of
A ⊗ A with I2 ⊂ I. Setting

Ω := I/I2,

one verifies that Ω is an A-module. The 1st-order Kähler derivation or
differential d : A → Ω is defined by

da := (1 ⊗ a − a ⊗ 1) + I2, a ∈ A.

It has the following universal property: For any other derivation d̄ : A → Ω̄,
there exists a (unique) morphism of A-modules f : Ω → Ω̄ such that the
following diagram is commutative.

A
d �� Ω

Ω̄

�

fd̄
��

Diagram 2.1

For details we refer to Bourbaki [14, Chap. III, p. 132], as well as to Mallios
[62, Section XI.5] in the case of a topological algebra.

Now, given an arbitrary sheaf of unital commutative associative algebras
A, we construct a differential triad (A, d, Ω) by the sheafification process.
More precisely, to each A(U), U ⊆ X open, we associate an A(U)-module
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Ω(U) and a differential dU : A(U) −→ Ω(U) as above. We obtain a presheaf
of modules and a presheaf morphism, respectively, generating in turn an A-
module Ω and a differential d (see also Mallios [61] and [62, Section XI.6]).
(c) Differential triads from the derivations of A

Let (X,A) be a given algebraized space. An A-valued derivation of
A is a K-linear morphism ξ : A → A satisfying the Leibniz condition

ξ(a · b) = a · ξ(b) + ξ(a) · b, (a, b) ∈ A×X A.

Assume that A admits non-trivial derivations. For every U ∈ TX , we
denote by DU the set of A|U -valued derivations of A|U ; i.e.,

DU :=
{
ξ : A|U → A|U derivations

}
⊆ HomA|U (A|U ,A|U ).

Then
(
DU , ρU

V

)
is a complete presheaf, where ρU

V (ξ) is the restriction of the
derivation ξ of A|U to A|V , for every open V ⊆ U . If D is the sheaf generated
by
(
DU , ρU

V

)
, we set

Ω := D∗ = HomA(D,A)

(see Subsection 1.3.5).
We shall construct a differential d : A → Ω. To this end, we consider

the morphism of presheaves{
dU : A(U) −→ HomA|U (D|U ,A|U ) |U ∈ TX

}
,

where dU is defined as follows: If α ∈ A(U), then the morphism dU (α) ∈
HomA|U (D|U ,A|U ) is generated by the presheaf morphism{

dU (α)V : D(V ) → A(V ) |V ⊆ U open
}

with
dU (α)V (ξ) := ξ(α|V ), ξ ∈ D(V ).

Varying V in U we get an element dU (α) ∈ Ω(U) and then, varying U
in TX , we obtain the desired d. The K-linearity and the Leibniz condition
follow from the analogous properties of each dU (α)V . Therefore, the triplet
(A, d, Ω) thus produced is a differential triad.

We illustrate the previous general construction in the next example.
(d) A concretization of Example (c)

Let X := E be any topological vector space equipped with a method
of differentiation such as Gâteaux, Hadamard, or any other appropriate oneˆ
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(the existence of a directional derivative would also suffice in this discussion).
Fix a vector v ∈ E. Then, for every open U ⊆ E and every smooth map
α : U → R, we set

ξv
U (α)(x) := (Dα(x))(v); x ∈ U,

(the previous derivative can be replaced by Dvα(x), if we are given a direc-
tional derivative). Clearly, the map

ξv
U : C∞(U, R) −→ C∞(U, R)

determines a derivation. Varying U in the topology of X, we obtain the
derivation ξv : A → A where A := C∞

E
is the sheaf of germs of smooth

functions on E, with respect to the chosen differentiation method. If

Ω := {ξv | v ∈ E}∗,

then, as in the preceding Example (c), we define a differential triad (A, d, Ω)
associated with (E,A).

Note that in this case, Ω does not necessarily coincide with the A-module
Ω1

E
of 1-forms on E.

(e) Generalized structures and differential triads

Differentiable spaces in the sense of M. Mostow (see [79]) provide dif-
ferential triads as before. Likewise, we obtain a differential triad from a
differential space in the sense of R. Sikorski ([113]). This is accomplished by
associating, via the Gel’fand’s representation, an appropriate sheaf of func-
tion algebras to the (functional) structure algebra of the differential space.
Details can be found in Heller [42].

For other relevant examples, including triads obtained from the general
spaces of J. Smith ([114]), V-manifolds of I. Satake ([107]) and superman-
ifolds (see, e.g., Bartocci-Bruzzo and Hermández-Ruipérez [9], though this´
case is within a graded framework), the reader is referred to Mallios [62,
Vol. II, Chapters 10, 11].

(f) Differential triads from algebras of generalized functions

A rather surprising example of a differential triad is obtained from the
sheaf of E. E. Rosinger’s nowhere dense differential algebras of generalized
functions. These algebras contain the Schwartz distributions and provide
global solutions for arbitrary analytic nonlinear PDEs. The significance
of this example lies in the fact that, taking as structure sheaf the above
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functions, we can reproduce a great deal of the classical theory of manifolds
in a highly singular space. Details are given in Mallios-Rosinger [71] and
(along with applications to general relativity) [72].

2.2. Morphisms of differential triads

In this section we prove that differential triads form a category, by defin-
ing an appropriate notion of morphisms between them. The definition of a
morphism is not obvious, as the reader will soon witness, and is certainly
more complicated than that of a morphism of differentiable manifolds. Des-
pite this complexity, the category of differential triads is more advantageous
than differentiable manifolds. This will become clear in Section 2.4.

Let X ≡ (X, TX), Y ≡ (Y,TY ) be two topological spaces and f : X → Y
a continuous map. We assume that (A, d, Ω) is a differential triad over X.
By the general discussion of Subsection 1.4.2, we see that the push-out of A

f∗ff (A) ≡ (f∗ff (A), Y, π∗)

is a sheaf of unital commutative associative K-algebras over Y . We recall
that

f∗ff (A) := S
(
V �−→ A�� (f−1(V ))

)
;

thus, by the completeness of the presheaf involved, f∗ff (A)(V ) ∼= A(f−1(V )).
Similarly,

f∗ff (Ω) := S
(
V �−→�� Ω(f−1(V ))

)
is an f∗ff (A)-module. On the other hand, the sheaf-morphism

f∗ff (d) : f∗ff (A) −→ f∗ff (Ω),

being the sheafification of the induced morphisms of sections

d̄f−1(V ) : A(f−1(V )) −→ Ω(f−1(V )); V ∈ TY ,

is K-linear and satisfies the Leibniz condition. Therefore, we obtain:

2.2.1 Lemma. Let X, Y be topological spaces and f : X → Y a continuous
map. If (A, d, Ω) is a differential triad over X, then the push-out

(f∗ff (A), f∗ff (d), f∗ff (Ω))

of (A, d, Ω) by f is a differential triad over Y .
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Before defining morphisms of differential triads, we recall that a morph-
ism of unital algebras h : A → B is a morphism of algebras preserving
the units. In the same way, a morphism h : A → B of sheaves of unital
algebras is a morphism of sheaves of algebras also preserving the units.
This means that the following equivalent conditions hold true:

h(1A) = 1B, if 1A, 1B are the unit sections of A and B, respectively;

h(1x) = 1x, if 1x denotes (for convenience) the unit element of both Ax

and Bx, for all x ∈ X.

2.2.2 Definition. Let (AX , dX , ΩX), (AY , dY , ΩY ) be differential triads
over the respective topological spaces X ≡ (X, TX), Y ≡ (Y,TY ). A
morphism of differential triads between (AX , dX , ΩX) and (AY , dY , ΩY )
is a triplet (f, fAff , fΩff ), where

(MDT. 1) f : X → Y is a continuous map.

(MDT. 2) fAff : AY → f∗ff (AX), shown in Diagram 2.2, is a morphism of
sheaves of unital commutative associative K-algebras over Y .

AX AY
fAff �� f∗ff (AX)

X
� f �� Y

��

Diagram 2.2

(MDT. 3) fΩff : ΩY → f∗ff (ΩX) is a morphism of sheaves of K-vector spaces
over Y , compatible with the respective module structures; that is,

(2.2.1) fΩff (a · w) = fAff (a) · fΩff (w), (a, w) ∈ AY ×Y ΩY .

(MDT. 4) The following equality holds true

(2.2.2) f∗ff (dX) ◦ fAff = fΩff ◦ dY ,

or, equivalently, the next diagram is commutative.
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AY
fAff �� f∗ff (AX)

ΩY

dY

� fΩff �� f∗ff (ΩX)

f∗ff (dX)

�

Diagram 2.3

The next obvious result proves that the set of endomorphisms of a dif-
ferential triad is not empty.

2.2.3 Proposition. For every differential triad (A, d, Ω), over any topolo-
gical space X, (idX , idA, idΩ) is a morphism of differential triads.

As a matter of fact, the previous morphism is an identity morphism
in the category of differential triads, as it will be clarified shortly (see also
Corollary 2.2.5). On the other hand, the following result defines the com-
position law for the morphisms of differential triads, formalized in (2.2.7)
below.

2.2.4 Proposition. Let (AI , dI , ΩI) be differential triads over the respective
topological spaces (I,TI), I = X, Y, Z. Given two morphisms of differential
triads

(f, fAff , fΩff ) : (AX , dX , ΩX) −→ (AY , dY , ΩY ),

(g, gA, gΩ) : (AY , dY , ΩY ) −→ (AZ , dZ , ΩZ),

we define the morphisms

(g ◦ f)A := g∗(fAff ) ◦ gA,(2.2.3)

(g ◦ f)Ω := g∗(fΩff ) ◦ gΩ.(2.2.4)

Then the triplet
(
g ◦f, (g ◦f)A, (g ◦f)Ω

)
is a morphism of differential triads

from (AX , dX , ΩX) into (AZ , dZ , ΩZ).

Proof. The construction of (g ◦ f)A is shown in the diagram on the next
page. It is clearly a morphism of sheaves of unital commutative associative
K-algebras as being the composite of two morphisms of algebra sheaves of
the said type. Similarly, (g◦f)Ω is a morphism of sheaves of K-vector spaces.
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AZ

AY g∗(AY )

gA

��

AX f∗(AX)

fAff

��

g∗(f∗(AX))

g∗(fAff )

��

X
� f �� Y

� g ��

�

Z
���

Diagram 2.4

To prove that (g◦f)Ω satisfies the analog of (2.2.1), we first observe that

(2.2.5) g∗(fΩff )(a · w) = g∗(fAff )(a) · g∗(fΩff )(w), (a, w) ∈ AZ ×Z ΩZ .

This is easily checked by applying (2.2.1) to the local sections generating the
push-out. Hence, for every (a, w) as before, equalities (2.2.1) and (2.2.5),
together with (2.2.3) and (2.2.4′), imply that

(g ◦ f)Ω(a · w) = g∗(fΩff )
(
gA(a) · gΩ(w)

)
= g∗(fAff )

(
gA(a)

)
· g∗(fΩff )

(
gΩ(w)

)
=
(
g∗(fAff ) ◦ gA

)
(a) ·
(
g∗(fΩff ) ◦ gΩ

)
(w)

= (g ◦ f)A(a) · (g ◦ f)Ω(w),

thus proving condition (MDT. 3) of Definition 2.2.2.
We now verify (MDT. 4). To this end, we apply g∗ to both sides of

(2.2.2), thus the functoriality of the push-out implies that

g∗(f∗ff (dX)) ◦ g∗(fAff ) = g∗(fΩff ) ◦ g∗(dY ),

and, composing with gA,

(2.2.6) (g ◦ f)∗(dX) ◦ g∗(fAff ) ◦ gA = g∗(fΩff ) ◦ g∗(dY ) ◦ gA.
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On the other hand, the analog of (2.2.2) for (g, gA, gΩ), namely

g∗(dY ) ◦ gA = gΩ ◦ dZ ,

substituted in (2.2.6) yields

(g ◦ f)∗(dX) ◦ g∗(fAff ) ◦ gA = g∗(fΩff ) ◦ gΩ ◦ dZ .

Hence, in virtue of (2.2.3) and (2.2.4), the last equality leads to

(g ◦ f)∗(dX) ◦ (g ◦ f)A = (g ◦ f)Ω ◦ dZ ,

which concludes the proof.

Given two morphisms (f, fAff , fΩff ) and (g, gA, gΩ) as in Proposition 2.2.4,
we define their composition in the obvious way; that is,

(2.2.7) (g, gA, gΩ) ◦ (f, fAff , fΩff ) :=
(
g ◦ f, (g ◦ f)A, (g ◦ f)Ω

)
,

where the right-hand side is determined by (2.2.3) and (2.2.4). This is pre-
cisely the composition law for the morphisms of differential triads alluded
to in the comments preceding the statement of Proposition 2.2.4.

2.2.5 Corollary. The following assertions are true:
i) If (f, fAff , fΩff ) : (AX , dX , ΩX) −→ (AY , dY , ΩY ) is a morphism of dif-

ferential triads, then

(f, fAff , fΩff ) ◦ (idX , idAX
, idΩX

) = (f, fAff , fΩff ) ,

(idY , idAY
, idΩY

) ◦ (f, fAff , fΩff ) = (f, fAff , fΩff ) .

ii) The composition law, defined by (2.2.7), is associative.

Proof. The equalities of the first assertion are direct consequences of the
definitions. For the second it suffices to show that

((h ◦ g) ◦ f)X = (h ◦ (g ◦ f))X ; X = A, Ω,

for any morphisms (f, fAff , fΩff ), (g, gA, gΩ) as in Proposition 2.2.4, and any
morphism of differential triads (h, hA, hΩ) : (AZ , dZ , ΩZ) → (AW , dW , ΩW ),
where W is a topological space. Indeed, since h∗ is a functor,

((h ◦ g) ◦ f)X = (h ◦ g)∗(fXff ) ◦ (h ◦ g)X
= h∗ (g∗(fXff )) ◦ (h∗(gX ) ◦ hX )
=
(
h∗ (g∗(fXff )) ◦ h∗(gX )

)
◦ hX

= h∗
(
g∗(fXff ) ◦ gX

)
◦ hX

= h∗
(
(g ◦ f)X

)
◦ hX

= (h ◦ (g ◦ f))X .
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As already mentioned after Proposition 2.2.3, Corollary 2.2.5 implies
that (idX , idA, idΩ) is an identity for the composition law, while the latter is
also associative. Therefore, we have proved that the differential triads and
their morphisms satisfy the axioms of a category.

For the sake of completeness, we record the previous results in the fol-
lowing statement.

2.2.6 Theorem. The differential triads and their morphisms, together with
the composition law (2.2.7), form a category, denoted by DT .

The category DT contains in a natural manner the category of smooth
manifolds. In fact, if the latter is denoted by DM, we prove the following:

2.2.7 Theorem. There exists an imbedding F : DM ↪→ DT↪↪ .

Proof. Let X be a C∞-manifold and let (AX , dX , ΩX) := (C∞
X , d, Ω1

X) be
the standard differential triad of X, defined in Example 2.1.4(a). Then we
set F (X) := (AX , dX , ΩX). Now, if f : X → Y is a C∞-map, then we
define the morphism of differential triads F (f) := (f, fAff , fΩff ) as follows:
Since AY := C∞

Y is generated by the presheaf V �→ C∞(V, R), whereas
f∗ff (AX) = f∗ff (C∞

X ) is generated by V �→ C∞(f−1(V ), R) (with V running
in TY ), fAff is defined to be the morphism generated by the morphism of
presheaves{

fAff ,V : C∞(V, R) −→ C∞(f−1(V ), R) : α �→ α ◦ f
}

V ∈TY
.

Similarly, fΩff is the morphism generated by{
fΩff ,V : Λ1(V, R) −→ Λ1(f−1(V ), R) : ω �→ ω ◦ df

}
V ∈TY

,

where the last df is the ordinary differential of the smooth map f .
Conditions (MDT. 2) and (MDT. 3) of Definition 2.2.2 follow directly

from the corresponding properties of the presheaf morphisms (fAff ,V ) and
(fΩff ,V ). Condition (MDT. 4) is verified locally by taking into account the
properties of the ordinary differential of smooth maps. Hence, F (f) is a
morphism of differential triads.

Moreover, in virtue of (2.2.7), we see that F (g ◦ f) = F (g) ◦ F (f), thus
F is a covariant functor between the aforementioned categories. Finally,
F (f) = F (g) yields f = g, for any smooth maps in DM. This completes
the proof.
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2.3. Products of differential triads

Continuing the investigation of the category DT , we shall show the existence
of (finite) products therein.

According to the theory of categories, the product of two differential
triads (AX , dX , ΩX) and (AY , dY , ΩY ), over the respective topological spaces
X and Y , should be a differential triad (AP , dP , ΩP ), over some topological
space P , together with two morphisms of differential triads, called pro-
jections,

(p, pA, pΩ) : (AP , dP , ΩP ) −→ (AX , dX , ΩX),
(q, qA, qΩ) : (AP , dP , ΩP ) −→ (AY , dY , ΩY ),

satisfying the following universal property : if (AZ , dZ , ΩZ) is any differ-
ential triad and

(f, fAff , fΩff ) : (AZ , dZ , ΩZ) −→ (AX , dX , ΩX),
(g, gA, gΩ) : (AZ , dZ , ΩZ) −→ (AY , dY , ΩY )

are morphisms of differential triads, then there exists a unique morphism of
differential triads

(h, hA, hΩ) : (AZ , dZ , ΩZ) → (AP , dP , ΩP )

such that

(p, pA, pΩ) ◦ (h, hA, hΩ) = (f, fAff , fΩff ),
(q, qA, qΩ) ◦ (h, hA, hΩ) = (g, gA, gΩ).

The universal property of the product is shown in the typical Diagram 2.5
on the next page.

For the construction of the product, we first take

P := X × Y.

Moreover, motivated by the classical formula (see Mallios [57, p. 490])

C∞(X × Y ) = C∞(X) ⊗ C∞(Y ),

if X and Y are smooth manifolds, we consider the presheaf

(2.3.1) U × V �−→ A�� X(U) ⊗AY (V ), U × V ∈ TX × TY
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(AZ , dZ , ΩZ)

(h, hA, hΩ)

(AP , dP , ΩP )
�

(AX , dX , ΩX)

�

(f, fAff , fΩff )

�

(p, pA, pΩ)

(AY , dY , ΩY )

(g, gA, gΩ)

��(q, qA, qΩ)
��

Diagram 2.5

with restriction maps ρU
U ′ ⊗ ρV

V ′ , where ρU
U ′ and ρV

V ′ are the restriction maps
of AX and AY , respectively, with U ′ ⊆ U and V ′ ⊆ V . The tensor product
in (2.3.1) is taken with respect to K.

There is no difficulty in verifying that (2.3.1) determines a presheaf of
unital commutative associative K-algebras, whose multiplication is defined
(on decomposable elements) by

(2.3.2) (α ⊗ β) · (γ ⊗ δ) := αγ ⊗ βδ,

for every α, γ ∈ AX(U); β, δ ∈ AY (V ), and every U ∈ TX , V ∈ TY . The
sheaf generated by (2.3.1) is denoted by AX×Y , i.e.,

AX×Y := S
(
U × V �−→ A�� X(U) ⊗AY (V )

)
.

It is a sheaf of unital commutative associative K-algebras over X × Y . For
each pair (U, V ) ∈ TX × TY , we denote by

(2.3.3) ρUV : AX(U) ⊗AY (V ) −→ AX×Y (U × V )

the canonical map (algebra morphism) of sections. Note that the unit section
of AX×Y is 1X×Y = ρXY (1X ⊗ 1Y ), if 1X and 1Y are the unit sections of
AX and AY , respectively.
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We also consider the presheaf

(2.3.4) U × V �−→��
(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

)
,

with U × V ∈ TX ×TY and the obvious restrictions, defined analogously to
(2.3.1). This is a presheaf of {AX(U) ⊗ AY (V )}U,V –modules with respect
to the scalar multiplication

(2.3.5) (α ⊗ β) · (γ ⊗ ϕ, ω ⊗ δ) := (αγ ⊗ βϕ, αω ⊗ βδ),

for every α, γ ∈ AX(U); β, δ ∈ AY (V ), ω ∈ ΩX(U), ϕ ∈ ΩY (V ), and every
U ∈ TX , V ∈ TY . Then we set

ΩX×Y := S
(
U × V �−→��

(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

))
.

In virtue of (2.3.5), ΩX×Y is an AX×Y -module over X × Y . We have the
corresponding canonical maps

(2.3.6) τUVττ :
(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

)
−→ ΩX×Y (U × V ),

which are morphisms of modules. Applying Diagram 1.7 to the case of the
scalar multiplication (2.3.5), we see that

(2.3.6′) τUVττ
(
(α ⊗ β) · (γ ⊗ ϕ, ω ⊗ δ)

)
= ρUV (α ⊗ β) · τUVττ (γ ⊗ ϕ, ω ⊗ δ),

for all α, β, γ, δ, ϕ, ω as in (2.3.5).
Finally, we denote by

dX×Y : AX×Y −→ ΩX×Y

the morphism generated by the presheaf morphism (dU×V ), for all U ∈ TX

and V ∈ TY , where

(2.3.7) dU×V : AX(U)⊗AY (V ) −→
(
AX(U)⊗ΩY (V )

)
×
(
ΩX(U)⊗AY (V )

)
is given by

(2.3.8) dU×V (α ⊗ β) =
(
α ⊗ dY β, (dXα) ⊗ β

)
,

for every α ∈ AX(U) and β ∈ AY (V ). Here we have applied convention
(1.1.3) for the differentials dX and dY . Equality (2.3.8) is defined for arbit-
rary elements by an obvious K-linear extension. It is clear that dX×Y is a
K-linear morphism.

With the previous notations in mind, we obtain the first result towards
the main goal of this section.
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2.3.1 Proposition. Let (AX , dX , ΩX) and (AY , dY , ΩY ) be two differen-
tial triads over X and Y , respectively. Then (AX×Y , dX×Y , ΩX×Y ) is a
differential triad over X × Y .

Proof. After the preceding preliminary discussion, it remains to show that
dX×Y satisfies the Leibniz condition. Therefore, it suffices to verify it for
each morphism dU×V , on decomposable elements. Indeed, for any α, γ ∈
AX(U) and β, δ ∈ AY (V ), equalities (2.3.2), (2.3.8) and (2.3.5), along with
(2.1.3′), yield

dU×V

(
(α ⊗ β) · (γ ⊗ δ)

)
=
(
αγ ⊗ dY (βδ), dX(αγ) ⊗ βδ

)
=
(
αγ ⊗ (β dY δ + δ dY β), (α dXγ + γ dXα) ⊗ βδ

)
=
(
αγ ⊗ β dY δ + αγ ⊗ δ dY β, α(dXγ) ⊗ βδ + γ(dXα) ⊗ βδ

)
=
(
αγ ⊗ β dY δ, α(dXγ) ⊗ βδ

)
+
(
γα ⊗ δ dY β, γ(dXα) ⊗ δβ

)
= (α ⊗ β) ·

(
γ ⊗ dY δ, (dXγ) ⊗ δ

)
+ (γ ⊗ δ) ·

(
α ⊗ dY β, (dXα) ⊗ β

)
= (α ⊗ β) · dU×V (γ ⊗ δ) + (γ ⊗ δ) · dU×V (α ⊗ β).

This completes the proof.

The triad (AX×Y , dX×Y , ΩX×Y ), being a candidate for the product struc-
ture sought, will now be provided with two appropriate morphisms playing
the role of projections. So, ifˆ

p : X × Y −→ X

is the ordinary projection to the first factor, we construct the morphism
(p, pA, pΩ) in the following way. First we consider the presheaf

U �−→ A�� X(U) ⊗AY (Y ); U ∈ TX ,

with restriction maps (ρU
U ′ ⊗ 1Y ). We also consider the presheaf morphism

(2.3.9)
{
p̃A,U : AX(U) �−→ A�� X(U) ⊗AY (Y ) : α �→ α ⊗ 1Y |U ∈ TX

}
.

Since the sheaf p∗(AX×Y ) is generated by the presheaf

U �−→ A�� X×Y (p−1(U)) = AX×Y (U × Y ),

the restriction maps (ρUY ) (see (2.3.3)) can be composed with those of
(2.3.9), as shown in the next diagram.
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A(U)
p̃A,U �� AX(U) ⊗AY (Y )

AX×Y (U × Y )
�

ρUY
�

Diagram 2.6

The desired morphism

pA : AX → p∗(AX×Y )

is generated by the presheaf morphism
(
ρUY ◦ p̃A,U

)
U∈TX

; that is,

(2.3.10) pA := S
({

ρUY ◦ p̃A,U

∣∣∣∣U ∈ TX

})
.

Analogously, we define

pΩ : ΩX → p∗(ΩX×Y )

to be the morphism of sheaves (see also (2.3.6))

(2.3.11) pΩ := S
({

τUYττ ◦ p̃Ω,U

∣∣∣∣ U ∈ TX

})
,

where

(2.3.12)
p̃Ω,U : ΩX(U) −→

(
AX(U) ⊗ ΩY (Y )

)
×
(
ΩX(U) ⊗AY (Y )

)
:

ω �−→�� (0, ω ⊗ 1Y ).

The morphisms (2.3.11) and (2.3.12) are morphisms of modules. Note that,
in virtue of (1.4.9),

AX×Y (U × Y ) = AX×Y (p−1(U)) ∼= p∗(AX×Y )(U),

ΩX×Y (U × Y ) = ΩX×Y (p−1(U)) ∼= p∗(ΩX×Y )(U),

for every open U ⊆ X.
If q : X × Y → Y is the projection to the second factor, we define the

triplet (q, qA, qΩ) in a similar manner. More precisely, we set

qA := S
(
{ρXV ◦ q̃A,V

∣∣∣∣V ∈ TY }
)
,(2.3.13)

qΩ := S ({τXVτ ◦ q̃Ω,V | V ∈ TY }),(2.3.14)
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where

(2.3.15) Ã,V : AY (V ) �−→ A�� X(X) ⊗AY (V ) : β �→ 1X ⊗ β; V ∈ TY ,

and

(2.3.16)
q̃Ω,V : ΩY (V ) −→

(
AX(X) ⊗ ΩY (V )

)
×
(
ΩX(X) ⊗AY (V )

)
:

ω �−→�� (1X ⊗ ω, 0).

Clearly, for every open V ⊆ Y ,

AX×Y (X × V ) = AX×Y (q−1(V )) ∼= q∗(AX×Y )(V ),

ΩX×Y (X × V ) = ΩX×Y (q−1(V )) ∼= q∗(ΩX×Y )(V ).

2.3.2 Proposition. With the previous notations, the triplets of maps

(p, pA, pΩ) : (AX×Y , dX×Y , ΩX×Y ) −→ (AX , dX , ΩX)
(q, qA, qΩ) : (AX×Y , dX×Y , ΩX×Y ) −→ (AY , dY , ΩY )

are morphisms of differential triads.

Proof. We prove the assertion for (p, pA, pΩ). The map pA is a morphism
of sheaves of commutative associative K-algebras by its very construction.
It preserves the units, since ρUY does so and

(ρUY ◦ p̃A,U )(1U ) = ρUY (1U ⊗ 1Y ) = 1U×Y ∈ AX×Y (U × Y ),

where, obviously, 1U = 1X |U (recall that the unit section of AX×Y is given in
the comments following (2.3.3)). Hence, we have shown condition (MDT. 2)
of Definition 2.2.2.

On the other hand, in virtue of (2.3.6′), equalities (2.3.5), (2.3.9) and
(2.3.12) imply that, for every α ∈ AX(U) and ω ∈ ΩX(U),

(τUYττ ◦ p̃Ω,U )(α · ω) = τUYττ (0, αω ⊗ 1Y ) = τUYττ
(
(α ⊗ 1Y ) · (0, ω ⊗ 1Y )

)
= τUYττ

(
p̃A,U (α) · p̃Ω,U (ω)

)
= (ρUY ◦ p̃A,U )(α) · (τUYττ ◦ p̃Ω,U (ω)).

Hence, by sheafification,

pΩ(a · w) = pA(a) · pΩ(w), (a, w) ∈ AX×Y ×X×Y ΩX×Y ,

thus proving (MDT. 3).
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Finally, we verify the analog of (2.2.2) for the present data; that is, the
commutativity of the next diagram.

AX
pA �� p∗(AX×Y )

ΩX

dX

� pΩ �� p∗(ΩX×Y )

p∗(dX×Y )

�

Diagram 2.7

Applying (for clarity) the full notation (1.1.2) for the induced morph-
isms of sections, we observe that dX can be thought of as generated by
{(dX)U |U ∈ TX}, while p∗(dX×Y ) is generated by{

(dX×Y )p−1(U) = (dX×Y )U×Y |U ∈ TX

}
.

Thus, taking also into account the definition of the sheaves and morphisms
of Diagram 2.7, it suffices to show that

(dX×Y )U×Y ◦ (ρUY ◦ p̃A,U ) = (τUYττ ◦ p̃Ω,U ) ◦ (dX)U ,

for every open U ⊆ X. This amounts to the commutativity of the outer part
of the following diagram, where (due to size restrictions) the extreme down-
arrows denote in fact the aforementioned induced morphisms of sections.

AX(U)
p̃A,U �� AX(U) ⊗AY (Y )

ρUY �� AX×Y (U × Y )

( I ) dU×Y ( II )

ΩX(U)

dX

� p̃Ω,U�� (AX(U) ⊗ ΩY (Y )) × (ΩX(U) ⊗AY (Y ))
� τUYττ �� ΩX×Y (U × Y )

dX×Y

�

Diagram 2.8
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The desired commutativity is now a consequence of the commutativity
of the individual sub-diagrams (I) and (II). The first of them is checked
as follows: For any α ∈ AX(U), equalities (2.3.9), (2.3.8), together with
Proposition 2.1.3 and (2.3.12), yield

(dU×Y ◦ p̃A,U ) (α) = dU×Y (α ⊗ 1Y ) =(
α ⊗ dY 1Y , (dXα) ⊗ 1Y

)
=(

0, (dXα) ⊗ 1Y

)
= (˜Ω,U ◦ dX)(α).

Sub-diagram (II) is merely the commutative Diagram 1.7 (adapted to
our data), relating the presheaf morphism, generating a sheaf morphism,
and the presheaf morphism of sections, induced by the latter. Thus we
obtain (MDT. 4), by which we conclude the proof.

For immediate use in the next theorem we need:

2.3.3 Lemma. The canonical morphisms ρUV and τUVττ , defined by (2.3.3)
and (2.3.6) respectively, satisfy the following equalities:

ρUV (α ⊗ β) = ρUY (α ⊗ 1Y )|U×V · ρXV (1X ⊗ β)|U×V ,

τUVττ (α ⊗ ϕ, ω ⊗ β) = ρUY (α ⊗ 1Y )|U×V · τXVτ (1X ⊗ ϕ, 0)|U×V

+ ρXV (1X ⊗ β)|U×V · τUYττ (0, ω ⊗ 1Y )|U×V ,

for every α ∈ AX(U), β ∈ AY (V ), ω ∈ ΩX(U), ϕ ∈ ΩY (V ), and every open
U ∈ TX , V ∈ TY .

Proof. In virtue of (2.3.2), we see that the algebra morphism ρUV gives

ρUV (α ⊗ β) = ρUV

(
(α ⊗ 1Y |V ) · (1X |U ⊗ β)

)
= ρUV (α ⊗ 1Y |V ) · ρUV (1X |U ⊗ β)
= ρUY (α ⊗ 1Y )|U×V · ρXV (1X ⊗ β)|U×V .

Similarly, applying (2.3.5) and (2.3.6′), we check that the morphism of
modules τUVττ yields

τUVττ (α ⊗ ϕ, ω ⊗ β) = τUVττ
(
(α ⊗ 1Y |V ) · (1X |U ⊗ ϕ, 0)

+ (1X |U ⊗ β) · (0, ω ⊗ 1Y |V )
)

= ρUV (α ⊗ 1Y |V ) · τUVττ (1X |U ⊗ ϕ, 0)
+ ρUV (1X |U ⊗ β) · τUVττ (0, ω ⊗ 1Y |V )

= ρUY (α ⊗ 1Y )|U×V · τXVτ (1X ⊗ ϕ, 0)|U×V

+ ρXV (1X ⊗ β)|U×V · τUYττ (0, ω ⊗ 1Y )|U×V .
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We now prove the main result of the present section.

2.3.4 Theorem. If (AX , dX , ΩX) and (AY , dY , ΩY ) are differential triads
over X and Y , respectively, then the triplet(

(AX×Y , dX×Y , ΩX×Y ), (p, pA, pΩ), (q, qA, qΩ)
)

is the product of (AX , dX , ΩX) and (AY , dY , ΩY ) in the category of differ-
ential triads DT .

Proof. We shall prove the universal property of the product, explained
in the introductory discussion of this section and Diagram 2.5. Thus, we
assume that (AZ , dZ , ΩZ) is a differential triad, over a topological space Z,
and (f, fAff , fΩff ), (g, gA, gΩ) are two morphisms of differential triads, where
f : Z → X and g : Z → Y are continuous maps. We consider the pair

h := (f, g) : Z → X × Y.

If U ∈ TX , V ∈ TY , and W := f−1(U) ∩ g−1(V ), then

h∗(AZ)(U × V ) = AZ(h−1(U × V )) = AZ(W ),

h∗(ΩZ)(U × V ) = ΩZ(h−1(U × V )) = ΩZ(W ),

within the isomorphism (1.4.9). Furthermore, we denote by

hA : AX×Y → h∗(AZ), hΩ : ΩX×Y → h∗(ΩZ)

the morphisms generated by the respective presheaf morphisms

(2.3.17)
hA,U×V : AX(U) ⊗AY (V ) −→ h∗(AZ)(U × V ) = AZ(W ) :

α ⊗ β �−→�� fAff (α)|W · gA(β)|W ,

and

(2.3.18)

hΩ,U×V :
(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

)
−→ ΩZ(W ) :

(α ⊗ ϕ, ω ⊗ β) �−→�� fAff (α)|W · gΩ(ϕ)|W
+ gA(β)|W · fΩff (ω)|W .

We verify that (h, hA, hΩ) is a morphism of differential triads. Firstly,
hA is a morphism of sheaves of commutative associative algebras because
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the respective presheaf morphisms (2.3.17) have the analogous property.
Secondly, since fAff and gA preserve the units, so does hA, i.e.,

hA,U×V (1U ⊗ 1V ) = fAff (1U )|W · gA(1V )|W = 1W ∈ AZ(W ).

On the other hand, for every (α ⊗ β) ∈ AX(U) ⊗AY (V ) and

(γ ⊗ ϕ, ω ⊗ δ) ∈
(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

)
,

applying (2.3.5), (2.3.18), (2.2.1) for fΩff and gΩ, and (2.3.17), we obtain

hΩ,U×V

(
(α ⊗ β) · (γ ⊗ ϕ, ω ⊗ δ)

)
= hΩ,U×V (αγ ⊗ βϕ, αω ⊗ βδ)

= fAff (αγ)|W · gΩ(βϕ)|W + gA(βδ)|W · fΩff (αω)|W
=
(
fAff (α)|W · gA(β)|W

)
·
(
fAff (γ)|W · gΩ(ϕ)|W
+ gA(δ)|W · fΩff (ω)|W

)
= hA,U×V (α ⊗ β) · hΩ,U×V (γ ⊗ ϕ, ω ⊗ δ),

from which it follows that

hΩ(a · w) = hA(a) · hΩ(w); (a, w) ∈ AX×Y ×X×Y ΩX×Y ,

that is, (2.2.1) is fulfilled.
Finally, to prove the analog of (2.2.2), namely

h∗(dZ) ◦ hA = hΩ ◦ dX×Y ,

it suffices to work on the generating presheaves and morphism. Equivalently,
one has to show that the diagram

AX(U) ⊗AY (Y )
hA,U×V �� AZ(W )

(
AX(U) ⊗ ΩY (V )

)
×
(
ΩX(U) ⊗AY (V )

)
dU×V

�
hΩ,U×V �� ΩZ(W )

dZ

�

Diagram 2.9

is commutative, for all U, V , with dZ denoting in fact the induced morphism
of sections (dZ)W .
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Now, for every α ⊗ β ∈ AX(U) ⊗AY (Y ), (2.3.17) and the Leibniz con-
dition imply that

(2.3.19)
(dZ ◦ hA,U×V )(α ⊗ β) = dZ

(
fAff (α)|W · gA(β)|W

)
=

fAff (α)|W · dZ

(
gA(β)|W

)
+ gA(β)|W · dZ

(
fAff (α)|W

)
.

Likewise, (2.3.8) and (2.3.18) give

(2.3.20)
(hΩ,U×V ◦ dU×V )(α ⊗ β) = hΩ,U×V (α ⊗ dY β, (dXα) ⊗ β) =

fAff (α)|W · gΩ(dY β)|W + gA(β)|W · fΩff (dXα)|W .

Since, by the analog of (2.2.2) and Diagram 1.8, fΩff (dXα) = dZ(fAff (α)) holds
for every α ∈ AX(U), it follows that

fΩff (dXα)|W = dZ(fAff (α))|W = dZ

(
fAff (α)|W

)
.

By the same token,

gΩ(dY β)|W = dZ

(
gΩ(β)|W

)
.

The last two equalities imply that (2.3.19) and (2.3.20) coincide, thus Dia-
gram 2.9 is commutative and all the conditions of Definition 2.2.2 are ful-
filled; that is, (h, hA, hΩ) is indeed a morphism of differential triads.

We show that (h, hA, hΩ) satisfies the relations

(p, pA, pΩ) ◦ (h, hA, hΩ) = (f, fAff , fΩff ),(2.3.21)
(q, qA, qΩ) ◦ (h, hA, hΩ) = (g, gA, gΩ).(2.3.22)

For the first, according to (2.2.7), (2.2.3) and (2.2.4), we have to prove that

(2.3.23) p∗(hA) ◦ pA = fAff , p∗(hΩ) ◦ pΩ = fΩff .

Again, we work on the generating presheaf morphisms. We recall that pA is
defined by (2.3.10), while p∗(hA) is generated by the presheaf morphism of
induced sections (in full notation)

(hA)p−1(U) = (hA)U×Y : AX×Y (U × Y ) −→ AZ(h−1(U × Y )),

for all U ∈ TX . As a result, to show the first of (2.3.23), it suffices to verify
that

(2.3.24) (hA)U×Y ◦ ρUY ◦ p̃A,U = (fAff )U : AX(U) −→ AZ(f−1(U)).
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Observe that now h−1(U × Y ) = f−1(U), whence the range of (2.3.24).
However, since AZ can be identified with the sheaf of germs of its sections
(see (1.2.14) and the ensuing discussion), the corresponding Diagram 1.7
takes the following form (see also (2.3.3))

AX(U) ⊗AY (Y )
hA,U×Y �� AZ(f−1)

AX×Y (U × Y )

ρUY

� (hA)U×Y �� AZ(f−1)

id

�

Diagram 2.10

where the identity plays the rôle of the canonical morphism of sections underˆ
the aforementioned identification. Therefore, (2.3.24) reduces to

hA,U×Y ◦ p̃A,U = (fAff )U .

The previous equality is true, because (2.3.9) and (2.3.17) give that

(hA,U×Y ◦ p̃A,U )(α) = hA,U×Y (α ⊗ 1Y ) =

fAff (α) · gA(1Y ) = fAff (α) ≡ (fAff )U (α),

for every α ∈ AX(U).
Similarly, for every ω ∈ ΩX(U), (2.3.12) and (2.3.18) yield

(hΩ,U×Y ◦ p̃Ω,U )(ω) = hΩ,U×Y (0, ω ⊗ 1Y ) =

gA(1Y ) · fΩff (ω) = fΩff (ω) ≡ (fΩff )U (ω).

Hence, (hΩ)U×Y ◦ τUYττ ◦ p̃Ω,U = (fΩff )U , for every U ∈ TX (see also (2.3.6)).
The preceding equality proves the second one of (2.3.23) and, consequently,
(2.3.21). Equality (2.3.22) is obtained analogously.

The last matter remaining to be shown is that (h, hA, hΩ) is the unique
morphism satisfying (2.3.21) and (2.3.22). To this end, assume that

(h′, h′
A, h′

Ω) : (AZ , dZ , ΩZ) −→ (AX×Y , dX×Y , ΩX×Y )

is another morphism satisfying the properties of (h, hA, hΩ). Then h′ =
(f, g) = h. Moreover, by (2.3.21) and (2.2.7), (p ◦ h′)A = fAff = (p ◦ h)A, or

(2.3.25) p∗(h′
A) ◦ pA = p∗(hA) ◦ pA.
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Analogously, we find that

(2.3.26) q∗(h′
A) ◦ qA = q∗(hA) ◦ qA.

The morphism p∗(h′
A) is generated by the presheaf morphism

(h′
A)p−1(U) = (h′

A)U×Y : AX×Y (U × Y ) −→ AZ(h−1(U × Y )),

for all U ∈ TX . Therefore, (2.3.10) and (2.3.25) imply that

(2.3.27) (h′
A)p−1(U) ◦ ρUY ◦ p̃U,A = (hA)p−1(U) ◦ ρUY ◦ p̃U,A.

To show now that h′
A = hA : AX×Y → h′

∗(AZ) = h∗(AZ), we take
an arbitrary u ∈ (AX×Y )(x,y). Then there is some σ ∈ AX(U) ⊗ AY (V ),
with U ∈ N (x), V ∈ N (y), and u = [σ](x,y) = ρUV (σ)(x, y). For simplicity
we can take σ = α ⊗ β (the general case is worked out similarly, by using
combinations of decomposable tensors and taking into account that all the
maps involved are K-linear). Therefore, in virtue of Lemma 2.3.3, equalities
(2.3.9), (2.3.27), and omitting the restrictions, we obtain

h′
A(u) = h′

A(ρUV (α ⊗ β)(x, y)) =
h′
A
(
ρUY (α ⊗ 1Y )(x, y) · ρXV (1X ⊗ β)(x, y)

)
=

h′
A
(
ρUY (α ⊗ 1Y )(x, y)

)
· h′

A
(
ρXV (1X ⊗ β)(x, y)

)
=[

(h′
A)U×Y

(
ρUY (α ⊗ 1Y )

)]
(x, y) ·

[
(h′

A)X×V

(
ρXV (1X ⊗ β)

)]
(x, y) =[(

(h′
A)U×Y ◦ ρUY ◦ p̃U,A

)
(α)
]
(x, y) ·

[(
(h′

A)X×V ◦ ρXV ◦ q̃A,V

)
(β)
]
(x, y) =[(

(hA)U×Y ◦ ρUY ◦ p̃U,A
)
(α)
]
(x, y) ·

[(
(hA)X×V ◦ ρXV ◦ q̃A,V

)
(β)
]
(x, y) =[

(hA)U×Y

(
ρUY (α ⊗ 1Y )

)]
(x, y) ·

[
(hA)X×V

(
ρXV (1X ⊗ β)

)]
(x, y) =

hA
(
ρUY (α ⊗ 1Y )(x, y) · ρXV (1X ⊗ β)(x, y)

)
=

hA(ρUV (α ⊗ β)(x, y)) = hA(u),

thus proving equality h′
A = hA. The proof of h′

Ω = hΩ is similar, though a
bit more complicated. This completes the proof of the theorem.

2.4. Abstract differentiability

We are now in a position to give a notion of differentiability, extending,
within our abstract framework, the classical differentiability of maps between
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differentiable manifolds. Although the related results are not needed in
the main part of this work, we include some of them in order to illustrate
the potentiality of the present abstract approach and its advantages over
ordinary smooth manifolds.

With the notations of Definition 2.2.2, we have the following basic defin-
ition.

2.4.1 Definition. Let X, Y be topological spaces, equipped with the dif-
ferential triads (AX , dX , ΩX) and (AY , dY , ΩY ), respectively. A continuous
map f : X → Y is said to be differentiable in abstracto, if it can be
completed to a morphism of differential triads (f, fAff , fΩff ).

2.4.2 Examples. 1) The first typical example is given by the usual pro-
jections p : X × Y → X and q : X × Y → Y , if X and Y are topological
spaces equipped with differential triads as in Definition 2.4.1. In virtue of
Proposition 2.3.2, the projections (p, pA, pΩ) and (q, qA, qΩ) are morphisms
of differential triads, thus p and q are differentiable maps in abstracto. The
same is true for the map h : Z → X × Y , used in the proof of the universal
property of the product of two differential triads (see Theorem 2.3.4, as well
as Diagram 2.5 with P = X × Y ).

2) Ordinary differentiable maps between manifolds are differentiable in
abstracto. Indeed, as we have seen in the proof of Theorem 2.2.7, any
smooth map f between two C∞-manifolds is always completed to a morph-
ism (f, fAff , fΩff ) between the differential triads induced by the corresponding
manifolds.

More examples are given below, together with some important con-
sequences. All of them arise from the possibility of deriving differential
triads by pushing out or pulling back given differential triads, by means of
arbitrary continuous maps. There is no analogous procedure applicable to
the case of differentiable manifolds.

2.4.3 Theorem. Let f : X → Y be a continuous map and (AX , dX , ΩX) a
differential triad over X. Then f is differentiable in abstracto, with respect
to (AX , dX , ΩX) and the push-out triad

(
f∗ff (AX), f∗ff (dX), f∗ff (ΩX)

)
.

Proof. We already know that
(
f∗ff (AX), f∗ff (dX), f∗ff (ΩX)

)
is a differential

triad over Y (see Lemma 2.2.1). Therefore, by Definition 2.2.2,

(f, idf∗(A), idf∗(Ω)) : (AX , dX , ΩX) −→
(
f∗ff (AX), f∗ff (dX), f∗ff (ΩX)

)
is a morphism of differentiable triads, and f is differentiable in abstracto.
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2.4.4 Corollary. Let X be a topological space, endowed with an equival-
ence relation “∼”. If (AX , dX , ΩX) is a differential triad over X, then the
quotient space Q := X/∼ is provided with a differential triad so that the
canonical map q : X → Q is differentiable in abstracto.

Note. As a consequence of the previous results, a number of spaces, ob-
tained by operations on manifolds, acquire a sort of “differential” struc-
ture (viz. differential triad), although there is no manifold structure in the
usual sense. For instance, given any manifold X and any continuous action
φ : G × X → X of a topological group G on X, the orbit space X/G
is endowed with a differential triad, and the canonical map X → X/G is
differentiable in abstracto.

2.4.5 Lemma. Let f : X → Y be a continuous map and (AY , dY , ΩY ) a
differential triad over Y . Then the pull-back triad(

f∗(AY ), f∗(dY ), f∗(ΩY )
)

of (AY , dY , ΩY ) by f is a differential triad over X.

Proof. Although the proof is straightforward, let us verify the Leibniz con-
dition for f∗(dY ), as an example of application of (1.4.5) to the algebraic
operations involved here.

For any x ∈ X and arbitrary pairs (x, a), (x, b) ∈ f∗(A)x = {x} ×Af(x),
we see that

f∗(dY )((x, a) · (x, b)) = f∗(dY )(x, ab) = (x, dY (ab)) =
(x, a dY b + b dY a) = (x, a dY b) + (x, b dY a) =

(x, a) · (x, dY b) + (x, b) · (x, dY a) =
(x, a) · f∗(dY )(x, b) + (x, b) · f∗(dY )(x, a),

as required.

The dual of Theorem 2.4.3 is given by

2.4.6 Theorem. Let f : X → Y be a continuous map and (AY , dY , ΩY ) a
differential triad over Y . Then f is differentiable in abstracto, with respect
to
(
f∗(AY ), f∗(dY ), f∗(ΩY )

)
and (AY , dY , ΩY ).

Proof. As opposed to Theorem 2.4.3, the proof of the present statement is
more complicated, involving technicalities of the theory of categories. Since
this approach is beyond the scope of this book, we omit the proof and refer
to Papatriantafillou [99, Theorem 3.4] for full details.
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2.4.7 Corollary. Let (AX , dX , ΩX) be a differential triad over a topological
space X and let S be an arbitrary subset of X. Then the restriction of
(AX , dX , ΩX) to S

(AS , dS , ΩS) :=
(
AX |S , dX |S , ΩX |S

)
is a differential triad and the canonical injection i : S ↪→↪↪ X is differentiable
in abstracto.

Proof. This is an immediate consequence of the fact that

(AS , dS , ΩS) ≡
(
i∗(AX), i∗(dX), i∗(ΩX)

)
.

Note. The previous result means that all the subsets of a topological space,
when the latter is equipped with a differential triad, also admit a differential
triad. This is not true in the category of differentiable manifolds.

The following important property of continuous functions, on spaces
endowed with a differential triads, is not shared by smooth manifolds.

2.4.8 Corollary. Let X be a topological space. Then every continuous func-
tion X → R is differentiable in abstracto in a natural way; that is, by con-
sidering the standard differential triad of R (see Example 2.1.4(a)) and its
pull-back (by f) on X.

2.4.9 Remarks. 1) The push-out and the pull-back of differential triads
have corresponding universal properties. Details are given in Papatrianta-
fillou [99].

2) The category of differential triads has also projective and inductive
limits, a property not shared by ordinary smooth manifolds. This is fully
explained in Papatriantafillou [98]

2.5. The de Rham complex

In many cases (as in, e.g, Chapters 8 and 9, dealing with the curvature
of connections and the Chern -Weil theory, respectively) it is necessary to
extend the differential d : A → Ω of a differential triad to a sequence of
modules and differentials of higher order. This leads to the abstract analog
of the de Rham complex, whose exactness (cf. de Rham’s theorem) is one
of the cornerstones of ordinary differential geometry.
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Let (A, d, Ω) be a differential triad over a fixed topological space X ≡
(X, TX). For reasons that will soon become clear, we set Ω1 := Ω.

By the construction of Subsection 1.3.4, we obtain the p-th exterior
power of the A-module Ω1, namely

(2.5.1) Ωp ≡
∧pΩ1 := Ω1

∧
A · · ·
∧

AΩ1︸ ︷︷︷ ︸︸
p-factors

, p ≥ 2.

We agree that
Ω0 = A and Ω1 =

∧1Ω = Ω.

Inspired by the classical case of ordinary differential forms, we call Ωp

the sheaf of p-forms and its sections p-forms.
We recall that the A-module (2.5.1) is generated by the presheaf of

A(U)-modules

(2.5.2) U �−→��
∧p(Ω1(U)) := Ω1(U)

∧
A(U) · · ·

∧
A(U)Ω

1(U),

(p factors) with U running the topology TX . The restriction maps of this
presheaf are determined by

(2.5.3) s1 ∧ · · · ∧ sp �−→�� s1|V ∧ · · · ∧ sp|V ,

for every si ∈ Ω1(U) (i = 1, . . . , p) and every open V ⊆ U . The previous
expression is extended to non decomposable elements in the usual way. Since
the presheaf (2.5.2) is not necessarily complete, we have that, in general,

(2.5.4) Ωp(U) :=
(∧p Ω1

)
(U) �=��

∧p(Ω(U)).

As in the ordinary case, we define the (graded) exterior algebra of Ω

(2.5.5) Ω· ≡
∧

Ω :=
∞⊕

p=0

∧p Ω1,

whose exterior product

(2.5.6) ∧ : Ωp ×X Ωq −→ Ωp
∧

Ωq ≡ Ωp+q

is generated by the (local) exterior products

∧U :
∧p(Ω1(U)) ×

∧q(Ω1(U)) −→
∧p+q(Ω1(U)),
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the latter being determined (on decomposable elements) by

(s1 ∧ . . . ∧ sp, t1 ∧ . . . ∧ tq) �−→�� s1 ∧ . . . ∧ sp ∧ t1 ∧ . . . ∧ tq.

The correspondence U → ∧�� U is a morphism of presheaves, thus (2.5.6)
can be defined. We note that the presheaf U �−→��

∧p(Ω1(U)) ×
∧q(Ω1(U))

generates Ωp ×X Ωq, according to the comments of Subsection 1.3.6.
An immediate consequence of the definitions is the equality

(2.5.7) a ∧ b = (−1)p·qb ∧ a, (a, b) ∈ Ωp ×X Ωq.

Again for reasons that will be clear shortly, we set d0 := d : A → Ω.
Now, in addition to d0, we assume the existence of a K-linear morphism,
called the 1st exterior derivation

d1 : Ω1 −→ Ω2,

satisfying the following conditions:

d1 ◦ d0 = d1 ◦ d = 0,(2.5.8)

d1(a · w) = (d0a) ∧ w + a · d1w; (a, w) ∈ A×X Ω1.(2.5.9)

Next we define the K-linear morphism (2nd exterior derivation)

d2 : Ω2 −→ Ω3,

by setting (stalk-wise)

(2.5.10) d2(u ∧ v) := (d1u) ∧ v − u ∧ (d1v),

for every u ∧ v ∈ Ω2 with (u, v) ∈ Ω1 ×X Ω1. The definition is extended to
arbitrary (non decomposable) elements by

d2
(∑

i,j

aij · (ui ∧ vj)
)

:=
∑
i,j

aij · d2(ui ∧ vj).

In addition, the derivation d2 is assumed to satisfy

(2.5.11) d2 ◦ d1 = 0.

For every p ≥ 3, the p-th exterior derivation is defined to be the
K-linear morphism

dpdd : Ωp −→ Ωp+1
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determined by

(2.5.12) dpdd (u1 ∧ · · · ∧ up) :=
p∑

i=1

(−1)i+1u1 ∧ · · · ∧ (d1ui) ∧ · · · ∧ up.

This extends to arbitrary elements by

(2.5.13) dpdd
(∑

a1i,...,pi · (w1i ∧· · ·∧wpi)
)

:=
∑

a1i,...,pi dpdd (w1i ∧· · ·∧wpi).

2.5.1 Lemma. The morphisms dpdd satisfy equality

(2.5.14) dpdd +q(u ∧ v) = (dpdd u) ∧ v + (−1)pu ∧ (dqv),

for every (u, v) ∈ Ωp ×X Ωq.

Proof. We first take two decomposable elements u = u1 ∧ . . . ∧ up and
v = v1 ∧ . . . ∧ vpv . Setting wi = ui, for i = 1, . . . , p, and wp+j = vj , for
j = 1, . . . , q, we check that

dpdd +q(u ∧ v) = dpdd +q(w1 ∧ · · · ∧ wp ∧ wp+1 ∧ · · · ∧ wp+q)

=
p∑

i=1

(−1)i+1w1 ∧ · · · ∧ (d1wi) ∧ · · · ∧ wp ∧ wp+1 ∧ · · · ∧ wp+q

+
q∑

j=1

(−1)p+j+1w1 ∧ · · · ∧ ωpω ∧ wp+1 ∧ · · · ∧ (d1wp+j) ∧ · · · ∧ wp+q

=
( p∑

i=1

(−1)i+1w1 ∧ · · · ∧ (d1wi) ∧ · · · ∧ wp

)
∧ wp+1 ∧ · · · ∧ wp+q +

(−1)p(w1 ∧ · · · ∧ ωpω )
( q∑

j=1

(−1)j+1wp+1 ∧ · · · ∧ (d1wp+j) ∧ · · · ∧ wp+q

)
= (dpdd u) ∧ v + (−1)pu ∧ (dqv).

For the general case of non-decomposable elements we work similarly by
applying (2.5.13).

2.5.2 Lemma. Equality

(2.5.15) dpdd +1 ◦ dpdd = 0

is also valid, for every p ≥ 3.
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Proof. We proceed by induction. So, assuming that dpdd ◦ dpdd −1 = 0 holds
true, we shall show (2.5.15). As before, it suffices to work with an element
of the form u∧v ∈ Ωp−1

∧
Ω1. Therefore, our assumption and (2.5.11) imply

that

(dpdd +1 ◦ dpdd )(u ∧ v) = dpdd +1
(
(dpdd −1u) ∧ v + (−1)p−1u ∧ (d1v)

)
= dpdd (dpdd −1u) ∧ v + (−1)p(dpdd −1u) ∧ (d1v)

+ (−1)p−1(dpdd −1u) ∧ (d1v) + u ∧ d2(d1v)
= 0.

We summarize the foregoing considerations as follows:

2.5.3 Proposition. Let (A, d, Ω) be a differential triad. We assume that
there exists a K-morphism d1 : Ω1 → Ω2 satisfying equalities (2.5.8) and
(2.5.9). If the K-linear morphism d2 : Ω2 → Ω3, defined by (2.5.10), satis-
fies (2.5.11), then there are K-linear morphisms dpdd : Ωp → Ωp+1 verifying
(2.5.14) and (2.5.15), for all p ≥ 3.

Recalling that Ω0 ≡ A and letting

a ∧ b := a · b ≡ ab; (a, b) ∈ Ω0 ×X Ω0,

a ∧ w := a · w ≡ aw; (a,w) ∈ Ω0 ×X Ω1,

we see that equalities (2.1.3), (2.5.9) and (2.5.10) can be viewed as particular
cases of (2.5.14).

Proposition 2.5.3 implies that the sequence

(2.5.16)
0 −→ KX ↪→ A ≡↪↪ Ω0 d0

−−−−− →−− Ω1 d1

−−−−− →−− Ω2 −→ · · ·

−→ Ωp dp

−−−−− →−− Ωp+1 dp+1

−−−−−− → · · ·−−

is a (differential) complex. The situation is reminiscent of the analogous
complex defined in the case of differential manifolds, thus we are led to the
following:

2.5.4 Definition. A complex of the form (2.5.16) is called a de Rham
complex of X, with respect to the differential triad (A, d, Ω) and the deriv-
ations d1 and d2.
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Although it is customary to omit the degree of the exterior derivation
and write d in place of every dpdd , occasionally, for the sake of clarity, we will
retain the complete notation.

A few comments are in order here. In contrast to the classical case of
a differential manifold X, where one speaks of the de Rham complex of X,
in our framework we may define more than one complexes, depending on
the differential triad attached to X, as well as on the choice of the exterior
derivations d1 and d2 (if they exist, of course), from which the rest of the
operators dpdd are derived. As we have already said, d2 is also constructed
from d1 (by (2.5.10)), but it is necessary to assume (2.5.11).

Similarly, equality KX = ker d0 is not always true here and the de Rham
complex (2.5.16) is not necessarily exact. Since a generalized form of de
Rham’s theorem has a fundamental importance, it is natural to ask when
this is true in our abstract setting. Papatriantafillou [94] studies necessary
and sufficient conditions ensuring the construction and exactness of abstract
de Rham complexes, giving also concrete examples, related to manifolds
modelled on arbitrary topological vector spaces. A further application of
this approach to A-manifolds, in the sense of Kobayashi [48], has been given
in Papatriantafillou [91]. Other examples of spaces admitting an exact de
Rham complex, outside the context of ordinary manifolds, can be found in
Flaherty [28], Mostow [79], Smith [114], Verona [20] (in conjunction with
[137]).

Before closing the present chapter, we introduce the following relevant
terminology employed in Chapter 9 (see also Mallios [62, Chap. IX, Defini-
tion 3.1]).

2.5.5 Definition. A paracompact (Hausdorff) space X is called a gener-
alized de Rham space of order p ∈ Z+

0 (or, a generalized de Rham
p-space) if, attached to X, there is an exact sequence of sheaves of K-vector
spaces over X

(2.5.17)
0 −→ ker d0 ↪→ A ≡↪↪ Ω0 d0

−−−−− →−− Ω1 d1

−−−−− →−− Ω2 −→ · · ·

−→ Ωp dp

−−−−− →−− dpdd (Ωp) −→ 0.

In particular, if (2.5.17) is exact for every p ∈ Z+
0 , then X is called a gen-

eralized de Rham space.
A generalized de Rham space X will be simply called a de Rham-space
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if the sequence

0 −→ A d0

−−−−− →−− Ω1 d1

−−−−− →−− Ω2 −→ · · · −→ Ωp dp

−−−−− → · · ·−−

is an acyclic resolution of ker d0 (see Subsection 1.6.3).

Note. We would like to mention here the difference between our definition
of a de Rham space and that of Mallios [62, Vol. II, p. 254]. In the latter,
such a space is a generalized de Rham space with ker d0 = C. The last
equality is not necessary in our considerations. On the other hand, the
acyclicity property is essentially needed in the study of the Chern -Weil
homomorphism (see Section 9.5 and op. cit., p. 262).





Chapter 3

Lie sheaves of groups

In mathematical physics and in geo-
metry, a central role is played by the
groups of automorphisms (equival-
ently: symmetry principles) of the
various structures that arise.

C. von Westenholz [143, p. 84]

T his chapter aims at the study of Lie sheaves of groups, the abstract ana-
log of Lie groups. They are, roughly speaking, sheaves of groups, which

admit a representation on a sheaf of Lie algebras, and are also equipped
with a sort of logarithmic differential, referred to hereinafter as a Maurer-
Cartan differential . Lie sheaves of groups are the structural sheaves of the
(geometric) principal sheaves studied in Chapter 4. Their rôle in the theoryˆ
of connections on principal sheaves is as fundamental as that played by Lie
groups in principal bundles and their connections. In subsequent chapters
we shall see that a great deal of the classical theory of connections extends to

89
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our abstract framework, due precisely to the aforementioned representation
and differential.

The first two paragraphs center on the fundamental example of the gen-
eral linear group sheaf GL(n,A) and its logarithmic differential, naturally
derived from a differential triad. This is the motivation for the main ideas
developed in the sequel. Various examples, within the abstract and classical
framework, are also included. In particular, the pull-back of a Lie sheaf of
groups, involving certain interesting technicalities, is carefully treated at the
end of the chapter.

3.1. The matrix extension of differential triads

We fix a differential triad (A, d, Ω) over a topological space X ≡ (X, TX).
Our intention is to extend d to an appropriate differential on sheaves of
matrices.

For a given n ∈ N, and any U ∈ TX , we denote by

MnMM (A(U)) ∼= A(U)n2

the non-commutative algebra of n × n matrices with entries in the (unital
commutative associative) K-algebra of sections A(U). Considering the re-
striction maps

µU
V : MnMM (A(U)) −→ MnMM (A(V )) : a = (αij) �→ a|V =

(
αij |V

)
,

for every open V ⊆ U , we see that

(3.1.1)
(
MnMM (A(U)), µU

V

)
,

with U running the topology TX , is a complete presheaf. The sheaf gener-
ated by (3.1.1) is denoted by Mn(A) and called the matrix algebra sheaf
of order n, with respect to A. Therefore,

(3.1.2) Mn(A) := S
(
U �−→�� MnMM (A(U))

)
and, by the completeness of the presheaf (3.1.1),

(3.1.3) Mn(A)(U) ∼= MnMM (A(U)), U ∈ TX .

By its construction, Mn(A) is a sheaf of non-commutative algebras, for every
integer n > 1.
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For future reference, we note that Mn(A) is also an A-module. Moreover,
thinking of the modules of (3.1.1) as Lie algebras with respect to the com-
mutator of matrices, we have that Mn(A) is a sheaf of Lie algebras. Com-
bining the last two structures, we briefly say that Mn(A) is a Lie algebra
A-module or an A-module of Lie algebras.

Analogously to (3.1.1), we consider the complete presheaf

U �−→�� MnMM (Ω(U)); U ∈ TX ,

with the obvious restriction maps. The corresponding sheaf

(3.1.4) Mn(Ω) := S
(
U �−→�� MnMM (Ω(U))

)
,

is the n-th square matrix sheaf extension of Ω. Obviously,

(3.1.5) Mn(Ω)(U) ∼= MnMM (Ω(U)), U ∈ TX .

We note that Mn(Ω) is an Mn(A)-bimodule, since the generating presheaf
has the analogous property in a natural way. More precisely, for any open
U ⊆ X, if a = (αij) ∈ MnMM (A(U)) and w = (ωij) ∈ MnMM (Ω(U)), then we
define

a · ω := (αij) · (ωij) =
( n∑

k=1

αik · ωkj

)
∈ MnMM (Ω(U)),

which is meaningful because Ω is already an A-module. A similar multiplic-
ation is defined from the right.

The sheaves (3.1.2) and (3.1.4) are nicely related as follows. For any
open U ⊆ X, working as in the case of ordinary tensor products of vector
spaces whose one factor is free, we check that (see also equality (1.3.5) and
the notations of Subsection 1.3.3)

MnMM (Ω(U)) ∼= Ω(U)n2 ∼=
(
Ω(U) ⊗A(U) A(U)

)n2 ∼=
Ω(U) ⊗A(U) A(U)n2 ∼= Ω(U) ⊗A(U) MnMM (A(U)).

Since the above isomorphisms are not canonical (being depended on the
choice of bases), for convenience we single out the particular family of A(U)-
isomorphisms

(3.1.6) λ1
U : MnMM (Ω(U)) −→ Ω(U) ⊗A(U) MnMM (A(U))
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given by

(3.1.6a) λ1
U ((θij)) :=

n∑
i,j=1

θij ⊗ EU
ijE ,

where the matrices

EU
ijE =

⎛⎜⎛⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝⎜⎜
0 . . . 0 . . . 0
. . . . . . . . . . . . .
0 . . . 1 . . . 0
. . . . . . . . . . . . .
0 . . . 0 . . . 0

⎞⎟⎞⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟
form the natural basis of MnMM (A(U)). Clearly, 0 and 1 (the latter at the
ij-entry) are, respectively, the zero and unit sections of A over U . The use
of the superscript 1 in λ1

U is dictated by the need to introduce –at a later
stage– analogous morphisms for higher (exterior) powers of Ω.

The inverse of λ1
U , denoted by µ1

U , is determined by

(3.1.6b) µ1
U

(
θ ⊗ (aij)

)
:=
(
aij · θ

)
,

on decomposable tensors and extended, by A(U)-linearity, to arbitrary ele-
ments. Therefore, the presheaf isomorphism (λ1

U ) generates an A-isomor-
phism

(3.1.7) λ1 : Mn(Ω) �−−→ Ω ⊗A Mn(A).

The inverse of λ1 is denoted by µ1. The situation is reminiscent of the case
of ordinary matrix-valued 1-forms on a differential manifold.

Regarding the sections of the tensor product figuring in (3.1.7), we re-
mark that

(Ω ⊗A Mn(A))(U)
(3.1.7)∼= Mn(Ω)(U)
(3.1.5)∼= MnMM (Ω(U))
(3.1.6)∼= Ω(U) ⊗A(U) MnMM (A(U))
(3.1.3)∼= Ω(U) ⊗A(U) Mn(A)(U);

that is, we obtain the identification

(3.1.8) (Ω ⊗A Mn(A))(U) ∼= Ω(U) ⊗A(U) Mn(A)(U),
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for every U ∈ TX . In general, this is not true for arbitrary A-modules, by
the very construction of the tensor product of sheaves, unless one of the
factors is free, or a vector sheaf (see Section 5.1) and U is an open set over
which the latter is free. The isomorphism (3.1.17) also yields

(3.1.9) Mn(Ω)(U) ∼= (Ω ⊗A Mn(A))(U).

We can now extend the differential d of the given differential triad
(A, d, Ω) to an appropriate differential on Mn(A), denoted (for simplicity)
by the same symbol. To this end, for any a = (αij) ∈ MnMM (A(U)), we define
the matrix

(3.1.10) dUa := (daij) ≡
(
d̄Uaij

)
∈ MnMM (Ω(U)).

(Warning: The differential dU should not be confused with the induced
morphism of sections d̄U : A(U) → Ω(U) in the entries of the image matrix.)
Thus {dU : MnMM (A(U)) → MnMM (Ω(U)) |U ∈ TX} is a presheaf morphism,
generating the K-linear morphism

(3.1.11) d : Mn(A) −→ Mn(Ω) ∼= Ω ⊗A Mn(A),

called the n-th square matrix sheaf extension of d.
Since, for any U ∈ TX and matrices a = (αij), b = (βijββ ) ∈ MnMM (A(U)),

the evaluation of the initial d at the general element of the matrix product
a · b yields

d
( n∑

k=1

αik · βkj

)
=

n∑
k=1

(
d(αik) · βkj + αik · dβkj

)
,

we have the (local) matrix Leibniz condition

(3.1.12) dU (a · b) = (dUa) · b + a · dUb; a, b ∈ MnMM (A(U)),

whose sheafification yields the Leibniz condition

(3.1.12′) d(u · v) = (du) · v + u · dv,

for every (u, v) ∈ Mn(A) ×X Mn(A).
Of course, in all the previous formulas one should bear in mind the

non-commutativity of MnMM (A(U)) and Mn(A).
In conclusion, d : A → Ω induces the (non-commutative) derivation

d : Mn(A) → Mn(Ω) of Mn(A) with values in Mn(Ω) ∼= Ω ⊗A Mn(A).
Thus, enlarging Definition 2.1.2 so that sheaves of non-commutative algebras
are also included, we can state the following result, whose proof is contained
in the preceding arguments.
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3.1.1 Proposition. (Mn(A), d,Mn(Ω)) is a differential triad, with respect
to the matrix differential (3.1.11) and the (non-commutative) matrix algebra
sheaf Mn(A).

The differential triad (Mn(A), d,Mn(Ω)) is called the n-th square
matrix sheaf extension of (A, d, Ω).

It is sometimes desirable to “differentiate” arbitrary (i.e., not necessarily
square) matrices. Following the previous pattern, we define the matrix
sheaf extension of d to be the morphism (retaining the same symbol)

(3.1.13) d : Mm×n(A) −→ Mm×n(Ω) ∼= Ω ⊗A Mm×n(A),

generated by the morphisms

dU : MmMM ×n(A(U)) −→ MmMM ×n(Ω(U)) : (αij) �→ (dαij) ≡ (d̄Uαij),

where the given quantities have a meaning analogous to that of their square
matrix counterparts. However, (3.1.13) is only a K-linear morphism, the
Leibniz condition being nonsensical as MmMM ×n(A(U)) is not an algebra.

3.2. The logarithmic differential

We fix again a differential triad (A, d, Ω) over X. For every open U ⊆ X,
A(U)· denotes the group of units (alias invertible elements) of the
algebra A(U). Thus, as in (1.1.4), for each s ∈ A(U)· one defines the
section s−1 ∈ A(U) with s−1(x) := s(x)−1, x ∈ U .

Since the sections of A form the complete presheaf (A(U), ρU
V ), the as-

signment U �−→ A�� (U)·, together with the restrictions of ρU
V to A(U)·, also

determines a complete presheaf, as is routinely checked. Therefore, by sheafi-
fication, we obtain the sheaf of groups

(3.2.1) A· := S
(
U �−→ A�� (U)·),

called the sheaf of units of A. By the very construction,

(3.2.2) A·(U) ∼= A(U)·, U ∈ TX .

We easily verify that the stalk of A· over x ∈ X coincides with the group of
units of Ax, thus we write

A·
x := (A·)x = (Ax)·, x ∈ X.
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We define the logarithmic differential of A· to be the morphism (of
sheaves of sets)

(3.2.3) ∂̃ : A· −→ Ω ∼= Ω ⊗A A,

generated by the presheaf morphism{
∂̃U : A(U)· −→ Ω(U) |U ∈ TX

}
,

where each ∂̃U is given by

(3.2.4) ∂̃U (s) := s−1 · ds ≡ s−1 · d̄Us, s ∈ A·(U).

The tensor product in the target of (3.2.3) is the forerunner of the more
general logarithmic differential given in (3.2.10) and Definition 3.3.2 in the
next section.

Observing that, if a ∈ A·
x is represented by some s ∈ A(U)·, i.e., a = [s]x,

then a−1 = [s−1]x, we prove the stalk-wise analog of (3.2.4), namely

(3.2.4′) ∂̃(a) = a−1 · da, a ∈ A·.

Indeed, by (1.2.17), the induced morphisms of sections (∂̃)U coincide with
the generating morphisms ∂̃U , thus

∂̃(a) = ∂̃([s]x) = [∂̃U (s)]x =

[s−1 · d̄Us]x = [s−1]x · [d̄Us]x = a−1 · da.

On the other hand, by (3.2.2), (3.2.4), the commutativity of A and A·,
as well as convention (1.1.3), we straightforwardly see that

(3.2.5) ∂̃(s · t) = ∂̃(s) + ∂̃(t); s, t ∈ A·(U),

whose stalk-wise equivalent is

(3.2.5′) ∂̃(a · b) = ∂̃(a) + ∂̃(b); a, b ∈ A· ×X A·.

The (equivalent) equalities (3.2.5) and (3.2.5′) may be thought of as the
Leibniz condition of ∂̃.

Inspired by the foregoing discussion and that of Section 3.1, we now
proceed to the matrix extension of ∂̃, which will motivate the general setting
of Section 3.3. First we construct the matrix analog of A·; that is, the
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general linear group sheaf (of order n), denoted by GL(n,A). It is the
sheaf of groups generated by the complete presheaf

U �−→�� GL(n,A(U)),

with U running in TX ; in other words,

(3.2.6) GL(n,A) := S
(
U �−→�� GL(n,A(U))

)
.

As usual, GL(n,A(U)) is the general linear group with coefficients in
A(U), i.e., the group of invertible n × n matrices with entries in A(U), so

(3.2.7) GL(n,A)(U) ∼= GL(n,A(U)) = MnMM (A(U))·,
for all U ∈ TX . Therefore, by (3.1.1) – (3.1.3), and in analogy to A·,
(3.2.8) GL(n,A) = Mn(A)·,
i.e., GL(n,A) is the sheaf of units of the matrix algebra Mn(A).

Next, generalizing (3.2.4) and retaining, for convenience, the same sym-
bols, we set

(3.2.9) ∂̃U (a) := a−1 · dUa; a ∈ GL(n,A(U)),

where dU is given by (3.1.10). Running U in TX , (3.2.9) generates a morph-
ism of sheaves of sets (see also (3.1.17))

(3.2.10) ∂̃ : GL(n,A) −→ Mn(Ω) ∼= Ω ⊗A Mn(A).

This is, by definition, the logarithmic differential of GL(n,A).
For any a, b ∈ GL(n,A(U)), equalities (3.1.12) and (3.2.9) imply that

(3.2.11)

∂̃U (a · b) = (a · b)−1 · dU (a · b)
= b−1 · a−1 · (dUa) · b + b−1 · dUb

= b−1 · ∂̃U (a) · b + ∂̃U (b),

which is the Leibniz condition of ∂̃, expressed in terms of local sections.
Let us elaborate a little more on (3.2.11), in order to describe its stalk-

wise version, thus paving the way to the considerations of Section 3.3: Fixing
a U ∈ TX and a matrix b ∈ GL(n,A(U)), we define the automorphism (of
a Lie algebra A|U -module)

AdU (b) : Mn(A)|U −→ Mn(A)|U ,
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generated by the automorphisms of MnMM (A(V ))

ad(b|V ) : a �−→�� b|V · a · b−1|V ,

for all open V ⊆ U (see also the notations preceding (3.1.1)). The Lie algebra
structure of MnMM (A(V )) is provided by the usual commutator of matrices. As
a result of the completeness of the presheaves involved, the automorphisms
ad(b|V ) identify with the automorphisms of sections induced by AdU (b), i.e.,

ad(b|V ) ≡ AdU (b)V .

Running b ∈ GL(n,A(U)), we obtain the morphism of groups

AdU : GL(n,A(U)) −→ Aut((Mn(A)|U )).

If we now allow U to vary in TX , we obtain a morphism of (complete)
presheaves (AdU )U∈TX

, generating, in turn, a morphism of sheaves of groups,
denoted by

(3.2.12) Ad : GL(n,A) −→ Aut(Mn(A)).

By analogy with the classical case, (3.2.12) is called the adjoint repres-
entation of GL(n,A).

We define a similar representation of GL(n,A) in Aut(Mn(Ω)),

(3.2.12′) Ad : GL(n,A) −→ Aut(Mn(Ω)),

whose construction follows that of (3.2.12). The only difference is that, for
any b ∈ GL(n,A(U)), the map ad(b) is now

ad(b) : MnMM (Ω(U)) −→ MnMM (Ω(U)) : ω → b · ω · b−1.

For convenience, we use the same symbol and terminology for both (3.2.12)
and (3.2.12′), their difference being clear from the context.

The representation (3.2.12′) induces a natural action of GL(n,A) on the
left of Mn(Ω):

(3.2.13) δn : GL(n,A) ×X Mn(Ω) −→ Mn(Ω).

This is the morphism of sheaves generated by the local actions, for every
open U ⊆ X,

δn,U : GL(n,A(U)) × MnMM (Ω(U)) −→ MnMM (Ω(U)),
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determined by

(3.2.14)
δn,U (b, ω) := b · ω · b−1 = ad(b)(ω)

= AdU (b)U (ω) ≡ AdU (b)(ω),

for every (a, ω) in the given domain.
To remind ourselves that δn is induced by the adjoint representation, we

adopt the following notation:

(3.2.15) δn(g, w) =: Ad(g).w, (g, w) ∈ GL(n,A) ×X Mn(Ω).

The line dot on the right-hand side of (3.2.15) is set in order to distinguish
this action from various multiplications of matrices introduced at earlier
stages and were denoted, as usual, by a center dot. Further comments on
this notation will follow shortly.

Applying the previous notations, (3.2.11) takes the equivalent form

∂̃U (a · b) = AdU (b−1)(∂̃U (a)) + ∂̃U (b), a, b ∈ GL(n,A(U)).

Thus, by (1.2.17) and (3.2.15), the previous equalities, for all U ∈ TX , lead
to the following fundamental property of the logarithmic differential:

(3.2.16) ∂̃(g · h) = Ad(h−1).∂̃(g) + ∂̃(h),

for every (g, h) ∈ GL(n,A) ×X GL(n,A). Its section-wise analog, for each
U ∈ TX , is (3.2.11) or its equivalent form given just before (3.2.16) above.
Notice that (3.2.5′) is actually (3.2.16) in the case of GL(1,A) ≡ A·.

In the previous considerations ∂̃ was taken as an Mn(Ω)-valued morph-
ism on GL(n,A), satisfying (3.2.16) with respect to the action (3.2.13). Let
us now think of ∂̃ as taking values in Ω ⊗A Mn(A), after the identification
(3.1.7). In this case we consider the action

(3.2.13′) δ′n : GL(n,A) ×X

(
Ω ⊗A Mn(A)

)
−→ Ω ⊗A Mn(A),

generated by the local actions (see also (3.1.3))

δ′n,U : GL(n,A(U)) ×
(
Ω(U) ⊗A(U) MnMM (A(U))

)
−→ Ω(U) ⊗A(U) MnMM (A(U))

given (on decomposable tensors) by

(3.2.14′) δ′n,U (g, θ ⊗ a) := θ ⊗ AdU (g)(a) = θ ⊗ (g · a · g−1).
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We set again

(3.2.15′) δ′n(g, w) =: Ad(g).w; (g, w) ∈ GL(n,A) ×X (Ω ⊗A Mn(A)),

where Ad is meant in the sense of (3.2.12).
Equalities (3.2.15) and (3.2.15′) are consistent after the identification

(3.1.7). More precisely, one obtains the commutative diagram

GL(n,A) ×X

(
Ω ⊗A Mn(A)

) δ′n �� Ω ⊗A Mn(A)

GL(n,A) ×X Mn(Ω)

1 × µ1

� δn �� Mn(Ω)

µ1

�

Diagram 3.1

where 1 = idGL(n,A), and µ1 is the isomorphism generated by (µ1
U ), the latter

being defined by (3.1.6b). This follows from the commutative diagram

GL(n,A(U)) ×
(
Ω(U) ⊗A(U) MnMM (A(U))

) δ′n,U �� Ω(U) ⊗A(U) MnMM (A(U))

GL(n,A(U)) × MnMM (Ω(U))

1 × µ1
U

� δn,U �� MnMM (Ω(U))

µ1
U

�

Diagram 3.2

for every open U ⊆ X. To prove the commutativity of Diagram 3.2, it
suffices to show that

µ1
U

(
θ ⊗ (g · a · g−1)

)
= g ·

(
aij · θ

)
· g−1,

for every g ∈ GL(n,A(U)) and θ⊗a ∈ Ω(U)⊗A(U)MnMM (A(U)), with a = (aij).

Indeed, if

g = (gij), g−1 = (hij), g · a · g−1 = (cij),
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equality (3.1.6b) implies that

(A) µ1
U (θ ⊗ (g · a · g−1)) = µ1

U (θ ⊗ (cij)) = (cij · θ) =
∑
κ,λ

giλ · aλκ · hκj · θ.

On the other hand, the ij-entry of g · (aij · θ) · g−1 has the form

(B)
∑
κ,λ

giλ · aλκ · θ · hκj .

Since A (and each A(U)) is commutative, the last term of (A) coincides
with (B), thus we prove the commutativity of Diagrams 3.2 and 3.1.

As a consequence of (3.1.7), (3.2.15) and (3.2.15′), we see that the morph-
ism ∂̃ : GL(n,A) → Ω ⊗A Mn(A) satisfies also (3.2.16). It is now clear
that the precise meaning of the expression Ad(g−1).∂̃(w) in (3.2.16) de-
pends on the interpretation of ∂̃ (as a morphism with values in Mn(Ω) or
Ω ⊗A Mn(A)) and the respective action ((3.2.13) or (3.2.13′)).

Summarizing the above constructions we obtain:

3.2.1 Proposition. Let (A, d, Ω) be a given differential triad over the to-
pological space X. Then the general linear group sheaf GL(n,A) admits the
adjoint representation Ad : GL(n,A) → Aut(Mn(A)) and the logarithmic
differential ∂̃ : GL(n,A) → Mn(Ω) ∼= Ω ⊗A Mn(A) satisfying equality
(3.2.16), with respect to the action of GL(n,A) on Mn(Ω) and Ω⊗AMn(A)
by means of Ad.

3.2.2 Remark. For certain calculations it would be desirable to distinguish
the differential ∂̃ : GL(n,A) → Mn(Ω) – induced by (3.2.9)– from its coun-
terpart with values in Ω ⊗A Mn(A). In the latter case we would prefer to
use the symbol ∂, thus

(3.2.17) ∂ := λ1 ◦ ∂̃,

where λ1 is the isomorphism (3.1.7). This conforms with the general nota-
tion of Definition 3.3.2 in the sequel (see also the discussion of Example
3.3.6(b)).

3.3. The Maurer-Cartan differential

As in the previous sections, let (A, d, Ω) be a fixed differential triad over
X ≡ (X, TX). We assume that G is a sheaf of groups and L a Lie algebra



3.3. The Maurer-Cartan differential 101

A-module over X. From the relevant discussion of Mn(A) in Section 3.1,
we recall that L is simultaneously a sheaf of Lie algebras and an A-module
over X.

We further assume that we are given a representation of G on L; i.e,
a morphism of sheaves of groups

ρ : G −→ Aut(L).

Here Aut(L) is the sheaf of germs of automorphisms of L with respect to
both of its structures, i.e.,

Aut(L) = AutLie alg(L) ∩ AutA(L).

Analogously to the case of an ordinary group action, an action of G on
L (from the left) is a morphism of sheaves

δ : G ×X L −→ L : (g, u) �→ δ(g, u) =: g.u,

satisfying the properties:

(g · g′).u = g.(g′.u),

for every g, g′ ∈ G and u ∈ L over the same base point, and

1x .u = u,

for every u ∈ Lx and every x ∈ X. The reader might have observed that,
in the notation g.u, we have again used a line dot to distinguish the action
from the multiplication of G (denoted by a center dot). This practice has
already been applied in (3.2.15).

3.3.1 Proposition. A representation ρ induces an action of G on L, com-
patible with the A-module structure of L; that is, the following equalities
hold true:

g.(au + bu′) = a g.u + b g.u′,

g.[u, u ′] = [g.u, g.u′],

for every g ∈ Gx; a, b ∈ Ax; u, u′ ∈ Lx, and every x ∈ X. Conversely,
an action δ, compatible with the A-module structure of L, determines a
representation ρ.
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Recall that A×XL → L : (a, u) �→ a·u ≡ au is the “scalar”multiplication
(see Subsection 1.1.2).

Proof. For any open U ⊆ X, we define the local action

(3.3.1) δU : G(U) × L(U) −→ L(U) with δU (g, �) := ρ(g)(�),

where convention (1.3.1) has been repeatedly applied to ρ and ρ(g). In fact,
ρ(g) in (3.3.1) is the isomorphism

(3.3.2) ρ̄U (g)U : L(U) −→ L(U),

where ρ̄U (g) : G(U) → Aut(L)(U) ∼= Aut(L|U ). This is undoubtedly a cum-
bersome notation and will not be applied, unless the clarity of the arguments
is at stake.

By elementary computations we verify that (3.3.1) is an action compat-
ible with the structure of L(U). Therefore, varying U in the topology of X,
we get a presheaf morphism (δU ) generating the desired action.

Conversely, given δ, we construct a representation ρ as follows. For fixed
U ∈ TX and s ∈ G(U), we define the family

(3.3.3)
{
ρU (s)V : L(V ) −→ L(V ) | ∀ open V ⊆ U

}
,

given by
ρU (s)V (�) := δ(s|V , �) = s|V . �, � ∈ L(V ).

For each V , the map ρU (s)V is an isomorphism of the structure involved,
thus (3.3.3) is a presheaf morphism generating an automorphism ρU (s) ∈
Aut(L|U ). We check that each ρU : G(U) → Aut(L|U ) is a group morphism.
Indeed, working section-wise, for every s, t ∈ G(U) and � ∈ L(V ), with V
any open subset of U , we have that

ρU (s · t)V (�) = (s · t)|V . � = s|V .(t|V . �) =
ρU (s)V (ρU (t)V (�)) = (ρU (s)V ◦ ρU (t)V ) (�),

which proves the claim. Hence, varying U in TX , we get a morphism of
presheaves of groups (ρU ) generating a representation ρ.

For the sake of completeness, let us examine the morphisms of sections
δ̄U : G(U)×L(U) → L(U), U ∈ TX , induced by the action δ determined by
a representation, as in the first part of Proposition 3.3.1. If we set

g.� := δ̄U (g, �); (g, �) ∈ G(U) × L(U),
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we see that

(g.�)(x) = δ̄U (g, �)(x) = δ(g(x), �(x)) = g(x).�(x), x ∈ U.

However, by (1.2.17), δ̄U coincides (up to isomorphism) with δU , thus

(g.�)(x) = δ̄U (g, �)(x) ≡ δU (g, �)(x) = (ρ(g)(�)) (x), x ∈ U.

Hence, within an isomorphism, we obtain the following equality comple-
menting (3.3.1)

(3.3.1′) g.� = ρ(g)(�) = δU (g, �), (g, l) ∈ G(U) × L(U).

We now wish to extend the action δ on L, induced by ρ, to an action on
Ω⊗AL. Before proceeding, we introduce the following convenient shorthand
notation, which will be used systematically throughout. Namely, we set

(3.3.4) Ω(L) := Ω ⊗A L

This is the abstract analog of the sheaf of ordinary 1-forms on a differential
manifold X with values in a Lie algebra.

A representation ρ : G → Aut(L) induces an action

(3.3.5) ∆ : G ×X Ω(L) −→ Ω(L),

generated by the presheaf morphism{
∆U : G(U) ×

(
Ω(U) ⊗A(U) L(U)

)
−→
(
Ω(U) ⊗A(U) L(U)

)
| U ∈ TX

}
defined, in turn, by (see also (3.3.1) and (3.3.2))

(3.3.6) ∆U (s, σ) = (1 ⊗ ρ(s))(σ); 1 ≡ 1Ω(U),

for every s ∈ G(U), σ ∈ Ω(U) ⊗A(U) L(U), and every U ∈ TX . Notice
that the presheaf U �−→ G�� (U) × (Ω(U) ⊗A(U) L(U)) generates G ×X Ω(L),
according to Subsection 1.3.6.

In conformity with (3.2.15) and the classical case (which actually inspired
the former equality), the result of the action ∆ will be denoted by the
following notation reminding us of the involvement of ρ:

(3.3.7) ρ(g).w := ∆(g, w)
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for every (g, w) ∈ G ×X Ω(L).
It is immediately checked that ∆ is compatible with the A-module struc-

ture of Ω(L), thus

ρ(g).(aw + bw′) = a ρ(g).w + b ρ(g).w′,

for every g ∈ Gx; a, b ∈ Ax; w, w′ ∈ Ω(L)x, and every x ∈ X.
Another expression of (3.3.7), needed in various calculations, is obtained

in the following way: For a given (g, w) ∈ Gx × Ω(L)x, there are sections
s ∈ G(U) and σ ∈ Ω(U)⊗A(U)L(U) such that g = s(x) and w = [σ]x = σ̃(x)
(see (1.2.10)). Obviously, we can take the same open U ⊆ X for both
sections, by restricting the original domains to their intersection containing
x. Then, applying (3.3.6), and writing ρ(s) in place of (3.3.2), we have that

(3.3.7′) ρ(g).w = [(1 ⊗ ρ(s))(σ)]x =
(
(1 ⊗ ρ(s))(σ)

)̃
(x).

Here, the small tilde, put as a superscript, replaces (for the con-
venience of typography) the wide tilde set over the entire section,
whenever the latter has a long expression, i.e.,

(♦ )
(
(1 ⊗ ρ(s))(σ)

)̃
(x) :=

˜︷ ︸︸︸ ︷︷
(1 ⊗ ρ(s))(σ)(x).

Equality (3.3.7′) could have been directly used as the definition of the
action ∆, but in this case one should have shown that ∆ is indeed a well
defined (continuous) morphism.

We now come to the first fundamental definition of this section.

3.3.2 Definition. Let G be a sheaf of groups and ρ a representation of G
on an A-module of Lie algebras L. A Maurer-Cartan differential of G
is a morphism of sheaves of sets

∂ : G −→ Ω(L) ≡ Ω ⊗A L

with the property

(3.3.8) ∂(g · h) = ρ(h−1).∂(g) + ∂(h),

for every (g, h) ∈ G ×X G.
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Comparing the Maurer-Cartan differential ∂ with the logarithmic differ-
ential ∂̃ of GL(n,A), it is obvious that the latter terminology could have
been applied to ∂. However, we adhere to the first term for the sake of
distinction.

As in (3.3.7), for any s ∈ G(U) and θ ∈ Ω(L)(U), we set

(3.3.9) ρ(s).θ := ∆(s, θ) ≡ ∆̄U (s, θ);

that is, ρ(s).θ is the section of Ω(L) defined by

(3.3.10)
(
ρ(s).θ

)
(x) :=

(
ρ(s(x))

)
.
(
θ(x)
)
, x ∈ U.

Then the section-wise analog of (3.3.8) is

(3.3.11) ∂(s · t) = ρ(t−1).∂(s) + ∂(t),

for every s, t ∈ G(U), and every U ∈ TX . Of course (3.3.8) and (3.3.11) are
equivalent, as a result of (1.2.15) and (1.2.17).

The second fundamental definition of this section is:

3.3.3 Definition. A Lie sheaf of groups is a sheaf of groups G equipped
with a Maurer-Cartan differential ∂ : G → Ω(L).

Since a Maurer-Cartan differential is defined with respect to a given re-
presentation ρ, the structure of a Lie sheaf of groups G, as before, is fully
declared by writing

G ≡ (G, ρ,L, ∂).

Note. The terminology of Definitions 3.3.2 and 3.3.3 will be justified in the
concluding note of Example 3.3.6(a) below.

3.3.4 Definition. An abelian Lie sheaf of groups is a Lie sheaf of
groups G ≡ (G, ρ,L, ∂) where G is a sheaf of abelian groups and ρ the trivial
representation.

By the trivial representation ρ we mean that ρ(s) ≡ id|LU
, for every

s ∈ G(U) and every U ∈ TX . Therefore, for an abelian Lie sheaf of groups,
equality (3.3.11) takes the form

(3.3.12) ∂(s · t) = ∂(s) + ∂(t).

An analogous equality holds stalk-wise.
For an arbitrary Lie sheaf of groups, with the notations (1.1.4) and

(1.1.5), we prove the following:
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3.3.5 Proposition. The Maurer-Cartan differential has the properties:

∂(1) = 0,(i)

∂(s−1) = −ρ(s).∂(s),(ii)

∂(s) = ∂(t) ⇒ ∂(s · t−1) = 0,(iii)

for every s, t ∈ G(U) and U ⊆ X open. Analogous equalities hold stalk-wise.

Proof. The first property is an immediate consequence of (3.3.8) applied
to the product section 1 · 1. The second is a result of (3.3.8) and (i):

0 = ∂(1) = ∂(s · s−1) = ρ(s).∂(s) + ∂(s−1).

Finally, (ii) implies that

∂(s · t−1) = ρ(t).(∂(s) − ∂(t)) = 0,

since ρ(t) is an A(U)-isomorphism.

We illustrate the previous definitions by the following examples, needed
in subsequent sections.

3.3.6 Examples.
(a) Lie sheaves of groups from Lie groups

Let X, A = C∞
X , Ω = Ω1

X be as in Example 2.1.4(a) and let G be a Lie
group with corresponding Lie algebra G. We denote by

C∞
X (G) := S

(
U �−→�� C∞(U, G)

)
the sheaf of germs of G-valued smooth maps on X, and by

C∞
X (G) := S

(
U �−→�� C∞(U, G)

)
the sheaf of germs of G-valued smooth maps on X. If Λ1(U, G) is the space
of G-valued differential 1-forms on an open U ⊆ X, then

ΩX(G) := S
(
U �−→�� Λ1(U, G)

)
denotes the sheaf of germs of G-valued differential 1-forms on X.

Assuming that dim(G) = n and fixing a basis (γiγγ ) for G, we obtain the
basis (EU

iE ) for C∞(U, G), with regard to C∞(U, R), given by EU
iE (x) := γiγγ ,

for all x ∈ U . Moreover, we define an A(U)-isomorphism

(3.3.13) λ1
U : Λ1(U, G) �−−→ Λ1(U, R) ⊗C∞(U,R) C∞(U, G)
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as follows: Since any ω ∈ Λ1(U, G) determines the forms ωi ∈ Λ1(U, R)
(i = 1, . . . , n) by ωx(v) =

∑n
i=1 ωi,x(v)γiγγ , for every x ∈ U and v ∈ TxTT X, we

may write

ω =
n∑

i=1

ωiE
U
iE ,

thus we set

(3.3.13a) λ1
U (ω) :=

n∑
i=1

ωi ⊗ EU
iE .

The inverse of λ1
U , denoted by µ1

U
, is given by

(3.3.13b) µ1
U
(θ ⊗ f) := θ · f,

where the right-hand side is the 1-form given by

(θ · f)x(v) = θx(v) · f(x),

for every x and v as before (for the global form of (3.3.13) see, e.g., Greub -
Halperin -Vanstone [35, Vol. I, p. 81]).

The presheaf isomorphism (λ1
U ), when U is running the topology of X,

generates the C∞
X -isomorphism

(3.3.14) λ1 : ΩX(G) �−−→ Ω ⊗C∞
X

C∞
X (G),

whose inverse is denoted by µ1.

Note. In the previous considerations it is convenient to take as open U ’s the
domains of the charts of the differential structure of X (see the final note
of Subsection 1.2.2).

Now, the ordinary adjoint representation Ad : G → Aut(G) induces the
adjoint representation Ad : C∞

X (G) → Aut(C∞
X (G)) generated by the

morphisms
AdU : C∞(U, G) −→ Aut

(
C∞

X (G)|U
)
,

given, in turn, by (
AdU (g)(f)

)
(x) :=

(
Ad(g(x))

)
(f(x)),

for every g ∈ C∞(U, G), f ∈ C∞(V, G), x ∈ V , and every open V ⊆ U (see
the analogous discussion about GL(n,A) in Section 3.2).
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The representation Ad determines an action

δ : C∞
X (G) ×X ΩX(G) −→ ΩX(G)

by means of the family of local actions (for all open U ⊆ X)

(3.3.15)
δU : C∞(U, G) × Λ1(U, G) −→ Λ1(U, G) :

(g, ω) �−→�� δU (g, ω) := Ad(g).ω.

The right-hand side of the preceding equality represents the form defined by

(3.3.15′) (Ad(g).ω)x(v) = Ad(g)(ωx(v)); x ∈ U, v ∈ TxTT X.

We set
Ad(a).w = δ(a, w), (a, w) ∈ domain(δ).

Similarly, we get the action

δ′ : C∞
X (G) ×X

(
Ω ⊗C∞

X
C∞

X (G)
)
−→ Ω ⊗C∞

X
C∞

X (G)

from the morphisms

(3.3.16)
δ′U : C∞(U, G) ×

(
Λ1(U, R) ⊗C∞(U,R) C∞(U, G)

)
−→

Λ1(U, R) ⊗C∞(U,R) C∞(U, G),

the latter being given (on decomposable elements) by

δ′U (g, θ ⊗ f) = θ ⊗ Ad(g)(f);

thus, for every (g, ω) ∈ domain(δ′U ),

(3.3.16′) δ′U (g, ω) = (1 ⊗ Ad(g)) (w).

We recall that
(
Ad(g)(f)

)
(x) :=

(
Ad(g(x))

)
(f(x)). Again, we may set

Ad(a).w = δ′(a, w), (a, w) ∈ domain(δ′).

The two expressions of Ad(a).w are identified by (3.3.14). To see this,
it suffices to show that

(�) µ1
U
◦ δ′U = δU ◦ (1 × µ1

U
),
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for every U ∈ TX . Indeed, for any g ∈ C∞(U, G) and any decomposable
tensor

θ ⊗ f ∈ Λ1(U, R) ⊗C∞(U,R) C∞(U, G),

we have that

(µ1
U
◦ δ′U )(g, θ ⊗ f) = µ1

U

(
θ ⊗ Ad(g)(f)

)
= θ · Ad(g)(f),

while (
δU ◦ (1 × µ1

U
)
)
(g, θ ⊗ f) = Ad(g).(θ · f).

We readily check that the last terms of the previous equalities coincide.
On the other hand, for any f ∈ C∞(U, R), the ordinary (left) logar-

ithmic or total differential of f

f−1 · df ∈ Λ1(U, G)

is given by (see, e.g., Bourbaki [15, p. 162], Kriegl -Michor [52, p. 404],
Krĕın -Yatskin [51, p. 55])˘

(f−1 · df)x(u) := (TfT (x)λf(x)−1 ◦ TxTT f)(u); x ∈ U, u ∈ TxTT M,

where λg is the left translation of G (by g ∈ G) and TxTT f ≡ dxf the ordinary
differential of f at x. Thus, in virtue of the identifications TeTT G ∼= G and
(3.3.13), we define a corresponding logarithmic differential between sections

(3.3.17)
∂U : C∞(U, G) −→ Λ1(U, R) ⊗C∞(U,R) C∞(U, G) ∼= Λ1(U, G)

f �−→�� ∂U (f) := λ1
U (f−1 · df) ≡ f−1 · df,

for every U ∈ TX . By an easy calculation, we verify that

∂U (f · g) = Ad(g−1).∂U (f) + ∂U (g); f, g ∈ C∞(U, G).

Therefore, based on (3.3.15) and (3.3.15′) (or (3.3.16) and (3.3.16′), depend-
ing on the range of ∂U ), and varying U in the topology of X, we obtain a
Maurer-Cartan differential

(3.3.18) ∂ : C∞
X (G) −→ Ω ⊗C∞

X
C∞

X (G) ∼= ΩX(G),

satisfying the equality

∂(a · b) = Ad(b−1).∂(a) + ∂(b), (a, b) ∈ C∞
X (G) ×X C∞

X (G).
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Let us verify in detail the previous fundamental property of ∂, when we
think of it as an ΩX(G)-valued morphism. In this case, for a pair (a, w) ∈
C∞

X (G)x ×ΩX(G)x, we can find a U ∈ TX and f ∈ C∞(U, G), ω ∈ Λ1(U, G),
such that a = f̃(x) = [f ]x and w = ω̃(x) = [ω]x. Thus (see (♦ ), p. 104)

Ad(a).w = δ(a, w) = δU (f, ω)̃)) (x) = (Ad(f).ω)̃)) (x).

Therefore, for any (a, b) in the domain of ∂, there are f, g ∈ C∞(U, G) such
that a = f̃(x) and b = g̃(x), and the definition of ∂ implies that

∂(a · b) = ∂
(
(f̃ · g)(x)

)
=
(
∂U (f · g)

)̃
(x)

=
(
Ad(g−1).∂U (f)

)̃
(x) + ∂̃U (g)(x)

= Ad
(
g̃−1(x)

)
.∂̃U (f)(x) + ∂̃U (g)(x)

= Ad(b−1).∂(a) + ∂(b).

A similar proof works if we interpret ∂ as an Ω⊗C∞
X
C∞

X (G)-valued morphism.
Summarizing, we have shown that:

Given a Lie group G, the sheafification of the ordinary operator of
(left) logarithmic differential determines a Maurer-Cartan differential
∂, with respect to the sheafification Ad of the adjoint representation
of G. Therefore,

C∞
X (G) ≡

(
C∞

X (G),Ad, C∞
X (G), ∂

)
is a Lie sheaf of groups.

Note. The present example now explains the terminology of Definition 3.3.3:
It is inspired by the classical relation

f−1 · df = f∗α,

where α is the Maurer-Cartan form of G.
(b) The Lie sheaves of groups A· and GL(n,A)

Let (A, d, Ω) be a differential triad, A· the (abelian) group sheaf of units
(see (3.2.1)) and ρ· : A· → Aut(A) the trivial representation given by
ρ·(s) := id|AU , for every s ∈ A(U) and every U ∈ TX .

Thinking of A as a sheaf of Lie algebras in a trivial way (: [a, b] :=
a · b − b · a = 0), the morphism ∂̃, defined by (3.2.4), is a Maurer-Cartan
differential. Therefore,

A· ≡ (A·, ρ·, A, ∂̃ )



3.3. The Maurer-Cartan differential 111

is an abelian Lie sheaf of groups, according to Definition 3.3.4.
Similarly, in virtue of Proposition 3.2.1, its preceding discussion, and

equality (3.2.17), we have that

GL(n,A) ≡
(
GL(n,A),Ad,Mn(A), ∂ ≡ ∂̃

)
is a (non abelian) Lie sheaf of groups.

The classical holomorphic group sheaf GL(n,O), as expounded in Gun-
ning [38], can be treated analogously. It provides another example of a Lie
sheaf of groups.
(c) Projective systems of Lie groups

We consider a projective (or inverse) system of Lie groups {Gi, ρij} to-
gether with the induced projective system of Lie algebras {Gi

∼= TeTT Gi, rij :=
TeTT ρij}, the indices running in a directed set (J,≤). The corresponding pro-
jective limits are denoted by

(3.3.19) G := lim←−Gi and G := lim←−Gi,

respectively. For the general theory of projective systems and their limits
we refer to Bourbaki [12, Chap. 3], Eilenberg-Steenrod [25, Chap. 8]. We
note, in passing, that G is not necessarily a Lie group (however, see Galanis
[30] for conditions ensuring that G is a Fréchet-Lie group whose Lie algebra´
is G).

Let X be a fixed (finite-dimensional or Banach) smooth manifold and
let TX be its canonical topology (induced by the smooth structure). It is
readily checked that

(C∞(U, Gi), PijPP ) and (C∞(U, Gi), Rij) ,

where

PijPP (f) := ρij ◦ f ; f ∈ C∞(U, Gi),

Rij(g) := rij ◦ g; g ∈ C∞(U, Gi),

are projective systems, so the respective projective limits

lim←−C∞(U, Gi) and lim←−C∞(U, Gi)

exist. Therefore, running U in TX , we obtain the complete presheaves

U �−→�� lim←−C∞(U, Gi), U �−→�� lim←−C∞(U, Gi)
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generating, respectively, the sheaf of groups

G := S
(
U �−→�� lim←−C∞(U, Gi)

)
and the sheaf of Lie algebras

L := S
(
U �−→�� lim←−C∞(U, Gi)

)
.

As a result,

G(U) ∼= lim←−C∞(U, Gi),(3.3.20)

L(U) ∼= lim←−C∞(U, Gi).(3.3.21)

The individual adjoint representations Adi : Gi → Aut(Gi) determine
the representation Ad : G → Aut(G) with

(3.3.22) Ad(g) := lim←−(Adi(gi)),

for every g = (gi) ∈ G. Hence, working as in Example (a), we obtain a
representation Ad : G → Aut(L).

On the other hand, for a fixed U ∈ TX , the logarithmic differentials of
Gi induce the maps

(3.3.23) ∂i
U : C∞(U, Gi) −→ Λ1(U, R) ⊗C∞(U,R) C∞(U, Gi); i ∈ J,

providing, in turn, a morphism of projective systems
(
∂i

U

)
i∈J

. Hence, we
obtain the (limit) map

∂U := lim←− ∂i
U : lim←−C∞(U, Gi) −→ Λ1(U, R) ⊗C∞(U,R)

(
lim←−C∞(U, Gi)

)
.

Varying now U in TX , we get a presheaf morphism (∂U ) generating a Maurer-
Cartan differential ∂ : G → Ω ⊗A L, where A = C∞

X (see Example 2.1.4(a)).
We verify (3.3.8) or (3.3.11) by applying, on the level of each ∂U , the ana-
logous property of (3.3.23) with respect to the representation induced by
(3.3.22).

We can give another useful description of G (analogously for L), by
inducing the following generalized notion of differentiability for G-valued
maps on X. Namely, an f : U → G is said to be generalized smooth if
fiff := pi ◦ f ∈ C∞(U, Gi), for every i ∈ J . Here pi is the natural projection
of G onto Gi. The set of generalized smooth maps is denoted by C∞(U, G).
When U is running TX , the assignment U �→ C∞(U, G) is a (complete)
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presheaf generating the sheaf of germs of G-valued generalized smooth maps
on X, denoted by C∞

X (G). Similarly, we define the sheaf C∞
X (G) of germs of

G-valued generalized smooth maps on X.
As a consequence of (3.3.20) and (3.3.21), we obtain

G(U) ∼= lim←−C∞(U, Gi) =: C∞(U, G),

L(U) ∼= lim←−C∞(U, Gi) =: C∞(U, G),

which lead to the identifications

G ∼= C∞
X (G) ≡ C∞

X (lim←−Gi) and L ∼= C∞
X (G) ≡ C∞

X (lim←−Gi).

Therefore, one infers:

If Ad and ∂ are the morphisms induced by (3.3.22) and (3.3.23),
respectively, then(

G ∼= C∞
X (lim←−Gi), Ad, L ∼= C∞(lim←−Gi), ∂

)
is a Lie sheaf of groups.

It is known that every compact group is the projective limit of a family
of compact Lie groups (see Price [104, p. 140], Weil [141]). Hence, compact
groups fit in this example.

For the sake of completeness, we sketch another description of the sheaves
G and L just obtained, which can motivate a general construction of pro-
jective limits of sheaves.

For a fixed index i ∈ J , we set

Gi := S
(
U �−→�� C∞(U, Gi)

)
, Li := S

(
U �−→�� C∞(U, Gi)

)
.

On the other hand, we define the sheaves

lim←−Gi := S
(
U �−→�� lim←−Gi(U)

)
, lim←−Li := S

(
U �−→�� lim←−Li(U)

)
.

The completeness of the previous presheaves and (3.3.20), (3.3.21) yield(
lim←−Gi

)
(U) ∼= lim←−Gi(U) ∼= lim←− (C∞(U, Gi)) ∼= G(U),(

lim←−Li

)
(U) ∼= lim←−Li(U) ∼= lim←− (C∞(U, Gi)) ∼= L(U),

thus leading to
G ∼= lim←−Gi and L ∼= lim←−Li.



114 Chapter 3. Lie sheaves of groups

In the same way, we can prove that ∂ ≡ lim←− ∂i, where the Maurer-Cartan
differentials ∂i : Gi → Ω ⊗A Li (A = C∞

X ) are given by

∂i := S
(
(∂i

U )U∈TX

)
, i ∈ J.

Of course, the structure of lim←−Gi can be defined directly as the limit of the
projective system of topological spaces (Gi)i∈J , with connecting morphisms
obtained by the sheafification of the original ones. However, the previous
approach seems to be convenient when we want to complete the structure
of G to a Lie sheaf of groups.

3.4. Morphisms of Lie sheaves of groups

Roughly speaking, morphisms of Lie sheaves of groups are morphisms of
groups interrelated with their representations and the Maurer-Cartan dif-
ferentials. They will be applied in order to link connections on principal
sheaves with different structure sheaves (Chapter 6), and to introduce con-
nections on sheaves associated with a given principal sheaf (Chapter 7).

Let G ≡ (G, ρG ,LG , ∂G∂∂ ) and H ≡ (H, ρH,LH, ∂H∂∂ ) be two Lie sheaves of
groups over the same base X. Clearly, the subscripts G and H mark the
components of each Lie sheaf of groups, whenever necessary for the sake of
clarity.

3.4.1 Definition. A morphism of Lie sheaves of groups from G into
H is a pair (φ, φ), where φ : G → H and φ : LG → LH are morphisms of
the corresponding structures (i.e., groups and A-modules of Lie algebras,
respectively) such that

δH ◦ (φ × φ) = φ ◦ δG ,(3.4.1)

∂H∂∂ ◦ φ = (1 ⊗ φ) ◦ ∂G∂∂ .(3.4.2)

Here δG and δH are the actions of G and H on the left of LG and LH,
respectively, induced by the corresponding representations ρG and ρH, as in
Proposition 3.3.1.

Conditions (3.4.1) and (3.4.2) mean that the following diagrams are com-
mutative.
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G ×X LG
φ × φ �� H×X LH G φ �� H

( I ) ( II )

LG

δG

� φ �� LH

δH

�
Ω ⊗A LG

∂G

� 1 ⊗ φ �� Ω ⊗A LH

∂H∂∂

�

Diagrams 3.3

Occasionally it is useful to express the commutativity of Diagram 3.3(I)
in the following equivalent form

(3.4.1′) φ ◦ ρG(g) = ρH(φ(g)) ◦ φ,

for every g ∈ G(U) and every open U ⊆ X; in other words, the diagram

LG(U)
φ �� LH(U)

LG(U)

ρG(g)

� φ �� LH(U)

ρH(φ(g))

�

Diagram 3.4

is commutative. Obviously, the morphisms of the last diagram are the in-
duced morphism of sections.

Indeed, for any g ∈ G(U) and � ∈ LG(U), Diagram 3.3(I) and equality
(3.3.1), along with (1.1.3), imply that

φ(ρG(g)(�)) = φ(δG(g, �)) = δH(φ(g), φ(�)) = ρH(φ(g))(φ(�)),

which yields the commutativity of Diagram 3.4. The converse follows from
the same calculations and the comments (1.2.15), (1.2.15′).

A typical example of a morphism of Lie sheaves of groups is provided
by an ordinary morphism of Lie groups f : G → H. It is obtained by
the sheafification process described in Example 3.3.6(a), also applied, in an
obvious way, to f and the induced Lie algebra morphism

TeTT f ≡ def : G ∼= TeTT G −→ TeTT H ∼= H.

Similarly, morphisms of projective systems of Lie groups induce morph-
isms of Lie sheaves of groups between the corresponding projective limits,
defined in Example 3.3.6(c).
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3.5. The pull-back of a Lie sheaf of groups

This important construction is more complicated than the pull-back of other
structures encountered in previous sections. Our results rely heavily on the
material of Subsection 1.4.1.

We assume that G ≡ (G, ρ,L, ∂) is a Lie sheaf of groups over X and
f : Y → X a continuous map. We intend to show that f∗(G) is a Lie sheaf
of groups.

First we need the following general lemma concerning the pull-back of
tensor products.

3.5.1 Lemma. Let S and T be two A-modules over X. If f : Y → X is a
continuous map, then there is an f∗(A)-isomorphism

τ : f∗(S ⊗A T ) �−−→ f∗(S) ⊗f∗(A) f∗(T )

between the f∗(A)-modules (over Y ) representing, respectively, the domain
and the range of τ .

Proof. Let (y, z) ∈ f∗(S⊗AT ) be an arbitrarily chosen element. Obviously,

(y, z) ∈ {y} × (S ⊗A T )f(y)
∼= {y} ×

(
Sf(y) ⊗Af(y))

TfTT (y)

)
.

By the construction of the tensor product (Subsection 1.3.3), there exists a
σ ∈ S(U) ⊗A(U) T (U) such that (see (1.2.10))

(3.5.1) z = [σ]f(y) = σ̃(f(y)),

for some U ∈ TX , with f(y) ∈ U . Then we define τ by setting

(3.5.2) τ (y, z) = τ (y, σ̃(f(y))) :=
(
(f∗

Sff ,U ⊗ f∗
Tff ,U )(σ)

)̃
(y),

where f∗
Sff ,U : S(U) → f∗(S)(f−1(U)) and f∗

Tff ,U : T (U) → f∗(T )(f−1(U))
are the canonical (adjunction) maps of sections (see (1.4.2) – (1.4.3)), and(

(f∗
Sff ,V ⊗ f∗

Tff ,V )(σ)
)̃

∈
(
f∗(S) ⊗f∗(A) f∗(T )

)
(f−1(U))

is the (local) sheaf section induced by the presheaf “section”

(3.5.3) (f∗
Sff ,U ⊗ f∗

Tff ,U )(σ) ∈ f∗(S)(f−1(U)) ⊗f∗(A)(f−1(U)) f∗(T )(f−1(U)).

We remind the reader that the meaning of the superscript “˜ ” is explained
by equality (♦ ) on p. 104 and the relevant comments.
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By (3.5.2), it is clear that

τ (y, z) ∈
(
f∗(S) ⊗f∗(A) f∗(T )

)
y
∼= f∗(S)y ⊗f∗(A)y

f∗(T )y.

Leaving aside, for the moment, the question of whether τ is well defined
(this will be answered after establishing some useful formulas), we first check
that τ is a morphism of sheaves. Clearly, it commutes with the respective
projections. We show the continuity of τ at an arbitrary element (yo, zo):
As before, we can find a σo ∈ S(UoUU ) ⊗A(UoUU ) T (UoUU ) with σo(f(yo)) = zo, for
some open UoUU ⊆ X with f(yo) ∈ UoUU . Fixing σo and varying y ∈ f−1(UoUU ),
we obtain the set

B := f∗
S⊗ff AT ,UoUU (σ̃o)

(
f−1(UoUU )

)
=
{(

y, σ̃o(f(y))
) ∣∣∣∣ y ∈ f−1(UoUU )

}
,

which belongs to the basis for the topology of f∗(S ⊗A T ), in analogy to the
basis (B) of Subsection 1.4.1.

As a result, in virtue of (3.5.2), the restriction of τ to B is given by

τ |B =
(
(f∗

Sff ,V ⊗ f∗
Tff ,V )(σo)

)̃
◦ p1

∣∣∣∣
B

,

where p1 : Y ×X (S ⊗A T ) → X is the restriction (to the fiber product) of
the ordinary projection to the first factor pr1 : Y × (S ⊗A T ) → Y . This
proves the desired continuity, thus τ is a sheaf morphism.

Now assume that the section σ ∈ S(U) ⊗A(U) T (U), considered in the
beginning of the proof, is a decomposable tensor of the form σ = s⊗ t. Since
s ∈ S(U) and t ∈ T (U) are ordinary sections of sheaves, the identifications
s ≡ s̃ and t ≡ t̃ hold true. Moreover, the definition of the tensor product
of two elements s(x)⊗ t(x) implies that (see the general construction at the
end of Subsection 1.2.2)

σ̃(x) = (s̃ ⊗ t)(x) = s̃(x) ⊗ t̃(x) = s(x) ⊗ t(x).

Hence, with similar arguments, we obtain that(
(f∗

Sff ,U ⊗ f∗
Tff ,U )(σ)

)̃
(y) =

(
(f∗

Sff ,U ⊗ f∗
Tff ,U )(s ⊗ t)

)̃
(y) =(

f∗
Sff ,U (s) ⊗ f∗

Tff ,U (t)
)̃

(y) =
(
f∗
Sff ,U (s)

)
(y) ⊗

(
f∗
Tff ,U (t)

)
(y),

for every y ∈ f−1(U). Therefore, taking into account (1.4.4′), the previous
equalities lead to(

(f∗
Sff ,U ⊗ f∗

Tff ,U )(σ)
)̃

(y) =
(
y, s(f(y))

)
⊗
(
y, t(f(y))

)
=

f∗
Sff ,y

(
s(f(y))

)
⊗ f∗

Tff ,y

(
t(f(y))

)
= (f∗

Sff ,y ⊗ f∗
Tff ,y)
(
s(f(y)) ⊗ t(f(y))

)
=(

f∗
Sff ,y ⊗ f∗

Tff ,y

)(
(s̃ ⊗ t)(f(y))

)
=
(
f∗
Sff ,y ⊗ f∗

Tff ,y

)(
σ̃(f(y))

)
,
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for every y ∈ f−1(U). From the preceding equalities and (3.5.2), we see
that, for a decomposable section σ as above with σ(f(y)) = z,

(3.5.4)

τ (y, z) = τ (y, σ̃(f(y)))
=
(
(f∗

Sff ,U ⊗ f∗
Tff ,U )(σ)

)̃
(y)

=
(
f∗
Sff ,y ⊗ f∗

Tff ,y

) (
σ̃(f(y))

)
.

The same result is extended by linearity to arbitrary (not necessarily de-
composable) tensors; hence, we conclude that

(3.5.5) τ (y, z) =
(
f∗
Sff ,y ⊗ f∗

Tff ,y

)
(z), (y, z) ∈ f∗(S ⊗A T ).

Since we arrived at the last equality having chosen arbitrary U ∈ TX and
σ satisfying (3.5.1), this shows that τ is in fact well defined , thus answering
the question raised in the first steps of the proof.

Finally, by (3.5.5) and the fact that (see also (1.4.4))(
f∗
Sff ,y ⊗ f∗

Tff ,y

)
(z) ∈ f∗(S)y ⊗f∗(A)y

f∗(T )y
∼=
(
f∗(S) ⊗f∗(A) f∗(T )

)
y
,

the restriction of τ to the stalk {y} × (S ⊗A T )f(y) = (f∗(S ⊗A T ))y is an
f∗(A)y-isomorphism of the form(

f∗(S ⊗A T )
)
y

�−−−−− →−−
(
f∗(S) ⊗f∗(A) f∗(T )

)
y
,

for every y ∈ Y . Therefore, τ is an isomorphism as in the statement and
the proof is now complete.

A byproduct of equality (3.5.5) is the following useful formula:

(3.5.5′) τ (y, w⊗u) = (y, w)⊗(y, u), (y, w⊗u) ∈ {y}×Ωf(y)⊗Af(y)
Lf(y).

Note. For another proof of Lemma 3.5.1, without explicit construction of
the isomorphism τ , we refer to Mallios [62, Chap. VI, p. 27].

By means of Lemma 3.5.1 we define the morphism

(3.5.6) ∂∗ := τ ◦ f∗(∂).

It will be shown that ∂∗ is the Maurer-Cartan differential of f∗(G).
For every (y, z) ∈ f∗(G) = Y ×X G, (3.5.6) yields

(3.5.7) ∂∗(y, z) = τ (f∗(∂)(y, z)) = τ (y, ∂(z)).
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Omitting τ in the last equalities, one can equivalently write

(3.5.7′) ∂∗(y, z) ≡ (y, ∂(z)); (y, z) ∈ f∗(G) = Y ×X G,

which facilitates, in practice, the calculations.
The definition of ∂∗ is depicted in the following diagram, where (3.3.4)

has been applied.

f∗(G)
f∗(∂) �� f∗(Ω(L))

f∗(Ω) (f∗(L))

�
τ∂∗

�

Diagram 3.5

We also need the following auxiliary result:

3.5.2 Lemma. There exists a monomorphism of sheaves of groups

i∗ : f∗(Aut(L)) −→ Aut(f∗(L)).

Proof. For an arbitrary (y, z) ∈ {y} × Aut(L)f(y) = f∗(Aut(L))y, there
exists a g ∈ Aut(L|U ), where U ∈ TX with f(y) ∈ U , such that

z = [g]f(y) = g̃(f(y)).

Since Aut(L|U ) ∼= Aut(L)(U), we have that g = g̃ within the previous
isomorphism. We denote by

idf−1(U) ×U g : f−1(U) ×U (L|U ) −→ f−1(U) ×U (L|U )

the automorphism obtained by restricting idf−1(U) × g to the fiber product
f−1(U) ×U (L|U ); that is,

(3.5.8) idf−1(U) ×U g :=
(
idf−1(U) × g

)∣∣∣∣
f−1(U)×U (L|U )

∈ Aut(f∗(L)|U ).

As a result,
(idf−1(U) ×U g)̃)) ∈ Aut

(
f∗(L)

)
(f−1(U)).

Now, we let

(3.5.9) i∗(y, z) := (idf−1(U) ×U g)̃)) (y),
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which determines an element of the stalk Aut(f∗(L))y.
The map i∗, given by (3.5.9), is well defined . Indeed, assume that

z = [g′]f(y) = g̃′(f(y)),

where g′ ∈ Aut(L|U ′) and U ′ ∈ TY with f(y) ∈ U ′. Then the analog of
equality (3.5.9) is

i∗(y, z) = (idf−1(U ′) ×U ′ g′)̃)) (y).(3.5.9′)

In order to show that the right-hand sides of (3.5.9) and (3.5.9′) coincide,
we denote by

rU
V : Aut(L|U ) −→ Aut(L|V ),

RW
W ′ : Aut(f∗(L)|W ) −→ Aut(f∗L|W ′),

the restriction maps (for open V ⊆ U and W ′ ⊆ W ) of the presheaves

U �−→�� Aut(L|U ); U ∈ TX ,

W �−→�� Aut(f∗(L)|W ); W ∈ TY ,

generating the sheaves Aut(L) and Aut(f∗(L)), respectively. In particular,
for every open V ⊆ U , we have that

rU
V (g) = g

∣∣∣∣
LV

=: g|V ,(3.5.10)

R
f−1(U)
f−1(V )

(h) = h
∣∣∣∣
f−1(V )×V (L|V )

=: h
∣∣∣∣
f−1(V )

,(3.5.11)

if g ∈ Aut(L|U ) and h ∈ Aut
(
f−1(U) ×U (L|U )

)
= Aut

(
f∗(L)|f−1(U)

)
.

Under the above notations, our assumption

[g]f(x) = z = [g′]f(x)

implies the existence of an open V ⊆ U ∩U ′ such that rU
V (g) = rU ′

V (g′) , i.e.,
g|V = g′|V . Hence, if RW,y : Aut(f∗(L)|W ) → Aut(f∗(L))y (W ∈ TY ) is the
canonical map into germs (see (1.2.6)), we obtain, in virtue of Diagram 1.5
and equality (3.5.8),

(idf−1(U ′) ×U ′ g′)̃)) (y) = Rf−1(U ′),y(idf−1(U ′) ×U ′ g′)

=
(
Rf−1(V ),y ◦ R

f−1(U ′)
f−1(V )

)
(idf−1(U ′) ×U ′ g′)

= Rf−1(V ),y

(
(idf−1(U ′) ×U ′ g′)

∣∣∣∣
f−1(V )×V (g′|V )

)
= Rf−1(V ),y(idf−1(V ) ×V g|V )
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=
(
Rf−1(V ),y ◦ R

f−1(U)
f−1(V )

)
(idf−1(U) ×U g)

= Rf−1(U),y(idf−1(U) ×U g)

= (idf−1(U) ×U g)̃)) (y),

which proves that i∗ is indeed well defined.
We show that i∗ is continuous in a way similar to that of τ in Lemma

3.5.1. More precisely, we fix an arbitrary (yo, zo) ∈ f∗(Aut(L)). As before,
we can find a go ∈ Aut(L|UoUU ) with zo = [go]f(yo) = g̃o(f(yo)), for an open
UoUU ⊆ X with f(yo) ∈ UoUU . Denoting by

f∗
Uff

oUU : Aut(L)(UoUU ) −→ f∗(Aut(L))(f−1(UoUU ))

the corresponding canonical (adjunction) map with(
f∗

Uff
oUU (σ)
)
(y) =

(
y, σ(f(y))

)
,

for every σ ∈ Aut(L)(UoUU ) ∼= Aut(L|UoUU ) and y ∈ f−1(UoUU ), we easily verify
that the open set B := f∗

Uff
oUU (g̃o)(f−1(UoUU )), in the basis for the topology of

f∗(Aut(L)), has the form

B =
{(

y, g̃o(f(y))
)∣∣∣∣ y ∈ f−1(UoUU )

}
= f−1(UoUU ) ×UoUU g̃o(UoUU ).

Hence, evaluating i∗ at any element of B, we see that

i∗
(
y, g̃o(f(y))

)
=
(
idf−1(UoUU ) ×UoUU go

)̃
(y) =(

(idf−1(UoUU ) ×UoUU go)̃)) ◦ p1 |B
) (

y, g̃o(f(y))
)
;

i.e., i∗|B = (idf−1(VoVV )×VoVV go)̃)) ◦p1 |B, which proves the continuity at (yo, zo),
and analogously everywhere. Thus i∗ is a sheaf morphism, since it commutes
with the projections.

Also, i∗ is a monomorphism, for if

i∗(y, z) = (idf−1(U) ×U g)̃)) (y) = (idf−1(U ′) ×U ′ g′)̃)) (y) = i∗(y, z′),

then there is an open V ⊆ U ∩U ′ such that f(y) ∈ V and (see also (3.5.11))

R
f−1(U)
f−1(V )

(
idf−1(U) ×U g

)
=
(
idf−1(U) ×U g

) ∣∣∣∣
f−1(V )×V (L|V )

=

R
f−1(U ′)
f−1(V )

(
idf−1(U ′) ×U ′ g′

)
=
(
idf−1(U ′) ×U ′ g′

) ∣∣∣∣
f−1(V )×V (L|V )

.
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The previous equalities, combined with (3.5.8) and (3.5.10), imply that

idf−1(V ) ×V (g|V ) = idf−1(V ) ×V (g′|V ),

from which it follows that

g|LV
=: g|V = g′|V := g′|LV

∈ Aut(L|V ).

Consequently, z = [g]f(y) = [g′]f(y) = z′, as required.
Finally, we show that i∗ is a morphism of sheaves of groups. To this end

let us first look at the product z · z′ ∈ Aut(L)f(y) of two elements

z = [g]f(y) = g̃(f(y)) and z′ = [g′]f(y) = g̃′(f(y)),

where g ∈ Aut(L|U ), g′ ∈ Aut(L|U ′), and U, U ′ ∈ TX with f(y) ∈ U ∩ U ′.
By the definition of an operation in a sheaf with an algebraic structure (see
the concluding part of Subsection 1.2.2), in conjunction with (3.5.10), we
obtain over V = U ∩ U ′:

(3.5.12)
z · z′ = [g]f(y) · [g′]f(y) = rV,f(y)

(
rU
V (g) ◦ rU ′

V (g′)
)

=

rV,f(y)(g|V ◦ g′|V ) = (g|V ◦ g′|V )̃)) (f(y)) = [g|V ◦ g′|V ]f(y).

Hence, we immediately check that (3.5.9) and (3.5.12) give

i∗
(
(y, z), (y, z′)

)
= i∗(y, z · z′)
=
(
idf−1(V ) ×V (g|V ◦ g′|V )

)̃
(y)(3.5.13)

=
(
(idf−1(V ) ×V (g|V )) ◦ (idf−1(V ) ×V (g′|V ))

)̃
(y).

Using similar arguments for the product structure of Aut(f∗(L))y, we
transform (3.5.13) into

i∗
(
(y, z), (y, z′)

)
=
(
(idf−1(V ) ×V g|V ) ◦ (idf−1(V ) ×V g′|V )

)̃
(y)

= Rf−1(V ),y

(
R

f−1(U)
f−1(V )

(idf−1(U) ×U g) ◦

◦ R
f−1(U ′)
f−1(V )

(idf−1(U ′) ×U ′ g′)
)

= Rf−1(U),y(idf−1(U) ×U g) · Rf−1(U ′),y(idf−1(U ′) ×U ′ g′)

=
(
idf−1(U) ×U g

)̃
(y) ·
(
idf−1(U ′) ×U ′ g′

)̃
(y)

= i∗(y, z) · i∗(y, z′);

that is, i∗ is a morphism of sheaves of groups.
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From the initial representation ρ : G → Aut(L) we now obtain the
representation

(3.5.14) ρ∗ := i∗ ◦ f∗(ρ),

shown also in the next diagram.

f∗(G)
f∗(ρ) �� f∗(Aut(L))

Aut(f∗(L))

�
i∗ρ∗

�

Diagram 3.6

Hence, for every (y, z) ∈ f∗(G) = Y ×X G, equality (1.4.5) implies that

(3.5.15) ρ∗(y, z) = i∗(f∗(ρ)(y, z)) = i∗(y, ρ(z)).

Omitting i∗ in the last expression, we equivalently write

(3.5.15′) ρ∗(x, z) ≡ (x, ρ(z)),

which, like (3.5.7′), is quite convenient in practice.

In Section 3.3 we have seen that ρ : G → Aut(L) induces an action
∆ : G ×X Ω(L) → Ω(L). Similarly, ρ∗ : f∗(G) → Aut(f∗(L)) induces an
action

∆∗ : f∗(G) ×Y f∗(Ω) (f∗(L)) −→ f∗(Ω) (f∗(L)) ,

where, as in (3.3.4), f∗(Ω) (f∗(L)) := f∗(Ω) ⊗f∗(A) f∗(L).

Using the isomorphism τ of Lemma 3.5.1, we obtain the last auxiliary
result, needed in the proof of the main theorem of this section.

3.5.3 Lemma. With the previous notations, equality

∆∗((y, a), τ (y, w)
)

= τ
(
y, ∆(a, ω)

)
holds true, for every (y, a) ∈ f∗(G)y and (y, w) ∈ f∗(Ω(L))y.
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The statement is depicted in the following diagram, where the map ψ is
given by ψ((y, a), (y, w)) := (y, (a, w)) and idf∗(G)×Y τ actually denotes the
restriction of idf∗(G) × τ to the indicated fiber product.

f∗(G) ×Y f∗(Ω(L))
idf∗(G) ×Y τ

�� f∗(G) ×Y f∗(Ω) (f∗(L))

f∗(G ×X Ω(L))

ψ

�

f∗(Ω(L))

f∗(∆)

� τ �� f∗(Ω) (f∗(L))

∆∗

�

Diagram 3.7

Proof. Since (y, a) ∈ f∗(G)y = {y} × Gf(y), there exists a g ∈ G(U) such
that a = g(f(y)), for some U ∈ TX with f(y) ∈ U . Similarly, for (y, ω) ∈
f∗(Ω)y = {y} × Ωf(y), there exists a σ ∈ Ω(U) ⊗A(U) L(U) such that w =
σ̃(f(y)) = [σ]f(y), with the same U as before. Because ρ(g) ∈ Aut(L)(U) ∼=
Aut(L|U ), we obtain the corresponding induced automorphism of sections
(in a slightly simplified form of (3.3.2)) ρ(g)U : L(U) �−−→ L�−− (U). Therefore,
by (3.3.7) and (3.3.7′),

∆(a, w) = ρ(a).w =
(
(1 ⊗ ρ(g)U )(σ)

)̃
(f(y)),

where 1 = 1Ω(U). As a consequence, also taking into account (3.5.2) with
the appropriate modifications,

(3.5.16)

τ
(
y, ∆(a, w)

)
= τ
(
y,
(
(1 ⊗ ρ(g)U )(σ)

)̃
(f(y))

)
=
(
(f∗

Ωff ,U ⊗ f∗
Lf ,U )
(
(1 ⊗ ρ(g)U )(σ)

))̃
(y)

=
((

f∗
Ωff ,U ⊗ (f∗

Lf ,U ◦ ρ(g)U )
)
(σ)
)̃

(y).

On the other hand, since f∗
Gff ,U (g) ∈ f∗(G)(f−1(U)), the automorphism

(3.5.17) ρ∗(f∗
Gff ,U (g)) ∈ Aut(f∗(L))(f−1(U)) ∼= Aut

(
f∗(L)|f−1(U)

)
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induces the automorphism of sections

ρ∗(f∗
Gff ,U (g))

f−1(U)
: f∗(L)(f−1(U)) �−−−−→ f∗(L)(f−1(U)).

Hence, working as in (3.5.16), we obtain

∆∗((y, a), τ (y, w)
)

= ∆∗((y, g(f(x))), τ (y, σ̃(f(y)))
)

= ∆∗(f∗
Gff ,U (g)(y),

(
(f∗

Ωff ,U ⊗ f∗
Lf ,U )(σ)

)̃
(y)
)

=
((

1 ⊗ ρ∗(f∗
Gff ,U (g))

f−1(U)

)(
(f∗

Ωff ,U ⊗ f∗
Lf ,U )(σ)

))̃))
(y)(3.5.18)

=
((

f∗
Ωff ,U ⊗

(
ρ∗(f∗

Gff ,U (g))
f−1(U)

◦ f∗
Lf ,U

))
(σ)
)̃))

(y),

where 1 = 1f∗(Ω)(f−1(U)).

Comparing (3.5.16) and (3.5.18) we see that, in order to complete the
proof, it suffices to show the following equality

(3.5.19) ρ∗(f∗
Gff ,U (g))

f−1(U)
◦ f∗

Lf ,U = f∗
Lf ,U ◦ ρ(g)U ,

after the identifications Aut(L)(U) ∼= Aut(L|U ) and Aut(f∗(L))(f−1(U)) ∼=
Aut(f∗(L)|f−1(U)). We first work out the right-hand side of (3.5.19). Since,
for any � ∈ L(U),

(f∗
Lf ,U ◦ ρ(g)U )(�) ∈ f∗(L)(f−1(U)),

it follows from (1.4.3) that, for every y ∈ f−1(U),

(3.5.20)

(
(f∗

Lf ,U ◦ ρ(g)U )(�)
)
(y) =

(
f∗
Lf ,U

(
ρ(g)U (�)

))
(y)

=
(
y,
(
ρ(g)U (�)

)
(f(y))

)
=
(
y, ρ(g)

(
�(f(y))

))
,

where ρ(g) ∈ Aut(L|U ). Analogously, in virtue of (3.5.17) and for every
� ∈ L(U) and y ∈ f−1(U), the left-hand side of (3.5.19) yields((

ρ∗(f∗
Gff ,U (g))

f−1(U)
◦ f∗

Lf ,U

)
(�)
)
(y) =

((
ρ∗(f∗

Gff ,U (g))
f−1(U)

(
f∗
Lf ,U (�)

))
(y)

= ρ∗(f∗
Gff ,U (g))

(
f∗
Lf ,U (�))(y)

)
= ρ∗(f∗

Gff ,U (g))
(
y, �(f(y))

)
;

that is,

(3.5.21)
((

ρ∗(f∗
Gff ,U (g))

f−1(U)
◦ f∗

Lf ,U

)
(�)
)
(y) = ρ∗(f∗

Gff ,U (g))
(
y, �(f(y))

)
.
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However, thinking of ρ∗(f∗
Gff ,U (g)) ≡ ρ∗f−1(U)(f∗

Gff ,U (g)) as a section belong-
ing to Aut(f∗(L))(f−1(U)) and taking into account (3.5.15) and (3.5.9), we
check that, for every q ∈ f−1(U),

ρ∗
(
f∗
Gff ,U (g)

)
(q) = ρ∗

(
f∗
Gff ,U (g)(q)

)
= ρ∗
(
q, g(f(y))

)
=

i∗
(
q, ρ
(
g(f(q))

))
= i∗
(
q, ρ(g)(f(q))

)
=
(
idf−1(U) ×U ρ(g)

)̃
(q).

Therefore, the identification Aut(f∗(L))(f−1(U)) ∼= Aut(f∗(L)|f−1(U)) and
the last equality imply that the section ρ∗(f∗

Gff ,U (g)), now interpreted as an
element of Aut(f∗(L)|f−1(U)), has the form

(3.5.22) ρ∗(f∗
Gff ,U (g)) = idf−1(U) ×U ρ(g).

As a consequence of (3.5.22), equality (3.5.21) is transformed into((
ρ∗(f∗

Gff ,U (g))
f−1(U)

◦ f∗
Lf ,U

)
(�)
)
(y) = ρ∗

(
f∗
Gff ,U (g)

)(
y, �(f(y))

)
=
(
idf−1(U) ×U ρ(g)

)(
y, �(f(y))

)
=
(
y, ρ(g)(�(f(y)))

)
.

In other words, for every � ∈ L(U) and y ∈ f−1(U),((
ρ∗(f∗

Gff ,U (g))
f−1(U)

◦ f∗
Lf ,U

)
(�)
)
(y) =

(
y, ρ(g)(�(f(y)))

)
.

Comparing the preceding equality with (3.5.20), we obtain (3.5.19) which
completes the proof.

The previous lemmata now make straightforward the proof of the main
result of this section, namely:

3.5.4 Theorem. The quadruple f∗(G) ≡
(
f∗(G), ρ∗, f∗(L), ∂∗), with ρ∗ and

∂∗ defined by (3.5.14) and (3.5.6), respectively, is a Lie sheaf of groups.

Proof. The only remaining matter to be proven is that ∂∗ is a Maurer-
Cartan differential; that is, condition (3.3.8) is satisfied. Indeed, for every
(y, a), (y, b) ∈ {y} × Gf(y) = f∗(G)y, we have that

∂∗((y, a) · (y, b)
)

= ∂∗((y, a · b)
)

= τ (y, ∂(a · b))(by (3.5.7))
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= τ
(
y, ρ(b−1).∂(a) + ∂(b)

)
= τ
(
(y, ρ(b−1).∂(a)

)
+ τ
(
y, ∂(b)

)
(by Lemma 3.5.1)

= τ
(
y, ∆(b−1, ∂(a))

)
+ ∂∗(y, b)(by (3.3.7), (3.5.7))

= ∆∗((y, b−1), τ (y, ∂(b)
)

+ ∂∗(y, b)(by Lemma 3.5.3)

= ρ∗(y, b−1).∂∗(y, a) + ∂∗(y, b)(by the analog of (3.3.7) for ρ∗)

= ρ∗((y, b)−1).∂∗(y, a) + ∂∗(y, b),

which completes the proof.

The Lie sheaf of groups f∗(G) ≡
(
f∗(G), ρ∗, f∗(L), ∂∗) is called the pull-

back Lie sheaf of groups of G ≡ (G, ρ,L, ∂).

We close the present chapter with a result supplementing the previous
theorem and motivating a generalization of the notion of the morphism of
Lie sheaves of groups.

With the notations of the previous discussion, we define the morphism

f∗
Gff : f∗(G) → G with f∗

Gff := pr2|f∗(G),

where pr2 : Y × G → G is the projection to the second factor. Then we
obtain the following commutative diagram

f∗(G)
f∗
Gff �� G

Y

π∗
G

� f �� X

πG

�

Diagram 3.8

where the vertical maps are the projections of the corresponding sheaves.
The same diagram means that f∗

Gff is an f-morphism, i.e., f∗
Gff covers (or

projects to) f . Similarly, we define the f -morphisms f∗
Lf : f∗(L) → L and

f∗
Ωff : f∗(Ω) → Ω. Thus we prove:

3.5.5 Corollary. The pair (f∗
Gff , f∗

Lf ) is an f-morphism of Lie sheaves of
groups between f∗(G) ≡ (f∗(G), ρ∗, f∗(L), ∂∗) and G ≡ (G, ρ,L, ∂); that
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is, analogously to Definition 3.4.1, we obtain the commutative diagrams

f∗(G) ×Y f∗(L)
f∗
Gff × f∗

Lf �� G ×X L

f∗(L)

δ∗

� f∗
Lf �� L

δ

�

Diagram 3.9

and

f∗(G)
f∗
Gff �� G

f∗(Ω) ⊗f∗(A) f∗(L)

∂∗

� f∗
Ωff ⊗ f∗

Lf �� Ω ⊗A L

∂

�

Diagram 3.10

In Diagram 3.9, the action δ∗ is given by

δ∗
(
(y, a), (y, �)

)
:=
(
y, δ(a, �)

)
; (y, a) ∈ f∗(G)y, (y, �) ∈ f∗(L)y,

while the top morphism on the same diagram is appropriately restricted to
the fiber product of the domain.

Proof. The commutativity of Diagram 3.9 is an immediate consequence of
the definition of the morphisms involved.

On the other hand, for any

(y, z) ∈ f∗(Ω ⊗A L)f(y)
∼= {y} ×

(
Ωf(y) ⊗Af(y)

Lf(y)

)
,

the analogs of (3.5.5) and (1.4.4), applied to the present data, imply that

(f∗
Ωff ⊗ f∗

Lf ) (τ (y, z)) =
(
(f∗

Ωff ⊗ f∗
Lf ) ◦ (f∗

Ωff ,y ⊗ f∗
Lf ,y)
)
(z)

=
(
(f∗

Ωff ◦ f∗
Ωff ,y) ⊗ (f∗

Lf ◦ f∗
Lf ,y)
)
(z)(3.5.23)

=
(
idΩf(y)

⊗ idLf(y)

)
(z) = z.
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Hence, for every (y, a) ∈ f∗(G), equalities (3.5.7) and (3.5.23) yield(
(f∗

Ωff ⊗ f∗
Lf ) ◦ ∂∗)(y, a) = (f∗

Ωff ⊗ f∗
Lf ) (τ (y, ∂(a))) = ∂(a) = (∂ ◦ f∗

Gff )(y, a),

by which we verify the commutativity of Diagram 3.10 and complete the
proof.

Note. Given the Lie sheaf of groups G ≡ (G, ρ,L, ∂), over the topological
space X, and a continuous map f : X → Y , one can form the push-out
quadruple

(
f∗ff (G), f∗ff (ρ), f∗ff (L), f∗ff (∂)

)
, where f∗ff (G) is a sheaf of groups, f∗ff (L)

is an f∗ff (A)-module of Lie algebras, and f∗ff (ρ) : f∗ff (G) → f∗ff (Aut(L)), f∗ff (∂) :
f∗ff (G) → f∗ff (Ω ⊗A L) are appropriate morphisms.

In analogy to the case of the pull-back, we would like to have a quad-
ruple of the form (f∗ff (G), ρ∗, f∗ff (L), ∂∗), where ρ∗ : f∗ff (G) → Aut(f∗ff (L)) and
∂∗ : f∗ff (G) → f∗ff (Ω)⊗f∗(A) f∗ff (L). However, in general, we cannot find a reas-
onable way to go from f∗ff (Ω ⊗A L) to f∗ff (Ω) ⊗f∗(A) f∗ff (L), which, combined
with f∗ff (∂), would give a differential ∂∗. The same remark applies to ρ∗.
Of course, we go from f∗ff (Ω) ⊗f∗(A) f∗ff (L) to f∗ff (Ω ⊗A L), but this is not of
interest in our case.

Therefore, the push-out functor applied to a Lie sheaf of groups does
not, in general, lead to a Lie sheaf of groups.





Chapter 4

Principal sheaves

When one tries to state in a general algebraic formal-
ism the various notions of fiber space: general fiber space
(without structure group, and maybe not even locally
trivial); or fiber bundles with topological structure group
as expounded in the book of Steenrod (The Topology of
Fiber Bundles, Princeton University Press); or the “dif-
ferentiable” and “analytic” (real or complex) variants of
these notions; or the notions of algebraic fiber spaces
(over an abstract field k) – one is led in a natural way to
the notion of fiber space with a structure sheaf G.

A. Grothendieck [36, p. 1]

P rincipal sheaves, one of the fundamental concepts of this work, were
originally defined by A. Grothendieck (see [36]). They represent the

abstract analog of principal bundles and provide the natural space in which
abstract connections live (cf. Chapter 6). For this reason, principal sheaves

131
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are defined here in a slightly different way from Grothendieck’s original one;
namely, they are fiber spaces whose structure sheaf and structure type is a
Lie sheaf of groups (instead of a simple sheaf of groups).

Principal sheaves also constitute the non commutative, so to speak, coun-
terpart of vector sheaves. As a matter of fact, vector sheaves and their geo-
metry can be reduced to that of principal sheaves by means of the principal
sheaf of frames (cf. Chapter 5). The main part of this chapter is devoted to
the study of morphisms and isomorphisms of principal sheaves, as well as to
their cohomological classification.

4.1. Basic definitions and properties

Let G ≡ (G, ρ,L, ∂) be a Lie sheaf of groups over X, as in Definition 3.3.3.
We denote by πG : G → X the projection of G on X.

4.1.1 Definition. A principal sheaf with structure sheaf G, denoted
by P ≡ (P,G, X, π), is a sheaf of sets (P, π, X) such that:

i) There exists an action δ : P ×X G → P of G on (the right of) P.
ii) For every x ∈ X, there exists an open neighborhood U of x in X and

an isomorphism of sheaves of sets

(4.1.1) φU : P|U
�−−→ G|�

U ,

satisfying

(4.1.2) φU (p · g) = φU (p) · g, (p, g) ∈ P|U ×U G|U .

For the sake of brevity, a principal sheaf, as above, is called a G-principal
sheaf.ff

The (center) dots in (4.1.2) denote the action of G on the right of P and
G, respectively. The same equality means that each φU is a G|U -equivariant
(iso)morphism or it has the equivariance property , with respect to the
said actions. Clearly, φ−1

U is also G|U -equivariant, i.e.,

(4.1.2′) φ−1
U (g · g′) = φ−1

U (g) · g′, (g, g′) ∈ G|U ×U G|U .

Condition ii) of the previous definition is equivalent to the existence of an
open covering U = {UαUU ⊆ X |α ∈ I} of X and a family of G|UαUU -equivariant
isomorphisms, called coordinate mappings or, simply, coordinates,

(4.1.3) φα : P|UαUU
�−−→ G|�

UαUU ; α ∈ I,
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also satisfying the equivariance property

(4.1.4) φα(p · g) = φα(p) · g, (p, g) ∈ P|UαUU ×UαUU G|UαUU .

The section-wise variant of (4.1.4), written (according to convention (1.1.3))
in the form φα(s · g) = φα(s) · g, for every (s, g) ∈ P(UαUU ) × G(UαUU ), shows
that the induced morphism φα ≡ (φα)UαUU is G(UαUU )-equivariant.

An open covering U = (UαUU ), over which a family of coordinates (φα) is
defined, will be called a local frame or a coordinatizing covering . We
shall mainly use the first term because of its simplicity. If we want to specify
both the covering and the associated coordinates, we refer to the local frame
U ≡ (U , (φα)) or U ≡ ((UαUU ), (φα)) of P. The open sets UαUU of U are called
local gauges.

The covering U is called a local frame because it determines a family of
sections which, in certain cases, are related with ordinary frames (viz. local
bases) of vector bundles or vector sheaves.

Quite often it will be convenient to assume that the local frame U is
a basis for the topology of X. This can always be done by replacing the
original U with its refinement consisting of all the intersections of the open
sets of U with the open sets of the topology TX of X. The restrictions of
the coordinate isomorphisms (4.1.1) to the latter have the same properties
as before. Furthermore, as in Mallios [62, Vol. 1, pp. 126–127] (see also the
note on page 38), we note that

(4.1.5)
the set of all local frames of P is a cofinal subset of the set of
all proper open coverings of its base space X.

Since, by definition, P is locally isomorphic to G, we say that P is of
structure type G.

Some elementary, but useful, properties are given in the sequel.

4.1.2 Proposition. G acts freely on P and freely transitively on its stalks.

Proof. Assume there exists a (p, g) ∈ P ×X G such that p · g = p. Since
π(p) = πG(g) =: x ∈ UαUU , for some UαUU ∈ U , (4.1.4) yields

φα(p) = φα(p · g) = φα(p) · g,

from which we get g = ex (: the neutral/unit element of the stalk Gx), thus
proving that the action is free.

On the other hand, if p, q ∈ PxP are any elements of the stalk at x, with
x ∈ UαUU , then there is a g ∈ Gx such that φα(q) = φα(p) · g = φα(p · g), thus
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q = p · g, which proves the transitivity. The above g is uniquely determined
by the first property of the action.

4.1.3 Corollary. Over each x ∈ X, the respective stalk has the form

PxP = p · Gx :=
{
p · g | g ∈ Gx

}
,

for any p ∈ PxP .

4.1.4 Proposition. The map k : P ×X P → G, defined by

(4.1.6) q = p · k(p, q),

is a morphism of sheaves satisfying the following equalities:

k(p · g, q) = g−1 · k(p, q),
k(p, q · g) = k(p, q) · g,

k(q, p) = k(p, q)−1,

for every p, q ∈ PxP , g ∈ Gx, and every x ∈ X.

Proof. The map k is clearly well defined by Proposition 4.1.2. Furthermore,
for any UαUU ∈ U ,

(P ×X P)|UαUU = π−1(UαUU ) ×UαUU π−1(UαUU )

is an open subset of P ×X P. Since, for every p, q ∈ (P ×X P)|UαUU ,

φα(q) = φα(p · k(p, q)) = φα(p) · k(p, q),

we see that k(p, q) = φα(p)−1 · φα(q). Hence,

k(p, q) = γ ◦
(
(α ◦ φα ◦ pr1) × (φα ◦ pr2)

)∣∣∣∣
π−1(UαUU )×Uαπ−1(UαUU )

,

where γ is the multiplication and α the inversion of G (cf. Subsection 1.1.2),
while pri : π−1(UαUU )×π−1(UαUU ) → π−1(UαUU ) is the projection to the i-th factor
(i = 1, 2). This proves the continuity of k on the subsheaf over UαUU . The
same arguments hold for every α ∈ I, thus k is a continuous morphism.

The equalities of the statement are a direct consequence of (4.1.6).
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4.1.5 Remarks. 1) Propositions 4.1.2 and 4.1.4 show that principal sheaves
in the sense of Definition 4.1.1 satisfy the conditions of Grothendieck’s ori-
ginal definition (see [36, Definition 3.4.2, p. 32]). However, as already ex-
plained in the introduction of this chapter, principal sheaves that locally
look like G are better suited for the geometric study we have in mind.

2) In the present chapter, the assumption that the structure group G is
a Lie sheaf of groups is not necessary. As in [36], what is essentially needed
here is that G is only a sheaf of groups. However, the former assumption
will be crucial for the theory of connections and related topics, developed
from Chapter 6 onwards. Thus, to maintain a certain homogeneity in the
exposition, we adhere to Definition 4.1.1 and indicate –when necessary–
those cases in which the group structure alone is sufficient.

A local frame U ≡ (U , (φα)) of P determines a particular family of
sections. More precisely, we give the following:

4.1.6 Definition. The natural (local) sections of P, with respect to U ,
are the sections given by

(4.1.7) sα := φ−1
α ◦ 1|UαUU ∈ P(UαUU ), α ∈ I.

Equivalently, the natural sections are defined by

sα = φ−1
α (1|UαUU ),(4.1.7′)

with φα now denoting the induced morphism of sections.

By the previous definition, a coordinate map gives rise to a natural
section. The converse is also true, namely we have:

4.1.7 Proposition. Let s ∈ P(U) be a section of P over the open U ⊆ X.
Then there exists a G|U -equivariant isomorphism φU : P|U → G|U (coordin-
ate), whose corresponding natural section is precisely s.

Proof. We define the map

ψU : G|U −→ P|U : g �→ s(πG(g)) · g.

It is a continuous morphism (by the continuity of the action δ), admitting
also an inverse φU , given by

φU (p) = k
(
s(π(p)), p

)
; p ∈ P|U ,
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and whose continuity is guaranteed by Proposition 4.1.4. If sU denotes the
natural section of P induced by φU , then (4.1.7) yields

sU (x) = φ−1
U (1(x)) = ψU (1(x)) = ψU (ex) = s(x); x ∈ U,

which concludes the proof.

4.1.8 Corollary. There is a bijection between local frames of P and families
of local sections, whose domains cover X. In particular, if P admits a global
section, then P is G-equivariantly isomorphic with G.

We single out some typical examples.

4.1.9 Examples.
(a) Principal sheaves from principal bundles

Let (P, G, X, πP ) be a smooth principal bundle and let P ≡ (P, X, π) be
the sheaf of germs of its smooth sections, i.e.,

P := S
(
U �−→�� Γ(U, P )

)
,

if Γ(U, P ) is the set of smooth sections of P over U . Thus, P(U) ∼= Γ(U, P ).
We also consider the Lie sheaf of groups G = C∞

X (G), obtained from the
Lie group G, as in Example 3.3.6(a). Then G acts on P (from the right) by
means of the local actions

Γ(U, P ) × C∞(U, G) −→ Γ(U, P ) : (s, g) �−→�� s · g,

for every U ∈ TX .
By definition, the local structure of P is described by a family of

G-equivariant isomorphisms (trivializations) Φα : P |UαUU
�−−→ UαUU × G, over

an open covering, say U = {UαUU ⊆ X |α ∈ I}. Thus, for every open V ⊆ UαUU ,
we can define the bijection

φα,V : Γ(V, P ) −→ C∞(V, G) : σ �→ pr2 ◦ Φα ◦ σ,(4.1.8)

whose inverse is

φ−1
α,V : C∞(V, G) −→ Γ(V, P ) : g �→ Φ−1

α ◦ (idV , g).(4.1.8′)

Both maps are C∞(V, G)-equivariant (iso)morphisms, as a result of the
equivariance of Φα and Φ−1

α . Varying V in UαUU , we see that the (presheaf) iso-
morphism {φα,V |V ⊆ UαUU open} generates a G|UαUU -equivariant isomorphism
φα : P|UαUU → G|UαUU , with inverse

φ−1
α = S

(
(φ−1

α,V )V ⊆UαUU

)
.

Hence, we conclude that:
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The sheaf (P,G, X, π) of germs of smooth sections of a principal
bundle (P, G, X, πP ) is a G-principal sheaf, where G is the sheaf C∞

X

of germs of smooth G-valued maps on X.

Of course, there is a topological analog of the previous result, but in
this case the structure sheaf C0

X(G) (: sheaf of germs of continuous G-valued
maps on X) is not a Lie sheaf of groups.

For future use, let us connect the natural sections (σα) of P with the
natural sections (sα) of P, over U . By definition, Φα(σα(x)) = (x, e), for
every x ∈ UαUU . On the other hand, if σ̃α ∈ P(UαUU ) is the section associated
to σα by the identification Γ(UαUU , P ) ∼= P(UαUU ), then (see also (1.2.10) and
(1.2.13))

φα(σ̃α(x)) = φα([σα]x) = [φα,UαUU (σ)]x = [ce]x,

where ce : UαUU → G is the (constant) map with ce(x) = e, for all x ∈ UαUU .
However, ce ∈ C∞(UαUU , G) corresponds bijectively to 1|UαUU ∈ G(UαUU ) via the
identification C∞(UαUU , G) ∼= G(UαUU ); that is, 1|UαUU = c̃e. Hence,

φα(σ̃α(x)) = [ce]x = c̃e(x) = 1(x) = φα(sα(x)),

for every x ∈ UαUU , from which we obtain the bijection

(4.1.9) Γ(UαUU , P ) � σα
��−→�� σ̃α = sα ∈ P(UαUU ), α ∈ I.

(b) Principal sheaves from projective systems of principal bundles

Let (PiPP , Gi, X, πi)i∈J be a projective system of smooth principal bundles.
The previous term means that we are given two projective systems {PiPP , pij}
and {Gi, ρij} such that each triplet (pij , ρij , idX) is a principal bundle morph-
ism of (PjPP , Gj , X, πjπ ) into (PiPP , Gi, X, πi), if j ≥ i.

Then, arguing as in Examples 3.3.6(c) and 4.1.9(a), we define the sheaf
P = lim←−PiPP , where (PiPP ,Gi, X, πi) are the principal sheaves with

PiPP := S
(
U �−→�� Γ(U, PiPP )

)
.

The Lie sheaf of groups G = lim←−Gi acts naturally on the right of P by
applying the sheafification process to the local actions

Γ(U, PiPP ) × C∞(U, Gi) −→ Γ(U, PiPP ),

induced by the actions PiPP × Gi → PiPP , and then by taking projective limits.
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If we consider projective systems of principal bundles whose trivializa-
tions are defined over the same open covering (UαUU ) of X, then PiPP |UαUU

∼= Gi|UαUU

and P|UαUU
∼= G|UαUU ; that is, P is a G-principal sheaf.

In the same way one defines the projective limit of a projective system
of principal sheaves.

Coverings of the aforementioned type can be constructed under suitable
assumptions. For certain analogous situations we refer to Galanis [30, 31,
32]. In [31] it is also shown that, under certain conditions, the (projective)
limit of a projective system of smooth principal bundles (over a Banach
space) has the structure of a Fréchet principal bundle.´

(c) The pull-back of a principal sheaf

Let P ≡ (P,G, X, π) be a principal sheaf over X and let f : Y → X be
a continuous map. We consider the pull-backs f∗(P) and f∗(G) of P and G,
respectively, and the morphism

π∗ : f∗(P) = Y ×X P −→ P,

obtained by restricting the first projection pr1 : Y × P → Y to f∗(P). We
have already seen in Section 3.5 that f∗(G) is a Lie sheaf of groups. We
claim that the quadruple

f∗(P) ≡ (f∗(P), f∗(G), Y, π∗)

is a principal sheaf, called the pull-back principal sheaf of P.
First we define an action

δ∗ : f∗(P) ×Y f∗(G) −→ f∗(G)

by setting
δ∗
(
(y, p), (y, g)

)
:= (y, δ(p, g)) = (y, p · g),

if δ is the action of G on P. Formally, if h denotes the obvious isomorphism

f∗(P) ×Y f∗(G) �−−→ f∗(P ×X G).

we have that δ∗ = f∗(δ) ◦ h (see (1.4.5)).
Given a local frame U ≡ ((UαUU ), (φα)) of P, we form the open covering

V :=
{
VαVV := f−1(UαUU ) ⊆ Y |UαUU ∈ U

}
.
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of Y . We immediately check that

f∗(P)|VαVV = VαVV ×UαUU P|UαUU = f∗(P|UαUU ),

f∗(G)|VαVV = VαVV ×UαUU G|UαUU = f∗(G|UαUU ).

Hence, the induced (iso)morphisms

φ∗
α := f∗(φα) : f∗(P)|VαVV = f∗(P|UαUU ) �−−→ f∗(G|UαUU ) = f∗(G)|VαVV ,

given by φ∗
α(y, p) = (y, φα(p)), yield

φ∗
α ((y, p) · (y, g)) = φ∗

α (y, p · g) = (y, φα(p · g)) =

(y, φα(p) · g) = (y, φα(p)) · (y, g) = φ∗
α(y, p) · (y, g),

for every (y, p) ∈ f∗(P)y and (y, g) ∈ f∗(G)y. This shows that (φ∗
α) are

(equivariant) coordinates with respect to V, thus f∗(P) is a principal sheaf.
Let us find the natural sections of f∗(P), over V, needed in Section 6.5.

First observe that the unit section 1∗ : Y → f∗(G) of f∗(G) is given by (see
also (1.4.2))

(4.1.10) 1∗ = f∗
Xf (1),

since, for every y ∈ Y ,

1∗(y) :=
(
y, ef(y)

)
=
(
y,1(f(y))

)
= f∗

Xf (1)(y).

Hence, if we denote by (s∗α) ∈ f∗(P)(VαVV ), α ∈ I, the natural sections of
f∗(P) with respect to V, equality (4.1.10) implies that

s∗α(y) =
(
f∗(φα)−1(1∗)

)
(y) =

(
f∗(φ−1

α )(1∗)
)
(y)

=
(
y, (φ−1

α ◦ 1)(f(y))
) (

y, sα(f(y))
)

= f∗
Uff

αUU (sα)(y),

from which it follows that

(4.1.11) s∗α = f∗
Uff

αUU (sα), α ∈ I.

4.1.10 Remark. Another important, abstract, example is the principal
sheaf of frames of a vector sheaf. Its detailed study will be deferred to
Section 5.2, after laying the necessary groundwork concerning vector sheaves.
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4.2. Morphisms of principal sheaves

Taking into account the notations induced in the beginning of Section 3.4,
we consider two principal sheaves P ≡ (P,G, X, πP) and Q ≡ (Q,H, X, πQ),
with structure groups G ≡ (G,LG , ρG , ∂G∂∂ ) and H ≡ (H,LH, ρH, ∂H∂∂ ), respect-
ively.

4.2.1 Definition. A morphism of principal sheaves from P to Q is de-
termined by a quadruple (f, φ, φ, idX), where (f, idX) is an ordinary morph-
ism (of sheaves of sets) of (P, πP , X) into (Q, πQ, X), and (φ, φ) a morphism
of Lie sheaves of groups (as in Definition 3.4.1), so that the equivariance
property

(4.2.1) f(p · g) = f(p) · φ(g)

be satisfied, for every (p, g) ∈ P ×X G.

4.2.2 Remarks. 1) If, according to Remark 4.1.5(2), we consider structure
groups G as only sheaves of groups, then a morphism of principal sheaves is
simply a triplet (f, φ, idX) satisfying (4.2.1).

2) Under a slight modification of Definition 4.2.1, one can define morph-
isms between principal sheaves over different bases. An example of this
situation is provided by the principal sheaves f∗(P) and P, linked together
by the morphism (

f∗
Pff , f∗

Gff , f∗
Lf , f
)
,

where, in general, we set

(4.2.2) f∗
Sff := pr2|f∗(S) : f∗(S) = Y ×X S −→ P,

for every sheaf S over X. With the notations of Example 4.1.9(c) and the
terminology induced after Diagram 3.8, f∗

Pff is an f -morphism i.e.,

π ◦ f∗
Pff = f ◦ π∗,

while, for every ((y, p), (y, g)) ∈ f∗(P) ×Y f∗(G),

f∗
Pff
(
(y, p) · (y, g)

)
= f∗

Pff (y, p) · f∗
Gff (y, g).

By Corollary 3.5.5, the last equality means that f∗
Pff is equivariant with re-

spect to the action of f∗(G) on f∗(P) and that of G on P.
Another example of morphisms of principal sheaves over different bases

is given in Proposition 4.2.5 below. However, we do not pursue this matter
any further, since it will rarely occur in this work.
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We introduce the following convenient terminology.

4.2.3 Definition. A morphism (f, φ, φ, idX), as in Definition 4.2.1, is said to
be an isomorphism if f and (φ, φ) are isomorphisms of the corresponding
structures. In particular, if G = H, LG = LH = L and (φ, φ) = (idG , idL),
then a morphism (f, idG , idL, idX) of (P,G, X, πP) into (Q,G, X, πQ) is called
a G-morphism and will be simply denoted by f , if there is no danger of
confusion.

It is immediate that, for an isomorphism as above, (f−1, φ−1, φ
−1

, idX)
is also a morphism of principal sheaves, so we get an isomorphism within
the category of principal sheaves.

4.2.4 Theorem. With the notations of Definition 4.2.3, every G-morphism
f : (P,G, X, πP) → (Q,G, X, πQ) is an isomorphism.

Proof. In virtue of the conclusion of Subsection 1.1.1, it suffices to show
that the restrictions fxff : PxP → Qx are bijections, for all x ∈ X.

For the injectivity of an arbitrary fxff assume that f(p) = f(p′), for some
p, p′ ∈ PxP . Since, by Proposition 4.1.2, there is a (unique) g ∈ Gx such that
p′ = p · g, the G-equivariance of f implies that

f(p) = f(p′) = f(p · g) = f(p) · g;

hence, g = ex, which yields the desired injectivity.
To show the ontoness, we choose an arbitrary q ∈ Qx. If U is a local

frame of P, there exists some UαUU ∈ U with x ∈ UαUU . We consider the natural
section sα ∈ P(UαUU ) and the element

p := sα(x) · k′(f(sα(x)), q
)
∈ PxP ,

where k′ is the analog of k for the principal sheaf Q (see Proposition 4.1.4).
Then (4.2.1) implies that

f(p) = f
(
sα(x) · k′(f(sα(x)), q)

)
= f(sα(x)) · k′(f(sα(x)), q

)
= q,

which terminates the proof.

A byproduct of the preceding proof is the following useful equality

f−1(q) = sα(πQ(q)) · k′(f(sα(πQ(q))
)
, q
)
,
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for every q ∈ π−1
Q (UαUU ). Equivalently, for every UαUU ∈ U , we have that

f−1
∣∣∣∣
π−1
Q (UαUU )

= (sα ◦ πQ) ·
(
k′ ◦ (f ◦ sα ◦ πQ, id)

)∣∣∣∣
π−1
Q (UαUU )

.

We are now in a position to prove a fundamental property of the pull-back
of principal sheaves, based on the generalization of morphisms discussed
in Remark 4.2.2(2). Namely, with the notations of Example 4.1.9(c) and
(4.2.2), we state the following:

4.2.5 Proposition. Consider a principal sheaf P ≡ (P,G, X, π) and its
pull-back f∗(P) ≡ (f∗(P), f∗(G), Y, π∗) by a continuous map f : Y → X.
Then f∗(P) has the following universal property: Given any principal
sheaf Q ≡ (Q, f∗(G), Y, πQ) and any principal sheaf morphism (h, f∗

Gff , f∗
Lf , f)

of Q into P, there exists a unique f∗(G)-(iso)morphism h∗ of Q onto f∗(P)
such that

(4.2.3) f∗
Pff ◦ h∗ = h.

The statement is summarized in the following diagram whose three sub-
diagrams are commutative.

Q

f∗(P)
f∗
Pff

��

h∗

��

P

h

��

Y

π∗

� f ��

πQ

��

X

π

�

Diagram 4.1

Proof. We set
h∗(q) :=

(
πQ(q), h(q)

)
, q ∈ Q.

Obviously, h∗ is a continuous map such that π∗ ◦ h∗ = πQ, thus h∗ is a
morphism of sheaves.
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Equality (4.2.3) is an immediate consequence of the definition of h∗ and
(4.2.2). On the other hand, since h is equivariant with respect to the actions
of f∗(G) and G, we check that, for any q ∈ Qy and (y, g) ∈ f∗(G)y,

h∗ (q · (y, g)) =
(
πQ(q · (y, g)), h(q · (y, g))

)
=
(
y, h(q) · f∗

Gff (y, g)
)

= (y, h(q) · g) = (y, h(q)) · (y, g) = h∗(q) · (y, g).

Hence, by Theorem 4.2.4 (see also Definition 4.2.3), h∗ is a principal sheaf
isomorphism.

The uniqueness is proved as follows. Assume there exists another prin-
cipal sheaf morphism, say h∗, also satisfying

f∗
Pff ◦ h∗ = h.

Of course, h∗ is f∗(G)-equivariant with π∗ ◦ h∗ = πQ. Therefore,

h∗ = (pr1 ◦ h∗, pr2 ◦ h∗) = (π∗ ◦ h∗, f∗
Pff ◦ h∗) = (πQ, h) = h,

where the projections pri, (i = 1, 2), are restricted to f∗(P).

Note. Regarding the previous statement, the assumption that the morphism
between Q and P has the form (h, f∗

Gff , f∗
Lf , f) is essential. Indeed, if we take

a morphism of the form (h, φ, φ, f), where

φ : f∗(G) −→ G, φ : f∗(L) −→ L

are arbitrary morphisms (of Lie sheaves of groups and sheaves of Lie algeb-
ras, respectively) over f , then the f∗(G)-equivariance of h is not ensured.

4.3. The cocycle of a principal sheaf

Let P ≡ (P,G, X, π) be a principal sheaf with a local frame (U , (φα)). Due to
the G-equivariance of every φα and φ−1

α , the coordinate transformation
φα ◦ φ−1

β : G|UαβUU → G|UαβUU is fully determined by its value at the neutral
element of each stalk. More precisely, for every g ∈ Gx, with x ∈ UαβUU ,

(φα ◦ φ−1
β )(g) = (φα ◦ φ−1

β )(ex · g) = (φα ◦ φ−1
β )(ex) · g.

Setting

(4.3.1) gαβ(x) := (φα ◦ φ−1
β )(ex); x ∈ UαβUU ,
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we obtain a family of sections

gαβ ∈ G(UαβUU ); α, β ∈ I,

satisfying the equalities

gαβ = (φα ◦ φ−1
β ) ◦ 1|UαβUU(4.3.2)

= (φα ◦ φ−1
β )
(
1|UαβUU

)
,(4.3.2′)

the second of them obviously referring to the induced morphism of sections.

4.3.1 Definition. The family (gαβ) is called the coordinate 1-cocycle,
or simply the cocycle of P, with respect to the local frame U ≡ (U , (φα)).
Each gαβ ∈ G(UαβUU ) is called a transition section.

4.3.2 Proposition. Over UαβγUU := UαUU ∩ UβU ∩ UγUU , the cocycle condition

gαγ = gαβ · gβγ

is satisfied. Hence, in the notations of Subsection 1.6.4, (gαβ) ∈ Z1(U ,G).

Proof. For every x ∈ UαβγUU , (4.3.1) and the G-equivariance of the coordin-
ates imply that

gαγ(x) =
(
(φα ◦ φ−1

β ) ◦ (φβ ◦ φ−1
γ )
)
(ex) = (φα ◦ φ−1

β )(gβγ(x))

= (φα ◦ φ−1
β )(ex) · gβγ(x) = gαβ(x) · gβγ(x).

4.3.3 Corollary. For every α, β ∈ I, the following equalities hold true:

gαα = 1|UαUU and gβα = g−1
αβ ,

where g−1
αβ ∈ G(UαβUU ) is the inverse section of gαβ, defined by (1.1.4).

The relationship of the cocycle (gαβ) with the natural sections and the
coordinates of P is given in the following:

4.3.4 Proposition. For every α, β ∈ I, the compatibility conditions

sβ = sα · gαβ ,(4.3.3)

φβ = (gβα ◦ π) · φα,(4.3.4)

hold over UαβUU and P|UαβUU , respectively.



4.3. The cocycle of a principal sheaf 145

Proof. For every x ∈ UαβUU , (4.1.7) yields

sβ(x) = φ−1
β (ex) = φ−1

α

(
(φα ◦ φ−1

β )(ex)
)

=

φ−1
α (gαβ(x)) = φ−1

α (ex) · gαβ(x) = sα(x) · gαβ(x),

which proves (4.3.3).
For the second condition we take any p ∈ P|UαβUU with π(p) = x. Since

sα(x) and p belong to PxP , by Proposition 4.1.2 there is a unique g ∈ Gx such
that p = sα(x) · g. Hence,

φβ(p) = φβ(sα(x) · g) = (φβ ◦ φ−1
α )(ex) · g = gβα(x) · g.

On the other hand,

φα(p) = φα(sα(x) · g) = φα(sα(x)) · g = g.

Combining the previous equalities, we obtain (4.3.4).

4.3.5 Remark. Equality (4.3.3) can be equivalently used to define the
cocycle (gαβ); that is, gαβ ∈ G(UαβUU ) is the (unique) section satisfying (4.3.3).
Its continuity is now a result of the equality

gαβ = k ◦ (sα, sβ).

We shall find a variant of (4.3.4) involving also the restriction maps of
the presheaves of sections of P and G. This will motivate the construction
of a principal sheaf from a cocycle.

From the (Lie) sheaf of groups G we obtain the presheaf (G(UαUU ), ζαβζζ ) of
sections of G over U , where –for convenience– we have denoted by

ζαβζζ := ζUαUU
UβU : G(UαUU ) −→ G(UβU ) : σ �→ σ|UβU ; UβU ⊆ UαUU ,

the ordinary restriction maps. Analogously, we consider the presheaf of
sections of P over U , denoted by (P(UαUU ), ραβ).

Obviously, each G(UαUU ) is a group acting freely on the right of P(UαUU ).
Also, the coordinates of P induce corresponding equivariant isomorphisms
of sections φα : P(UαUU ) → G(UαUU ), for all α ∈ I. To have a clearer picture of
the situation, we draw the following diagram, for UβU ⊆ UαUU ,
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P(UαUU )
ραβ �� P(UβU )

G(UαUU )

φα

� ζαβζζ �� G(UβU )

φβ

�

Diagram 4.2

which is not commutative, as the subsequent calculations show. Indeed, for
any s ∈ P(UαUU ) and x ∈ UβU , we have that(

(ζαβζζ ◦ φα)(s)
)
(x) = φα(s)|UβU (x) = φα(s(x)) =

(φα ◦ φ−1
β )
(
φβ(s)(x)

)
= (φα ◦ φ−1

β )
((

(φβ ◦ ραβ)(s)
)
(x)
)

=

(φα ◦ φ−1
β )(ex) ·

(
(φβ ◦ ραβ)(s)

)
(x) = gαβ(x) ·

(
(φβ ◦ ραβ)(s)

)
(x);

that is,
ζαβζζ ◦ φα = gαβ · (φβ ◦ ραβ).

The preceding equality determines the (restriction) maps

(4.3.5) �αβ := gβα · ζαβζζ = φβ ◦ ραβ ◦ φ−1
α : G(UαUU ) −→ G(UβU ).

(Note the difference between the two typefaces ραβ and �αβ .)
Consequently,

(4.3.6)
under the isomorphisms φα and φβ, each restriction map ραβ is
identified with �αβ = gβα · ζαβζζ ; thus P can be essentially recap-
tured from the presheaf

(
G(UαβUU ), (�αβ)

)
and the cocycle (gαβ).

This remark will be exploited in the construction of P from its cocycle, as
expounded in Theorem 4.5.1.

4.3.6 Example. Let us continue the study of Example 4.1.9(a) by finding
the relationship between the cocycle (gαβ) of the principal bundle P and
the cocycle, say (γαβ), of the sheaf of germs of its smooth sections P, both
defined over the local frame U . In virtue of (4.1.9), equality (4.3.3) implies
that σ̃β(x) = σ̃α(x) · γαβ(x), for every x ∈ UαβUU , or, by (1.2.10),

[σβ ]x = [σα]x · γαβ(x).

Since σβ = σα · gαβ , it follows that

[σβ]x = [σα · gαβ ]x = [σα]x · [gαβ ]x.
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Comparing the last two series of equalities, we have that

γαβ(x) = [gαβ ]x = g̃αβ(x).

Therefore, we obtain the bijection

(4.3.7) C∞(UαβUU , G) � gαβ �−→�� g̃αβ = γαβ ∈ G(UαβUU ).

This is in accordance with the canonical identification of C∞(UαβUU , G) with
C∞

X (G)(UαβUU ), owing to the completeness of the presheaf U �−→�� C∞(U, G).

4.4. Morphisms of principal sheaves and cocycles

The results of this section describe the relationship of morphisms and iso-
morphisms of principal sheaves with cocycles. The case of isomorphisms is
important for the classification of principal sheaves.

4.4.1 Theorem. Let P ≡ (P,G, X, π) and P ′ ≡ (P ′,G′, X, π′) be two prin-
cipal sheaves with respective local frames (U , (φα)) and (U , (φ′

α)), over the
same open covering U = (UαUU )α∈I of X. We denote by (sα), (s′α) the natural
sections of P, P ′, respectively, and by (gαβ), (g′αβ) the associated cocycles.

If (f, φ, φ, idX) is a morphism of P into P ′, then there exists a unique
0-cochain (hα) ∈ C0(U ,G′) satisfying the equalities

f(sα) = s′α · hα,(4.4.1)

g′αβ = hα · φ(gαβ) · h−1
β ,(4.4.2)

over UαUU and UαβUU respectively.
Conversely, assume that we are given a morphism (φ, φ) of Lie sheaves

of groups of G into G′, and a 0-cochain (hα) satisfying (4.4.2). Then there
exists a unique morphism of sheaves (of sets) f : P → P ′ satisfying (4.4.1)
and such that (f, φ, φ, idX) is a morphism of principal sheaves.

Proof. Let any x ∈ UαUU . Since f(sα)(x) = f(sα(x)) and s′α(x) belong to the
same stalk P ′

xP , there is a unique hα(x) ∈ G′
x such that

f(sα)(x) = s′α(x) · hα(x)

(see Proposition 4.1.2). Because we can write hα = k′ ◦(s′α, f(sα)), where k′

is the analog of k for P ′, Proposition 4.1.4 implies that hα is a continuous
section of G′ over UαUU , satisfying (4.4.1).
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Applying f to both sides of (4.3.3), we see that f(sβ) = f(sα) · φ(gαβ).
Substituting f(sα) and f(sβ) with their expressions given by (4.4.1), for α
and β respectively, the previous equality is transformed to

s′β · hβ = s′α · hα · φ(gαβ)

or, by the analog of (4.3.3) for P ′,

s′α · g′αβ · hβ = s′α · hα · φ(gαβ).

The last equality yields (4.4.2), since G(UαβUU ) acts freely on P(UαβUU ).
For the converse we proceed as follows. Given an α ∈ I, we define the

map fαff : P|UαUU → P ′|UαUU by setting

(4.4.3) fαff (p) := s′α(x) · hα(x) · φ(gα(x)),

where x := π(p) ∈ UαUU and gα(x) is the unique element of Gx with

(4.4.4) p = sα(x) · gα(x).

Using Corollary 4.1.3, we routinely check that π′ ◦ fαff = π. Moreover, since
(4.4.4) is equivalently written as gα(x) = k(sα(x), p), we have that

fαff = (s′α ◦ π) · (hα ◦ π) ·
(
φ ◦ k ◦ (sα ◦ π, id)

)
,

with π and id restricted to P|UαUU = π−1(UαUU ). Thus fαff is continuous and
determines a morphism of sheaves.

The morphism fαff is equivariant, with respect to the actions of G|UαUU and
G′|UαUU , for if p ∈ PxP and g ∈ Gx, with x ∈ UαUU , then π(p · g) = π(p) and (see
also Proposition 4.1.4)

fαff (p · g) = s′α(x) · hα(x) · φ
(
k(sα(x), p · g)

)
=

s′α(x) · hα(x) · φ
(
k(sα(x), p)

)
· φ(g) = fαff (p) · φ(g).

Therefore, fαff is a morphism of principal sheaves between P|UαUU and P ′|UαUU .
We obtain the desired morphism f by gluing all the fαff ’s together; that is,
by setting f |π−1(UαUU ) := fαff .

We show that f is a well defined morphism. Indeed, for any p ∈ P with
π(p) = x ∈ UαβUU , we get the analogs of (4.4.3) and (4.4.4)

fβff (p) = s′β(x) · hβ(x) · φ(gβ(x)),(4.4.3′)

p = sβ(x) · gβ(x).(4.4.4′)
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However, (4.4.4) and (4.4.4′), along with (4.3.3), yield

sα(x) · gα(x) = sβ(x) · gβ(x) = sα(x) · gαβ(x) · gβ(x),

from which it follows that

(4.4.5) gα(x) = gαβ(x) · gβ(x).

As a result, the analog of (4.3.3) for P ′, Corollary 4.3.3, and equalities
(4.4.5), (4.4.2) transform the right-hand side of (4.4.3′) into

s′β(x) · hβ(x) · φ(gβ(x)) =

(s′α(x) · g′αβ(x)) · hβ(x) · φ(gβα(x)) · φ(gα(x)) =

s′α(x) ·
(
hα(x) · φ(gαβ(x)) · h−1

β (x)
)
· hβ(x) · φ(gβα(x)) · φ(gα(x)) =

s′α(x) · hα(x) · φ(gα(x)),

which shows that (4.4.3) and (4.4.3′) coincide on the overlapping, hence f
is well defined.

Property (4.4.1) is a direct consequence of (4.4.3), since p = sα(x) implies
that gα(x) = ex.

Finally, f is the unique morphism satisfying (4.4.1), for if there is another
morphism, say f̄ , with the same property, then, for any p ∈ PxP as before,
equality (4.4.4) implies that

f̄(p) = f̄ (sα(x) · gα(x)) = f̄(sα(x)) · φ(gα(x)) =
s′α(x) · hα(x) · φ(gα(x)) = f(sα(x)) · φ(gα(x)) =

f(sα(x) · gα(x)) = f(p).

This terminates the proof.

Note. Regarding the assumptions of the previous statement, we observe that
we can always define local frames over the same open covering U . This is ob-
viously done by taking the intersection of the original coverings of the frames
and then by restricting the respective coordinates to the new covering.

If both P and P ′ are G-principal sheaves, then, taking into account
Theorem 4.2.4, we see that Theorem 4.4.1 reduces to:

4.4.2 Theorem. Let P ≡ (P,G, X, π) and P ′ ≡ (P ′,G, X, π′) be two G-
principal sheaves with respective local frames

(
U , (φα)

)
and
(
U , (φ′

α)
)
. Also
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let (sα), (s′α) be the natural sections of P, P ′, respectively, and (gαβ), (g′αβ)
their associated cocycles. Then, for every G-isomorphism f ≡ (f, idG , idL,
idX) of P onto P ′, there exists a unique 0-cochain (hα) ∈ C0(U ,G) satisfying

f(sα) = s′α · hα,(4.4.6)

g′αβ = hα · gαβ · h−1
β ,(4.4.7)

over UαUU and UαβUU respectively.
Conversely, a 0-cochain (hα) satisfying equality (4.4.7) determines a

unique G-isomorphism f of P onto P ′, also satisfying (4.4.6).

In the familiar terminology of non-abelian cohomology (see Subsection
1.6.4 and equality (1.6.38)), two (1-)cocycles satisfying (4.4.7) are said to be
cohomologous. Therefore, Theorem 4.4.2 can be rephrased in the following
concise form.

4.4.2 Theorem (restated). Two G-principal sheaves P and P ′ are G-iso-
morphic if and only if they admit cohomologous cocycles.

For the sake of completeness we also state the following result, whose
proof is obvious. For its principal bundle analog, as well as that of Theorem
4.4.2, the reader is referred to Bourbaki [13, no 6.4.4].

4.4.3 Corollary. There is a bijection between G-isomorphisms of P onto
P ′ and 0-cochains (hα) ∈ C0(U ,G) satisfying condition (4.4.7).

4.4.4 Remark. The results of this section hold true if the structure groups
of the principal sheaves involved are simply sheaves of groups and the
morphisms (f, φ, φ, idX) and (f, idG , idL, idX) are replaced by (f, φ, idX) and
(f, idG , idX), respectively. See also the Remarks 4.1.5(2) and 4.2.2(1).

4.5. Principal sheaves from cocycles

In Section 4.3 we saw that the local structure of a principal sheaf P leads to
the construction of a cocycle (gαβ). Here, following the opposite direction,
we construct a principal sheaf from a given cocycle.

Throughout this section we assume that

(4.5.1) U = (UαUU )α∈I is an open covering of the topological space X,
which is a basis for its topology.

Given a (Lie) sheaf of groups G over X and an open covering U , as above,
we prove the following basic result:
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4.5.1 Theorem. A 1-cocycle (gαβ) ∈ Z1(U ,G) determines a unique, up
to isomorphism, principal sheaf (P,G, X, π) with corresponding cocycle pre-
cisely the given (gαβ).

Proof. The idea of the proof is motivated by (4.3.5) and the discussion in
(4.3.6). From the latter we recall that (G(UαUU ), ζαβζζ ) denotes the presheaf of
sections of G over the basis U , with restriction maps

ζαβζζ := ζUαUU
UβU : G(UαUU ) −→ G(UβU ) : σ �→ σ|UβU ,

if UβU ⊆ UαUU , while the morphisms

�αβ ≡ �UαUU
UβU := gβα · ζαβζζ : G(UαUU ) −→ G(UβU )

are candidates for the restriction maps of a new presheaf structure with sec-
tions G(UαUU ). In both of the preceding definitions, �αβ and ζαβζζ are morphisms
of sections, while gαβ ∈ G(UαβUU ) is a constant factor.

For every UαUU , UβU , UγUU with UγUU ⊆ UβU ⊆ UαUU , and σ ∈ G(UαUU ), we see that

(�βγ ◦ �αβ)(σ) = �βγ (gβα · ζαβζζ (σ)) =
gγβ · ζβγζ (gβα · ζαβζζ (σ)) = gγβ · gβα · ζβγζ

(
σ|UβU

)
=

gγα · σ|UγUU = gγα · ζαγζζ (σ) = �αγ(σ),

which means that �αγ = �βγ ◦ �αγ , as pictured below.

G(UαUU )
�αβ �� G(UβU )

G(UγUU )

�

�βγ
�αγ

��

Diagram 4.3

Therefore, in virtue of (4.5.1), the assignment UαUU → G�� (UαUU ), for UαUU
running in U , together with the maps �αβ , determines a presheaf P =
(G(UαUU ), �αβ). It should be noted that P is not a presheaf of groups since
the maps (�αβ) are not group homomorphisms.

If (P, π, X) is the sheaf (of sets) generated by the presheaf P , we shall
prove that P is the principal sheaf we are looking for.
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i) There is a right action δ : P ×X G −→ P obtained as follows: For each
α ∈ I, we define the map

δα : G(UαUU ) × G(UαUU ) −→ G(UαUU ) : (σ, g) �→ σ · g.

It is routinely checked that δα is an action, and the diagram

G(UαUU ) × G(UαUU )
δα �� G(UαUU )

G(UβU ) × G(UβU )

�αβ × ζαβζζ

� δβ �� G(UβU )

�αβ

�

Diagram 4.4

is commutative, for every UβU ⊆ UαUU . Then δ is the action generated by the
presheaf morphism of local actions (δα).

ii) To find the local structure of P, let us fix an open set UαUU ∈ U . Then,
all the UβU ’s, with UβU ⊆ UαUU , form a basis for the topology of UαUU . For any
such UβU , we define the map

(4.5.2) φα,UβU : G(UβU ) −→ G(UβU ) : σ �→ gαβ · σ,

whose domain is the group of sections belonging to the presheaf P = (G(UαUU ),
�αβ) generating P, whereas its range is the group of sections from the
presheaf (G(UαUU ), ζαβζζ ) generating G. It is easily seen that (4.5.2) is a G(UβU )-
equivariant bijection, whose inverse is given by φ−1

α,UβU (τ) = gβα · τ , if τ ∈
G(UβU ). Moreover, for every UγUU with UγUU ⊆ UβU ⊆ UαUU , we obtain the following
commutative diagram.

G(UβU )
φα,UβU �� G(UβU )

G(UγUU )

�βγ

� φα,UγUU �� G(UγUU )

ζβγζ

�

Diagram 4.5
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As a matter of fact, for every σ ∈ G(UβU ),

(ζβγζ ◦ φα,UβU )(σ) = (gαβ · σ)|UγUU = (gαγ · gγβ) · σ|UγUU =

gαγ · (gγβ · σ|UγUU ) = φα,UγUU (gγβ · σ|UγUU ) = (φα,UγUU ◦ �βγ)(σ).

Consequently, the family (φα,UβU ), for all UβU ⊆ UαUU , is an (G(UβU ))-equivariant
isomorphism of (G(UβU ), �αβ) onto (G(UβU ), ζαβζζ ), generating thus a G|UαUU -equiv-
ariant sheaf isomorphism

φα : P|UαUU
�−−→ G|�

UαUU .

In this way, we obtain the family of coordinates (φα)α∈I of P, over the open
covering U . Hence, P is a principal sheaf with local frame (U , (φα)).

iii) Let us denote by (ḡαβ) the cocycle of P, with respect to the previous
local frame. By (4.3.1), ḡαβ(x) = (φα ◦ φ−1

β )(ex), for every x ∈ UαβUU . Since
G is identified with the sheaf of germs of its (continuous) sections, we may
write

ex = [1|UγUU ]x ≡ 1|UγUU (x)

for some UγUU ⊆ UαβUU with x ∈ UγUU (which, of course, exists). Thus, (1.2.17),
the map (4.5.2) and its inverse imply

ḡαβ(x) = (φα ◦ φ−1
β )(ex) = φα

(
φ−1

β (1|UγUU (x))
)

= φα

(
φ−1

β,UγUU (1|UγUU (x))
)

= φα (gγβ(x))

= φα(ex) · gγβ(x) = φα(1|UγUU (x)) · gγβ(x)
= φα,UγUU (1|UγUU (x)) · gγβ(x) = gαγ(x) · gγβ(x)
= gαβ(x);

that is, (ḡαβ) = (gαβ).
Finally, assume there also exists a principal sheaf (P ′,G, X, π′) with the

same cocycle (gαβ) over U . Since (gαβ) is trivially cohomologous to itself, the
restated Theorem 4.4.2 implies that P and P ′ are G-isomorphic, by which
we complete the proof.

4.5.2 Corollary. A principal sheaf (P,G, X, π) with local frame U is fully
determined, up to isomorphism, by its cocycle (gαβ) ∈ Z1(U ,G).

Let now V = (ViVV )i∈J be an open refinement of U = (UαUU )α∈I , and let
τ : J → I be a refining map (: ViVV ⊆ UτUU (i)) . If (gαβ) ∈ Z1(U ,G), we set

ḡij := gτ(i)τ(j)|VijVV , with VijVV := ViVV ∩ VjVV and i, j ∈ J.
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It is obvious that (ḡij) is a cocycle of P over V, i.e., (ḡij) ∈ Z1(V,G),
corresponding to the local coordinates

φτ(i)|π−1(ViVV ) : π−1(ViVV ) = P|ViVV −→ G|ViVV , i ∈ J.

If we further assume that V is also a basis for the topology of X, then
we obtain the following useful result.

4.5.3 Corollary. Let P ≡ (P,G, X, π) be a principal sheaf with local frame
(U , (φα)) and associated cocycle (gαβ) ∈ Z1(U ,G). For any refinement V
of U as above, we denote by P̄ ≡ (P̄,G, X, π̄) the principal sheaf con-
structed from the restricted cocycle (ḡij) ∈ Z1(V,G). Then P and P̄ are
G-isomorphic.

Proof. Since (ḡij) is a cocycle of P, then, by Corollary 4.5.2, P is isomorphic
with the principal sheaf constructed from (ḡij).

4.5.4 Remark. For the sake of completeness, let us find an explicit expres-
sion of the isomorphism between P̄ and P, involving the coverings V and
U : For every i ∈ J , we define the isomorphism fiff := φ−1

τ(i) ◦ φ̄i shown in

Diagram 4.6 below, where φ−1
τ(i) is in fact the inverse of φτ(i)|π−1(ViVV ) and φ̄i

the coordinate of P̄ over V . Every fiff is a G|ViVV -isomorphism as the composite
of such isomorphisms.

P̄|ViVV
φ̄i �� G|ViVV

P|ViVV

�

φ−1
τ(i)fiff

�

Diagram 4.6

We wish to show that

fiff = fjf on P̄|ViVV ∩ P̄|VjVV = P̄|VijVV .

For this purpose we take an arbitrary p ∈ P̄|VijVV with π̄(p) = x. If ( ī) are
the natural sections of P̄ with respect to V, then

s̄i(x) · ai = p = s̄j(x) · aj ,



4.5. Principal sheaves from cocycles 155

for unique elements ai, aj ∈ Gx. Since aj = ḡjig (x) · ai, it follows that

fjf (p) = (φ−1
τ(j) ◦ φ̄j)( j̄(x) · aj) = φ−1

τ(j)

(
φ̄j( j̄(x)) · aj

)
= φ−1

τ(j)(ex · aj) = φ−1
τ(j)(ḡjig (x) · ai) = φ−1

τ(j)(ḡjig (x)) · ai

= φ−1
τ(j)(gτ(j)τ(i)(x)) · ai = φ−1

τ(j)

(
(φτ(j) ◦ φ−1

τ(i))(ex)
)
· ai

= φ−1
τ(i)(ai) = φ−1

τ(i)(φ̄i(p)) = fiff (p).

Gluing together all the fiff ’s we obtain a G-isomorphism as desired.
In particular, the natural sections ( ī) of P̄ are related with the natural

sections (sα) of P by

f( ī(x)) = (φ−1
τ(i) ◦ φ̄i)( ī(x)) = φ−1

τ(i)(ex) = sτ(i)(x),

for every x ∈ ViVV . Therefore, the induced morphism of sections yields

f( ī) = fiff ( ī) = sτ(i)|ViVV , i ∈ J.

The final result of this section allows us to state an isomorphism criterion,
analogous to Theorem 4.4.1, using different local frames of the principal
sheaves concerned.

4.5.5 Corollary. Let P ≡ (P,G, X, π) be a principal sheaf with cocycle (gαβ)
over a local frame U = (UαUU ), α ∈ I, which is a basis for the topology TX ,
and let Q ≡ (Q,G, X, π′) be another principal sheaf with cocycle (γα′β′) over
a local frame U ′ = (UαUU ′), α′ ∈ I ′, also a basis for TX . If V = (ViVV ), i ∈ J ,
is a common refinement of U and U ′, we denote by P̄ and Q̄ the principal
sheaves obtained from P and Q, respectively, by restricting their cocycles to
V, as in Corollary 4.5.3. Then the following conditions are equivalent:

i) P and Q are isomorphic.
ii) P̄ and Q̄ are isomorphic.
iii) If τ : J → I and τ ′ : J → I ′ are refining maps for the previous

coverings, and (ḡij) = (gτ(i)τ(j)), (γ̄ijγγ ) = (γτγγ ′(i)τ ′(j)) are the cocycles of P̄
and Q̄ respectively, then there exists a 0-cochain (hi) ∈ C0(V,G) such that

(4.5.3) γ̄ijγγ = hi · ḡij · h−1
j ,

over VijVV , for all indices i, j ∈ J . In other words, (γ̄ijγγ ) and (ḡij) are cohomo-
logous cocycles.

Proof. Direct application of Theorem 4.4.1 and Corollary 4.5.3.
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Taking into account the notations of Corollary 4.5.3, we also write (4.5.3)
in the following form

(4.5.4) γτγγ ′(i)τ ′(j) = hi · gτ(i)τ(j) · h−1
j .

4.6. Classification of principal sheaves

The unique theorem of this section shows that the equivalence classes of
isomorphic G-principal sheaves over X correspond bijectively to the classes
of the 1st cohomology set of X with coefficients in G.

4.6.1 Definition. Two principal sheaves (P,G, X, π) and (P ′,G, X, π′) are
said to be equivalent if there exists a G-(iso)morphism f ≡ (f, idG , idL, idX)
of P onto P ′ (see Definition 4.2.3).

It is clear that G-morphisms induce indeed an equivalence relation. We
denote by [P] the class of P and by

(4.6.1) P G(X)

the set of all equivalence classes obtained in this manner.
From Subsection 1.6.4 (see also the comment following Theorem 4.4.2)

we recall that, if (gαβ) ∈ Z1(U ,G), then [(gαβ)]U ∈ H1(U ,G) is the class of
all the cocycles (over U), which are cohomologous to (gαβ), and [(gαβ)] =
tU ([(gαβ)]U ) ∈ H1(X,G), where tU : H1(U ,G) → H1(X,G) is the canonical
map. We call [(gαβ)] the 1st cohomology class of P.

4.6.2 Theorem (cohomological classification of principal sheaves).
The sets P G(X) and H1(X,G) are in bijective correspondence; that is,

P G(X) ∼= H1(X,G).

Proof. We define a map Φ : P G(X) → H1(X,G) as follows: Take any class
[P] ∈ P G(X). For its representative P we choose an arbitrary local frame
U = (UαUU )α∈I with associated cocycle (gαβ) ∈ Z1(U ,G). Then we let

Φ([P]) := [(gαβ)].

First we show that Φ is well defined , i.e., independent of the choice of
the representative and its cocycle over U . To this end assume that Q is
any principal sheaf with [P] = [Q] and whose cocycle (γα′β′) ∈ Z1(U ′,G) is
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defined over a local frame U ′ = (UαUU ′)α′∈I′ . We take an arbitrary common
refinement V of U and U ′ with V = (ViVV )i∈J , and we consider any refining
maps τ : J → I and τ ′ : J → I ′. The cocycle (ḡij) ∈ Z1(V,G), given by

(4.6.2) ḡij = gτ(i)τ(j)|VijVV ,

is a cocycle of P. Similarly,

(4.6.3) γ̄ijγγ = γτγγ ′(i)τ ′(j)|VijVV

is a cocycle of Q. Since, by assumption, P ∼= Q, Corollary 4.5.5 implies that

(4.6.4) [(ḡij)]V = [(γ̄ijγγ )]V .

On the other hand, specializing Diagram 1.11 to the present case, we
obtain the commutative diagram

H1(U ,G)
tUV �� H1(V,G)

H1(X,G)

�

tVtU
��

Diagram 4.7

and its analog for U ′. Therefore, taking into account (1.6.43), (1.6.40), and
(4.6.2) – (4.6.4), we see that

[(gαβ)] = tU ([(gαβ)]U ) = (tV ◦ tUV ) ([(gαβ)]U )

= tV
(
[(gτ(i)τ(j)|VijVV )]V

)
= tV ([(ḡij)]V)

= tV ([(γ̄ijγγ )]V) = tV
(
[(γτγγ ′(i)τ ′(j)|VijVV )]V

)
= (tV ◦ tU

′
V )
(
[(γα′β′)]V

)
= tU ′

(
[(γα′β′)]U ′

)
= [(γα′β′)],

which proves that Φ is well defined.
It is worth noticing here that, since all the cocycles used above are
taken over local frames, the inductive limit (1.6.42) has to be taken
with respect to all proper local frames U of X. This is possible because
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the latter constitute a cofinal subset of the set of all proper (open)
coverings of X, as already commented in (4.1.5).

We now show that Φ is injective. Indeed, assume that Φ([P]) = Φ([Q]),
for arbitrary [P], [Q] ∈ P G(X). Let (gαβ) and (γα′β′) be any cocycles
of the representatives P and Q, respectively. The assumption means that
[(gαβ)] = [(γα′β′)]; hence, arguing as above,

tV
(
[(gτ(i)τ(j)|VijVV )]V

)
= tV
(
[(γτγγ ′(i)τ ′(j)|VijVV )]V

)
,

or, equivalently,

tV ([(ḡij)]V) = tV ([(γ̄ijγγ )]V) ∈ H1(X,G).

Therefore, by the injectivity of tV (see (1.6.44)), we have that [(ḡij)]V =
[(γ̄ijγγ )]V , and (by Corollary 4.5.5) P ∼= Q; that is, [P] = [Q]. This proves the
injectivity of Φ.

Finally, let [(gαβ)] ∈ H1(X,G) be an arbitrarily chosen cohomology class.
Let (gαβ) be a representative cocycle, defined over some open covering U of
X. If U is a basis for the topology of X, Theorem 4.5.1 ensures the existence
of a principal sheaf P with the given cocycle. Clearly, Φ([P]) = [(gαβ)]. If
U is not a basis, we can take an open refinement V of U with this property.
We consider the cocycle (ḡij), restriction of (gαβ) to V. Then

Φ([P]) = [(ḡij)] = tV
(
[(gτ(i)τ(j)|VijVV )]V

)
=

(tV ◦ tUV ) ([(gαβ)]U ) = tU ([(gαβ)]U ) = [(gαβ)].

The previous arguments show that Φ is a surjective map and conclude the
proof.

Note. It is clear that Remark 4.4.4 also applies in this section.

4.7. Reduction of the structure sheaf

The section is dealing with the notion of reduction in the general context
of sheaves of groups. Although the results are valid also for Lie sheaves of
groups, we restrict ourselves to sheaves and subsheaves of groups in order
to prepare the discussion of Section 10.4 about vector sheaves endowed with
Riemannian metrics.

Applying the notations of Remark 4.4.4, we first give the following:
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4.7.1 Definition. Let Q ≡ (Q,H, X, π′) and P ≡ (P,G, X, π) be two prin-
cipal sheaves. Given a morphism of sheaves of groups φ : H → G, we say
that P reduces to Q, relative to φ, if there is a morphism (f, φ, idX) of
Q into P. In this context, we say that G reduces to H, relative to φ.

The next proposition gives a useful characterization of a reduction.

4.7.2 Proposition. A principal sheaf P ≡ (P,G, X, π) reduces to Q ≡
(Q,H, X, π′), relative to a morphism of sheaves of groups φ : H → G, if and
only if there is a cocycle (gαβ) ∈ Z1(U ,G) of P such that gαβ = φ(hαβ), for
a cocycle (hαβ) ∈ Z1(U ,H).

Proof. The result is essentially a restatement of Theorem 4.4.1, after a
rearrangement of the local frame of P and the necessary modifications in
the notations. Hence, the proof is a variation of that of the aforementioned
theorem, applied to the simpler case of principal sheaves with structure sheaf
a sheaf of groups.

More precisely, assume that (f, φ, idX) is the morphism of P into Q,
realizing the reduction. Let (U , (ψα)) and (U , (χα)) be the local frames of Q
and P, respectively, over the same open covering U of X, with corresponding
natural sections (σα) and (ταττ ). We denote by (hαβ) and (χαβ) the respective
cocycles of Q and P.

Applying Theorem 4.4.1 to the morphism (f, φ, idX), we have that

f(σα) = ταττ · hα,(4.7.1)

χαβ = hα · φ(hαβ) · h−1
β ,(4.7.2)

for an appropriate cochain (hα) ∈ C0(U ,G).
Setting sα := ταττ ·hα, α ∈ I, we obtain a family of local sections of P over

U , which –by Proposition 4.1.7– determines a new local frame (U , (φα)) of
P, whose cocycle (gαβ) is related with (χαβ) by gαβ = h−1

α ·χαβ ·hβ . Hence,
(4.7.1) and (4.7.2) transform into

f(σα) = sα,(4.7.3)
gαβ = φ(hαβ),(4.7.4)

the second of which proves the direct part of the statement.
Conversely, suppose that P is a principal sheaf whose cocycle (gαβ) sat-

isfies (4.7.4), for some cocycle (hαβ) ∈ Z1(U ,H). By the general Theorem
4.5.1, (hαβ) determines a principal sheaf, say Q ≡ (Q,H, X, π′), with cocycle
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(hαβ). Moreover, equality (4.7.4) and the converse part of Theorem 4.4.1 (for
hα = 1|UαUU ) result in the existence of a principal sheaf morphism (f, φ, idX)
mapping Q into P, as desired.

To facilitate the proof of the next result, we recall that the morphism
f , mentioned in the converse part of the preceding proof, is constructed by
gluing together the local morphisms fαff : Q|UαUU → P|UαUU , given by

(4.7.5) fαff (q) := sα(x) · φ(ηα(x)),

for every q ∈ Q|UαUU , with π′(q) = x ∈ UαUU , and ηα ∈ H(UαUU ) determined by
q = σα(x) · ηα(x), if (σα) are the natural sections of Q over U .

4.7.3 Corollary. Within the framework of Proposition 4.7.2, if φ : H → G
is an injective morphism, then so is f .

Proof. Let q, r be two arbitrary elements of Q with f(q) = f(r). Clearly
π′(q) = π′(r) =: x ∈ UαUU , for some α ∈ I. Then, in virtue of (4.7.5),

f(q) = sα(x) · φ(ηα(x)) and f(r) = sα(x) · φ(ζαζζ (x)),

with ηα(x) and ζαζζ (x) determined, respectively, by

(4.7.6) q = sα(x) · ηα(x) and r = sα(x) · ζαζζ (x).

The injectivity of φ yields ηα(x) = ζαζζ (x) and, by (4.7.6), q = r.

Let us now consider the particular case of a subsheaf of groups H ⊆ G and
take φ to be the natural inclusion morphism i : H ↪→ G↪↪ . Then a reduction
of P ≡ (P,G, X, π) to some Q ≡ (Q,H, X, π′) amounts to the existence of
a cocycle (gαβ) ∈ Z1(U ,G) such that (gαβ) ∈ Z1(U ,H). Thus we have the
following natural definition:

4.7.4 Definition. The structure sheaf G of a principal sheaf P reduces to
a subsheaf of groups H if G reduces to H relative to the natural inclusion
morphism i : H ↪→ G↪↪ .

The reduction of G to the subsheaf of groups H means that there is a
principal sheaf Q ≡ (Q,H, X, π′) and a morphism (f, i, idX) of Q into P. As
a consequence of Corollary 4.7.3, f : Q → P is 1-1, thus Q can be identified
with f(Q). Since f is a morphism of sheaves, Q ≡ f(Q) may be considered
as a subsheaf of P; hence, (Q,H, X, π′) ∼= (f(Q),H, X, π′) can be thought of
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as a principal subsheaf of (P,G, X, π); that is, (Q,H, X, π′) is a principal
sheaf such that its total/sheaf space Q is a subsheaf of P and its structure
sheaf H is a subsheaf of groups of G. As a consequence, one infers the next
result.

4.7.5 Corollary. The reduction of the structure sheaf G of a principal sheaf
P ≡ (P,G, X, π) to a subsheaf of groups H of G is equivalent to the reduction
of P to a principal subsheaf Q ≡ (Q,H, X, π′), relative to i : H ↪→ G↪↪ .





Chapter 5

Vector and
associated sheaves

More generally, we will find that ma-
ny locally defined V-valued objects of in-
terest (e.g., wavefunctions) become glob-
ally defined when thought of as taking
their values in some associated vector
bundle.

G. Naber [81, p. 49]

H ere we deal with sheaves associated with a principal sheaf P, in partic-
ular those arising from representations of the structure sheaf of P. Such

representations often lead to structures simpler than the original principal
sheaf.

We start with vector sheaves, whose structure is first described inde-
pendently of the general theory of associated sheaves. In the sequel we show

163
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that a vector sheaf is associated with its principal sheaf of frames. The latter
is an important example of an abstract principal sheaf, already mentioned
in Remark 4.1.10. The sheaf of frames of a vector sheaf serves as the link
between the two major geometrical categories of sheaves we are interested
in, namely, vector and principal sheaves, in complete analogy to ordinary
vector and principal fiber bundles. In Chapter 7, we show that the study
of connections on vector sheaves is reduced to the study of connections on
principal sheaves.

Other types of associated sheaves are also studied in detail.

5.1. Vector sheaves

In this section we present the fundamental notions and properties of the the-
ory of vector sheaves, which will be encountered in this work. The complete
study of them, as well as their geometry, is the main content of Mallios [62,
Vol. II], where the reader is referred to for topics not treated here.

We start with a fixed algebraized space (X,A). Later on, in the study
of connections on vector and associated sheaves (see Chapter 7), A will be
completed to a differential triad.

We recall that an A-module is a sheaf of abelian groups (E , π, X) whose
stalks ExE are Ax-modules and the “scalar” multiplication A ×X E → E is
continuous (see Subsection 1.1.2).

5.1.1 Definition. An A-module E ≡ (E , π,X) is called a vector sheaf of
(finite) rank n if, for every x ∈ X, there exists an open neighborhood U
of x and an A|U -isomorphism

ψU : E|U
�−−→ A� n|U ,

between the A|U -modules figuring as the domain and range of ψU . Hence,
E is a locally free A-module.

Equivalently, we can find an open covering U = (UαUU ), α ∈ I, of X and
a family of A|UαUU -isomorphisms

(5.1.1) ψα : E|UαUU
�−−→ A� n|UαUU , α ∈ I.

From Subsection 1.3.2 we also recall that An is the A-module generated
by the complete presheaf of A(U)-modules

U �−→ A�� (U)n,
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where U is running the topology TX of X. Equivalently,

An = A×X A×X · · · ×X A︸ ︷︷︷ ︸︸
n−factors

∼=
⊕nA.

Therefore, An is a (globally) free module such that

(5.1.2) An(U) ∼= A(U)n, U ∈ TX .

As in the case of principal sheaves, we use the following terminology (see
also [62, Vol. I, p. 126]): (ψα) are the coordinates of E over U , and U is a
local frame or a coordinatizing covering . The open sets of U are also
called local gauges. We often write U ≡ (U , (ψα)) ≡ ((UαUU ), (ψα)) if we
want to specify all the previous elements involved in the local structure of
the vector sheaf.

Standard examples of vector sheaves comprise the sheaf of germs of
smooth sections of a finite-dimensional smooth vector bundle and the pull-
back of a vector sheaf (compare with Examples 4.1.9(a) and (c)).

Also, the sheaf Ω1
X of germs of differential 1-forms on a smooth

n-dimensional manifold X (defined in Example 2.1.4(a)) is a vector sheaf.
Over any chart UαUU of X, we have that Ω1

X |UαUU
∼= An|UαUU , where A = C∞

X is
the sheaf of germs of smooth functions on X (defined in the same example).

Analogously to Example 4.1.9(b), a projective system of Banach vector
bundles in the sense of Galanis [32] induces a C∞

X -module, where X is the
common base of the bundles of the system. Note that the projective limit
of such bundles is an (infinite-dimensional) Fréchet space, hence the sheaf
of its sections cannot be a vector sheaf.

Examples of A-modules and vector sheaves, associated with principal
sheaves, will be given in Section 5.4.

The local frame (U , (ψα)) determines, for each α ∈ I, a family of natural
sections eα

i ∈ E(UαUU ), i = 1, . . . , n = rank(E), given by

(5.1.3) eα
i (x) := ψ−1

α (0x, . . . , 1x, . . . , 0x); x ∈ UαUU ,

where 1x (in the i-th entry) is the unit of the algebra Ax. Moreover, if

εi : X � x �−→�� (0x, . . . , 1x, . . . , 0x) ∈ An

denotes the i-th natural global section of An, then (5.1.3) takes the equival-
ent form

(5.1.3′) eα
i = ψ−1

α ◦ εi|UαUU ≡ ψ−1
α (εi|UαUU ).
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Given a vector sheaf, an immediate consequence of the definitions is the
following:

5.1.2 Proposition. For each α ∈ I, the sections {eα
i | 1 ≤ i ≤ n} form a

basis of the A(UαUU )-module E(UαUU ). Consequently, {eα
i (x) | 1 ≤ i ≤ n} is a

basis of ExE , for every x ∈ UαUU .

Conversely, we have:

5.1.3 Proposition. Let (E , π,X) be an A-module. Assume that U = (UαUU ),
α ∈ I, is an open covering of X and

eα := {eα
i | 1 ≤ i ≤ n} ⊆ E(UαUU )n

a family of sections such that, for each α ∈ I, {eα
i (x) | 1 ≤ i ≤ n} is a basis

of ExE , for every x ∈ UαUU . Then E is a vector sheaf with local frame U , whose
corresponding natural sections coincide with (eα).

Proof. For a fixed α ∈ I and every open V ⊆ UαUU , we define the A(V )-
isomorphisms

ψα,V : E(V ) −→ A(V )n : s �→ (s1, . . . , sn),

where the sections si ∈ A(V ) are determined by

s(x) =
n∑

i=1

si(x) · eα
i (x), x ∈ V.

Varying V in UαUU , we obtain a presheaf isomorphism (ψα,V ) generating an
A|UαUU -isomorphism ψα : E|UαUU → An|UαUU .

Let now ¯ = {ē1, . . . , ē1} be the natural basis of E(UαUU ) induced by ψα.
Then

ē1(x) =
n∑

j=1

λij(x)eα
j (x).

Applying ψα to the preceding equality, it follows that λij(x) = δij(x), for
every x ∈ UαUU . Therefore, ¯ = eα.

Let (U , (ψα)) be a local frame of E . For any α, β ∈ I with UαβUU =
UαUU ∩ UβU �=�� ∅, the coordinate transformation

(5.1.4) ψαβ := ψα ◦ ψ−1
β : An|UαβUU −→ An|UαβUU



5.1. Vector sheaves 167

is an A|UαβUU -automorphism of An|UαβUU , i.e.,

ψαβ ∈ AutA|Uαβ
(An|UαβUU ).

Since (using the natural sections –and working as in the case of ordinary
vector spaces),

(5.1.5) AutA|Uαβ
(An|UαβUU ) ∼= GL(n,A(UαβUU )),

ψαβ corresponds bijectively to a matrix, called hereafter the transition
matrix of E, with respect to UαβUU , thus

(5.1.6) ψαβ ≡
(
gαβ
ij

)
∈ GL(n,A(UαβUU )).

The entries of the matrix are determined by

(5.1.6′) eβ
i =

n∑
j=1

gαβ
jig · eα

j ; i = 1, . . . , n,

as shown by elementary calculations.
Applying (3.2.7), we may think of the coordinate transformations as

sections of the general linear group sheaf; that is,

ψαβ ∈ GL(n,A)(UαβUU ).

It is a matter of routine checking to verify the cocycle condition

ψαγ = ψαβ ◦ ψβγ ,

over every UαβγUU �=�� ∅. This actually proves:

5.1.4 Proposition. For a given local frame (U , (ψα)) of E, the family of
coordinate transformations (ψαβ) identifies with a 1-cocycle (over U) with
coefficients in the general linear group sheaf of order n; that is,

(5.1.7) (ψαβ) ∈ Z1(U ,GL(n,A)),

if n is the rank of E.

As in the case of principal sheaves (see Section 4.6, as well as Subsection
1.6.4) (ψαβ) determines the (1-dimensional) cohomology class of U

[(ψαβ)]U ∈ H1(U ,GL(n,A)),
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and the 1st cohomology class of X with coefficients in GL(n,A)

[(ψαβ)] ∈ H1(X,GL(n,A)).

We refer to the latter as the 1st cohomology class of E .
To obtain a cohomological classification of vector sheaves we first need to

elaborate on the notion of a morphism of vector sheaves. We repeat formally
the relative definition given at the end of Subsection 1.1.2.

5.1.5 Definition. Let E ≡ (E , π,X) and E ′ ≡ (E ′, π′, X) be two vector
sheaves over the same base X. An A-morphism φ : E → E ′ is a morphism
of sheaves of sets such that, for every x ∈ X, the restriction

φx := φ|Ex : ExE −→ E ′
xE

is an Ax-morphism, i.e., a morphism of Ax-modules. An A-morphism with
an inverse is called an A-isomorphism.

We now prove the vector sheaf analog of Theorem 4.4.1.

5.1.6 Theorem. Let E ≡ (E , π, X) and E ′ ≡ (E ′, π′, X) be two vector
sheaves of corresponding ranks m and n. If (ψαβ) and (ψ′

αβ) are their
respective cocycles over the same open covering U = (UαUU )α∈I , then an
A-morphism f of E into E ′ determines a unique family of A|UαUU -morphisms

hα : Am|UαUU −→ An|UαUU ; α ∈ I,

such that the equalities

f = (ψ′
α)−1 ◦ hα ◦ ψα,(5.1.8)

ψ′
αβ ◦ hβ = hα ◦ ψαβ(5.1.9)

hold over E|UαUU and UαβUU , respectively.
Conversely, a family of A|UαUU -morphisms satisfying (5.1.9) determines a

unique A-morphism f also verifying (5.1.8).

Proof. Let f be an A-morphism of E into E ′. Restricting f to E|UαUU and
setting

hα := ψ′
α ◦ f ◦ ψ−1

α ; α ∈ I,

we obtain a family of A|UαUU -morphisms satisfying (5.1.8). Furthermore, ap-
plying (5.1.4) to the equality

(ψ′
α)−1 ◦ hα ◦ ψα = (ψ′

β)−1 ◦ hβ ◦ ψβ (over UαβUU ),
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we get (5.1.9). The uniqueness of (hα) follows immediately from (5.1.8).
Conversely, assume the existence of a family (hα) as in the second part

of the statement. For every α ∈ I, we define the A|UαUU -morphism

fαff := (ψ′
α)−1 ◦ hα ◦ ψα : E|UαUU −→ E ′|UαUU .

Since, over E|UαβUU ,

fβff = (ψ′
β)−1 ◦ hβ ◦ ψβ = (ψ′

α)−1 ◦ ψ′
αβ ◦ hβ ◦ ψβ

= (ψ′
α)−1 ◦ hα ◦ ψαβ ◦ ψβ = (ψ′

α)−1 ◦ hα ◦ ψα

= fαff ,

the fαff ’s can be glued together to yield an A-morphism f . Equality (5.1.8)
is merely the definition of fαff , for every α ∈ I. The uniqueness of f follows
again from (5.1.8).

Analogously to (5.1.5), we have the identification

(5.1.10) HomA|Uα
(Am|UαUU ,An|UαUU ) ∼= MmMM ×n(A(UαUU )),

thus each hα can be identified with an m× n matrix (hα
ij). Equality (5.1.8)

shows that the entries of this matrix satisfy

(5.1.11) f(eα
i (x)) =

n∑
j=1

hα
ji(x) �eα

j (x); i = 1, . . . , m,

for every x ∈ UαUU . Here �eα
i (i = 1, . . . , n) are the natural sections of E ′ over

UαUU . The back prime ( � ) has been used for obvious typographical reasons.
Condition (5.1.9) now takes the matrix form

(5.1.9′)
( �gαβ

ij

)
·
(
hβ

ij

)
=
(
hα

ij

)
·
(
gαβ
ij

)
,

where ( �gαβ
ij ) is the transition matrix corresponding to the coordinate trans-

formation ψ′
αβ .

In the case of isomorphisms, Theorem 5.1.6 takes the following form:

5.1.7 Theorem. Let E ≡ (E , π, X) and E ′ ≡ (E ′, π′, X) be two vector
sheaves of rank n with cocycles (ψαβ) and (ψ′

αβ), respectively, over the same
open covering U of X. Then an A-isomorphism f of E onto E ′ determines
a unique family of A|UαUU -automorphisms of An|UαUU

hα ∈ AutA|Uα
(An|UαUU ); α ∈ I,
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satisfying the equalities

f = (ψ′
α)−1 ◦ hα ◦ ψα; on E|UαUU ,(5.1.12)

ψ′
αβ = hα ◦ ψαβ ◦ h−1

β ; on UαβUU .(5.1.13)

Conversely, a family (hα) satisfying (5.1.13) determines a unique A-iso-
morphism f verifying (5.1.12).

For the sake of completeness, we remark that, in analogy to Theorem
4.4.2, (hα) can be interpreted as a 0-cochain with coefficients in GL(n,A);
that is,

(hα) ∈ C0(U ,GL(n,A)),

after the identifications (cf. (3.2.7) and (5.1.5))

(5.1.14) AutA|Uα
(An|UαUU ) ∼= GL(n,A(UαUU )) ∼= GL(n,A)(UαUU ).

Identifying hα with an invertible matrix (hα
ij) ∈ GL(n,A(UαUU )), we re-

write (5.1.13) in the matrix form

(5.1.13′)
( �gαβ

ij

)
=
(
hα

ij

)
·
(
gαβ
ij

)
·
(
hβ

ij

)−1
.

Finally, let us observe that if we deal with isomorphic vector sheaves
with 1-cocycles over different open coverings of the base, we can prove the
vector sheaf analogs of Corollaries 4.5.3 and 4.5.5.

Following the notation of Mallios [62, p. 128], we denote by

(5.1.15) Φn
A(X)

the set of equivalence classes of A-isomorphic vector sheaves of rank n over
X. Hence, we are in a position to prove the following cohomological classi-
fication theorem, which is the vector sheaf analog of Theorem 4.6.2.

5.1.8 Theorem. The sets Φn
A(X) and H1(X,GL(n,A)) are in bijective

correspondence, i.e.,

Φn
A(X) ∼= H1(X,GL(n,A)).

Proof. Since we follow the general pattern of the proof of Theorem 4.6.2
(with the necessary modifications), we only give an outline of its main steps.

To a class [ E ] ∈ Φn
A(X) we assign the cohomology class [(ψαβ)], if (ψαβ)

is the cocycle determined by the coordinate transformations (over any local
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frame) of the representative E , after the identifications of Proposition 5.1.4.
This is a well defined injection.

The surjectivity of the previous assignment is proved by showing that a
cocycle (ψαβ) ∈ Z1(U ,GL(n,A)) determines a vector sheaf of rank n, with
corresponding coordinate transformations coinciding with the given cocycle.
To this end we assume that U is a basis for the topology TX and consider
the presheaf of sections of An,

(
An(UαUU ), λαβ

)
, where the restriction maps

are the natural restrictions of sections. We define the maps

ραβ := ψ−1
αβ ◦ λαβ : An(UαUU ) −→ An(UβU ); UβU ⊆ UαUU ,

where now ψαβ is the induced morphism of sections.
For every s ∈ An(UαUU ) and UγUU ⊆ UβU ⊆ UαUU , in virtue of the cocycle

property of (ψαβ), we have that

(ρβγ ◦ ραβ)(s) = ρβγ

(
ψ−1

αβ (λαβ(s)
)

= ρβγ

(
ψ−1

αβ (s|UβU )
)

= ψ−1
βγ

(
ψ−1

αβ (s|UβU )|UγUU

)
= (ψ−1

βγ ◦ ψ−1
αβ )(s|UγUU )

= ψ−1
αγ (s|UγUU ) = (ψ−1

αγ ◦ λαγ)(s) = ραγ(s).

Thus,
(
An(UαUU ), ραβ

)
is a presheaf generating a sheaf (E , π,X). Since each

An(UαUU ) is an A(UαUU )-module, it turns out that E is an A-module.
We check that E is locally free as follows: Fixing an α ∈ I, for every

UβU ⊆ UαUU we define the A(UβU )-isomorphism ((5.1.14) still being in force)

φα,UβU : An(UβU ) −→ An(UβU ) : s �→ ψαβ ◦ s,

whose domain consists of the module of sections belonging to the presheaf
generating E , whereas the image belongs to the presheaf of sections of An.
Varying UβU in UαUU , the presheaf isomorphism (φα,UβU ), for all open UβU ⊆ UαUU ,
generates an A|UαUU -isomorphism φα : E|UαUU → An|UαUU .

Let us show that the coordinate transformation φα ◦ φ−1
β coincides with

ψαβ , within a natural isomorphism. Indeed, for an arbitrary a ∈ An
x, with

x ∈ UαβUU , there is a section σ ∈ An(UγUU ), for some open UγUU ⊆ UαβUU , such that
σ(x) = a. Then, by (1.2.13) and the notation of (♦ ) on p. 104, we have:

(φα ◦ φ−1
β )(a) = φα(φ−1

β (σ(x))) = φα

(
(φ−1

β,UγUU (σ))̃)) (x)
)

= φα

(
(ψ−1

βγ ◦ σ)̃)) (x)
)

=
(
φα,UγUU (ψ−1

βγ ◦ σ)
)̃

(x)

= (ψαγ ◦ ψ−1
βγ ◦ σ)̃)) (x) = (ψαβ ◦ σ)̃)) (x)

≡ (ψαβ ◦ σ)(x) = ψαβ(σ(x)) = ψαβ(a).
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In the last line of the above series of equalities we have identified An with
the sheaf generated by the presheaf of its sections (see also (5.1.2)).

Note. A slightly different proof is given in Mallios [62, Vol. I, p. 359].
Another proof, based on the classification of principal sheaves and techniques
from the sheaf of frames of a vector sheaf, will be given in Corollary 5.2.9.

Before closing this section let us observe that 1-cocycles of the form
(gαβ) ∈ Z1(U ,GL(n,A)) represent cocycles of vector sheaves, as explained
in the previous theorem, and cocycles of GL(n,A)-principal sheaves. There-
fore, applying the notations (4.6.1) (for G = GL(n,A)) and (5.1.15), the
classification Theorems 4.6.2 and 5.1.8 lead to the commutative diagram
below, consisting of bijective correspondences.

H1(X,GL(n,A))

P GL(n,A)(X)
� �

�

�

Φn
A(X)

�

��

Diagram 5.1

The link between the domain and the range of the dashed horizontal
arrow in this diagram can also be realized by the sheaves of frames discussed
in the next section (see, in particular, Corollary 5.2.8).

5.2. The sheaf of frames of a vector sheaf

We proceed to the detailed study of the sheaf in the title, one of the most
important (abstract) examples of principal sheaves, as mentioned in Remark
4.1.10.

We fix a vector sheaf (E , πE , X) of rank n, whose local structure is de-
scribed by the local frame (U , (ψα)). We denote by B the basis for the
topology of X, defined in the following way:

V ∈ B ⇐⇒ ∃ α ∈ I : V ⊆ UαUU .

Of course, one may choose U to be itself a basis for the topology of X.
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For each V ∈ B, we consider the set

IsoA|V (An|V , E|V )

consisting of all the A|V -isomorphisms between the A|V -modules An|V and
E|V . It is obvious that

(5.2.1) V �−→�� IsoA|V (An|V , E|V ),

with V running in B, is a complete presheaf with the obvious restriction
maps.

5.2.1 Definition. The sheaf generated by the presheaf (5.2.1) is called the
sheaf of frames of E . It is denoted by P(E).

5.2.2 Proposition. P(E) is a GL(n,A)-principal sheaf.

Proof. For a V ∈ B, we define the local action

δV : IsoA|V (An|V , E|V ) × GL(n,A(V )) −→ IsoA|V (An|V , E|V ) :

(f, g) �−→�� δV (f, g) ≡ f · g := f ◦ g,

under the identifications (5.1.14). Running V in B, we obtain a presheaf
morphism (δV ) generating an action of GL(n,A) on the right of P(E).

We now fix an α ∈ I. For every open V ⊆ UαUU , we define the GL(n,A(V ))-
equivariant isomorphism

(5.2.2) Φα,V : IsoA|V (An|V , E|V ) −→ GL(n,A(V )) : f �→ ψα ◦ f,

once more using (5.1.14). The family (Φα,V )V , with V varying in UαUU , defines
a presheaf isomorphism. It generates, in turn, a GL(n,A)|UαUU -equivariant
sheaf isomorphism

(5.2.3) Φα : P(E)|UαUU
∼=−−−−− → GL−− (n,A)|UαUU .

Thus, P(E) is a GL(n,A)-principal sheaf with local frame (U , (Φα)).

The sheaf of frames P(E) is fully denoted by

(5.2.4) P(E) ≡ (P(E),GL(n,A), X, π̃).
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5.2.3 Corollary. Let E be a vector sheaf and (ψαβ) ∈ Z1(U ,GL(n,A)) its
cocycle, with respect to a local frame (U , (ψα)). If (gαβ) ∈ Z1(U ,GL(n,A)) is
the cocycle of P(E), with respect to the local frame (U , (Φα)) of Proposition
5.2.2, then

(gαβ) = (ψ̃αβ) = (ψαβ)

within appropriate isomorphisms.

Proof. First observe that the definition of GL(n,A) and the canonical bijec-
tion GL(n,A(UαβUU )) �−→ GL� (n,A)(UαβUU ) implies that I �−→ Ĩ = 1, where, for
convenience, I denotes the identity matrix of GL(n,A(UαβUU )) and 1 = 1|UαβUU

is the unit section in GL(n,A)(UαβUU ).
Then, taking into account the definitions of the cocycles (gαβ) and (ψαβ)

(see (4.3.2), (5.1.4), (5.1.6) and Proposition 5.1.4), we have that

gαβ = (Φα ◦ Φ−1
β )(1) = Φα

(
Φ−1

β ( Ĩ )
)

= Φα

((
Φ−1

β,UαβUU ( I )
)̃ )

=
(
Φα,Uαβ

(ψ−1
β )
)̃

= (ψα ◦ ψ−1
β )̃)) = ψ̃αβ = ψαβ,

after the identifications (5.1.14).

From the preceding result and (5.1.6) it is clear that each gαβ can be
identified with the matrix of ψαβ.

Before proceeding, observe that

(5.2.5) P(E)(V ) ∼= IsoA|V (An|V , E|V ),

as a result of the completeness of the presheaf (5.2.1) generating P(E).
If σα ∈ P(E)(UαUU ), α ∈ I, are the natural sections of P(E), over U ,

then we have:

5.2.4 Corollary. The natural sections of P(E) are given by

(5.2.6) σα = ψ−1
α ; α ∈ I,

after the identification (5.2.5) for V = UαUU .

Proof. Applying Definition 4.1.6 and working as in the previous proof, we
have that

σα := Φ−1
α (1) ≡ Φ−1

α, UαUU (id) := ψ−1
α ◦ idα = ψ−1

α ,

where now 1 = 1|UαUU and id ∈ AutA|Uα
(An|UαUU ).
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Note. If we do not apply the identification (5.2.5), then (5.2.6) is replaced
by the following equality:

(5.2.6′) σα = ψ̃−1
α = (ψ̃α)−1.

Arbitrary GL(n,A)-principal sheaves are related with sheaves of frames
of vector sheaves as follows:

5.2.5 Proposition. Let P ≡ (P,GL(n,A), X, π) be an arbitrary principal
sheaf. Then there exists a vector sheaf E of rank n so that P(E) and P be
GL(n,A)-isomorphic. Therefore, any GL(n,A)-principal sheaf is realized,
up to isomorphism, as the sheaf of frames of a vector sheaf of rank n.

Proof. Let (gαβ) ∈ Z1(U ,GL(n,A)) be the cocycle of P with respect to a
local frame U . As we have seen in the proof of Theorem 5.1.6, (gαβ) can be
considered as the cocycle of a vector sheaf E , and, by Corollary 5.2.3, as the
cocycle of the corresponding sheaf of frames P(E). Therefore, P ∼= P(E) (by
means of a GL(n,A)-isomorphism), as a particular case of Theorem 4.4.2
(restated).

Concerning isomorphisms of vector sheaves and their sheaves of frames,
we obtain:

5.2.6 Proposition. Two vector sheaves E ≡ (E , π,X) and E ′ ≡ (E ′, π′, X),
of rank n, are isomorphic if and only if their corresponding sheaves of frames
P(E) and P(E ′) are GL(n,A)-isomorphic.

Proof. We have the following sequence of equivalences, for all α, β ∈ I:

E ∼= E ′ ⇐⇒ ψ′
αβ = hα ◦ ψαβ ◦ h−1

β ,

⇐⇒ g′αβ = hα · gαβ · h−1
β ,

⇐⇒ P(E) ∼= P(E ′).

The first is Theorem 5.1.7, the second is a result of (5.1.14) and Corollary
5.2.3, while the third follows from Theorem 4.4.2.

5.2.7 Remarks. 1) Assume that we start with an isomorphism of vector
sheaves F : E → E ′ and let f : P(E) → P(E ′) be a GL(n,A)-isomorphism
ensured by Proposition 5.2.6. An explicit expression for such an f can be
found from (4.4.6), after the calculation of the cochain (hα) determined by
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(5.1.12). Note that in this case, equalities (4.4.7) and (5.1.13) coincide,
in virtue of Corollary 5.2.3. The same calculation leads to the following
equivalent definition of f : it is the isomorphism generated by the presheaf
isomorphism obtained from the family of GL(n,A(V ))-isomorphisms

fVff : IsoA|V (An|V , E|V ) −→ IsoA|V (An|V , E ′|V ) : g �→ F ◦ g,

where V is running in B.
Another global relationship between f and F will be given in Proposition

5.6.5 in the sequel, where a vector sheaf will be associated with its principal
sheaf of frames.

2) Conversely, the construction of a vector sheaf isomorphism F from a
given GL(n,A)-isomorphism f will be dealt with in Section 5.6 (see Corollary
5.6.4). We note that in Section 5.6 we discuss the relationship between iso-
morphisms of vector sheaves and isomorphisms of the corresponding sheaves
of frames in the general setting of associated sheaves.

The next result, being a direct consequence of Propositions 5.2.5 and
5.2.6, now explains the comments following Diagram 5.1 regarding its (dash-
ed) horizontal bijection.

5.2.8 Corollary. The sets Φn
A(X) and P GL(n,A)(X) are in bijective cor-

respondence.

Therefore, we are led to a new proof of Theorem 5.1.8, recorded here for
the sake of completeness.

5.2.9 Corollary (Cohomological classification of vector sheaves).

Φn
A(X) ∼= H1(X,GL(n,A)).

Proof. Corollary 5.2.8 and Theorem 4.6.2 imply, respectively, that

Φn
A(X) ∼= P GL(n,A)(X) ∼= H1(X,GL(n,A)).

5.3. Associated sheaves: a general construction

We exhibit a general construction by which we obtain sheaves associated
with a given principal sheaf. More specific cases, mainly based on various
representations of the structure sheaf, will provide some important examples,
including the sheaf of frames of a vector sheaf.
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Throughout this section we fix a principal sheaf P ≡ (P,G, X, π), where,
for the sake of simplicity,

G is assumed to be only a sheaf of groups. Therefore, morphisms
of principal sheaves of this type are defined by triplets of the form
(f, φ, idX).

In this respect we refer to Remarks 4.1.5(2) and 4.2.2(1). Later on, in the
study of connections on associated sheaves (Chapter 7), G will necessarily
be a Lie sheaf of groups, while the morphisms of principal sheaves will be
meant as in Definition 4.2.1.

We further assume that F ≡ (F , πF , X) is a given sheaf of sets on which
G acts from the left , by an action

δF : G ×X F −→ F : (g, u) �→ δF (g, u) ≡ g · u.

For every open U ⊆ X, the group G(U) clearly acts on the right of
P(U) ×F(U) by setting

(5.3.1) (s, f) · g := (s · g, g−1 · f),

for every (s, f) ∈ P(U) × F(U) and g ∈ G(U). The first component of
the right-hand side of (5.3.1) represents the action of G(U) on the right of
P(U), and the second one is the action of G(U) on the left of F(U), induced
by δF . The action (5.3.1) determines the following equivalence relation on
P(U) ×F(U):

(5.3.2) (s, f) ∼U (t, h) ⇐⇒ ∃ g ∈ G(U) : (t, h) = (s, f) · g,

for every (s, f), (t, h) ∈ P(U) ×F(U).
It is evident that ∼U is indeed an equivalence relation and the above

section g ∈ G(U) is unique (by Proposition 4.1.2). Therefore, one obtains
the quotient set

(5.3.3) Q(U) := (P(U) ×F(U))
/
G(U).

The equivalence class of (s, f) is denoted by

(5.3.4) [(s, f)]U ∈ Q(U).

For any open U, V ⊆ X with V ⊆ U , we denote by

ρU
V : P(U) −→ P(V ) and fU

Vff : F(U) −→ F(V )
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the natural restriction maps of the presheaves of sections corresponding to
P and F , and we define the restriction map

qU
V : Q(U) −→ Q(V )

by setting

(5.3.5) qU
V ([(s, f)]U ) := [(ρU

V (s), fU
Vff (f))]V = [(s|V , f |V )]V ,

for every [(s, f)]U ∈ Q(U). It is well defined and satisfies the condition

qU
W = qV

W ◦ qU
V ,

for all W, V, U ∈ TX with W ⊆ V ⊆ U . As a result, varying U in the
topology of X, we obtain the (not necessarily complete) presheaf

(5.3.6)
(
Q(U), qU

V

)
,

generating a sheaf, denoted by

(5.3.7) Q ≡ (Q, πQ, X) := S
(
U �−→�� Q(U)

)
.

Later on (see Corollary 5.3.6), Q will be identified with the sheaf (5.3.13),
derived by quotienting P ×X F by a global equivalence relation.

5.3.1 Definition. The sheaf Q, defined by (5.3.7), is called the sheaf as-
sociated with P by the action δF .

We now describe the local structure of Q.

5.3.2 Theorem. The sheaf Q is of structure type F ; that is, there exists
an open covering U = (UαUU ) of X and isomorphisms (of sheaves of sets)

Φα : Q|UαUU
�−−→ F|�

UαUU , α ∈ I.

Proof. Let (U , (φα)) be a local frame of P with natural sections sα ∈ P(UαUU ).
Fixing α ∈ I, for each open V ⊆ UαUU we define the map

(5.3.8) Ψα,V : F(V ) −→ Q(V ) : f �→ [(sα|V , f)]V .

It is 1-1, for if Ψα,V (f) = Ψα,V (f ′), then (sα|V , f ′) = (sα|V , f) · g, for a
unique g ∈ G(V ). By (5.3.1) and Proposition 4.1.2, g = 1|V , thus f = f ′.
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On the other hand, an arbitrary [(σ, h)]V ∈ Q(V ) can be obtained as the
image, via Ψα,V , of the element f := g · h, where g ∈ G(V ) is the unique
section satisfying σ = sα|V · g. We note that f is a continuous section, since
f = k(sα, σ) · h (see Proposition 4.1.4). Hence, Ψα,V is also surjective.

Varying V in UαUU , we obtain a presheaf isomorphism (Ψα,V )V ⊆UαUU gener-
ating an isomorphism of sheaves (of sets) Ψα : F|UαUU → Q|UαUU whose inverse,
denoted by Φα, gives the isomorphism of the statement.

Because of the previous result, Q is characterized as the associated
sheaf of type F . It is customary to call the isomorphisms Φα, α ∈ I, the
coordinates of Q over U .

5.3.3 Proposition. If (gαβ) is the cocycle of the principal sheaf P, the
transformation of coordinates of the associated sheaf Q (of structure type
F) is given by

(Φα ◦ Φ−1
β )(u) = gαβ(x) · u,

for every u ∈ F with πF (u) = x ∈ UαβUU .

Proof. Let u ∈ FxFF , x ∈ UαβUU . Then u = h(x), for some section h ∈ F(V )
defined over an open V ⊆ UαβUU with x ∈ V . Then, by the very construction
of Ψα,

(5.3.9) Ψα(u) = [Ψα,V (h)]x =
(
Ψα,V (h)

)̃
(x),

where [Ψα,V (h)]x denotes the germ of Ψα,V (h) at x, and
(
Ψα,V (h)

)˜ is the
section in Q(V ) obtained from the (presheaf) “section” Ψα,V (h) ∈ Q(V )
(see the notation (♦ ), p. 104). Similarly,

(5.3.9′) Ψβ(u) = (Ψβ,V (h))̃)) (x).

On the other hand, (5.3.8) and (4.3.3) yield

(5.3.10)
Ψβ,V (h) = [(sβ |V , h)]V = [(sα|V · gαβ |V , h)]V

= [(sα|V , gαβ |V · h)]V = Ψα,V (gαβ |V · h).

Since gαβ |V · h ∈ F(V ) with (gαβ |V · h)(x) = gαβ(x) · u, equalities (5.3.10)
and (5.3.9), applied to (5.3.9′), lead to

(5.3.11) Ψβ(u) =
(
Ψα,V (gαβ |V · h)

)̃
(x) = Ψα(gαβ(x) · u).

This proves the equality of the statement because Φα = Ψ−1
α , for every

α ∈ I.
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We rewrite the same change of coordinates in the following convenient
form

(5.3.12) Φα(v) = gαβ(x) · Φβ(v),

for every v ∈ Qx, with x ∈ UαβUU .

As commented earlier, we shall give another, equivalent, interpretation
of the associated sheaf of type F . Namely, we shall show that Q can be iden-
tified with the sheaf (P ×X F)/G induced by an analogous global equivalent
relation.

As a first step to our goal, we explain the definition and the structure of
the aforementioned quotient sheaf: The action δF : G×X F → F determines
an action of G on the right of P ×X F by setting (p, u) · g := (p · g, g−1 · u),
for every (p, u) ∈ P ×X F and g ∈ G on stalks at the same base point.
This induces the following equivalence relation on the fiber product P×X F
(compare with (5.3.1) and (5.3.2)):

(p, u) ∼ (q, v) ⇐⇒
{

π(p) = π(q) = πF (u) = πF (v) = x,

∃ g ∈ Gx : (p, u) = (q, v) · g := (q · g, g−1 · v).

Clearly, g ∈ Gx is uniquely determined by Proposition 4.1.2.
We denote by [(p, u)] the equivalence class of (p, u) ∈ P ×X F and by

(5.3.13) (P ×X F)/G ≡ P ×G
X F ,

the resulting quotient space, topologized with the quotient topology .

The two notations of (5.3.13) will be used interchangeably. The second
notation is reminiscent of an analogous situation for associated bundles
(see, e.g., Bourbaki [13, no 6.5.1]).

There is a well defined natural projection

(5.3.14)
π̄ : (P ×X F)/G ≡ P ×G

X F −→ X

[(p, u)] �→ π̄([(p, u)]) := π(p) = πF (u).

5.3.4 Proposition. The triplet
(
P ×G

X F , π,X¯
)

is a sheaf.

Proof. Let us denote by

κ : P ×X F → P ×G
X F : (p, u) �→ [(p, u)]
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the canonical map, which is continuous and open. Moreover, if πX is the
projection of P ×X F to X (see Subsection 1.1.2), we have the commutative
diagram

P ×X F κ �� P ×G
X F

X

π̄

�

πX
��

Diagram 5.2

from which (along with the properties of the quotient topology) we see that
π̄ is a continuous map, since π̄ ◦ κ = πX is already continuous.

To prove that π̄ is a local homeomorphism, we proceed as follows: Let
[(po, uo)] be an arbitrary element with π̄([(po, uo)]) = xo. The sheaf structure
of P×XF guarantees the existence of two open sets UoUU ⊆ X and VoVV ⊆ P×XF
containing xo and (po, uo), respectively, so that the map

(5.3.15) πX,o := πX |VoVV : VoVV
�−−→ UoUU

be a homeomorphism. Then WoWW := κ(VoVV ) ⊆ P×G
XF is an open neighborhood

of [(po, uo)]. We claim that the continuous map

π̄o := π̄|WoWW : WoWW −→ UoUU

is a homeomorphism. To this end we show the following assertions:
i) π̄o is injective: If [(p, u)], [(q, v)] ∈ WoWW with π̄o([(p, u)]) = π̄o([(q, v)]),

then πX,o(p, u) = πX,o(q, v) and (p, u) = (q, v), as a consequence of the
injectivity of (5.3.15).

ii) π̄o is surjective: For an arbitrary x ∈ UoUU , we see that κ(π−1
X,o(x)) ∈ WoWW ;

hence, Diagram 5.2 implies that π̄o

(
κ(π−1

X,o(x))
)

= x.

iii) π̄−1
o is continuous: This is clear from equality π̄−1

o = κ ◦ π−1
X,o, ob-

tained in the last step of the proof of the surjectivity of π̄o.
Therefore, π̄ is a local homeomorphism at [(po, uo)], by which we close

the proof.

Similarly to Theorem 5.3.2 and Proposition 5.3.3, we have:
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5.3.5 Theorem. The sheaf P ×G
X F is of structure type F ; that is, there

exists an open covering (UαUU ) of X and coordinates

Φ̃α : (P ×G
X F)
∣∣∣∣
UαUU

�−−→ F|�
UαUU , α ∈ I.

Moreover, the transformation of coordinates is given by

(Φ̃α ◦ Φ̃−1
β )(u) = gαβ(x) · u,

for every u ∈ F with πF (u) = x ∈ UαβUU , if (gαβ) is the cocycle of P.

Proof. Let (U , (φα)) be a local frame of P and sα ∈ P(UαUU ) the associated
natural sections. Then, for each α ∈ I, we define the map

(5.3.16) Ψ̃α : F|UαUU −→ (P ×G
X F)
∣∣∣∣
UαUU

: u �→ [(sα(x), u)],

if πF (u) = x. Since we can write

Ψ̃α = κ ◦
(
sα ◦ πF , id

)
,

where id is the identity of F|UαUU , we see that Ψ̃α is a morphism of sheaves.
We easily check that Ψ̃α is a bijection whose inverse is the map

(5.3.17) Φ̃α : (P ×G
X F)
∣∣∣∣
UαUU

−→ F|UαUU : [(p, u)] �→ g · u,

where g = k(sα(x), p), if x = π(p) = πF (u). Therefore, Ψ̃α is an isomorph-
ism of sheaves.

Finally, for every u ∈ FxFF with x ∈ UαβUU , (5.3.16) and (5.3.17) yield

(Φ̃α ◦ Φ̃−1
β )(u) = Φ̃α([(sβ(x), u)]) = Φ̃α([(sα(x) · gαβ(x), u)]) =

Φ̃α([(sα(x), gαβ(x) · u)]) = gαβ(x) · u,

as stated.

5.3.6 Corollary. The sheaves (5.3.7) and (5.3.13) are isomorphic, i.e.,

Q ∼= (P ×X F)/G ≡ P ×G
X F .

Proof. For each α ∈ I we define the isomorphism of sheaves

fαff := Ψ̃α ◦ Φα = Φ̃−1
α ◦ Φα : Q|UαUU −→ (P ×G

X F)
∣∣∣∣
UαUU

,
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as in the next diagram,

Q|UαUU
fαff � (P ×G

X F)
∣∣∣∣
UαUU

F|UαUU

Ψ̃α

��

Φα ��

Diagram 5.3

where (Φα) and (Φ̃α) are the coordinates of Q and (P×XF)/G, respectively.
We claim that fαff = fβff on Q|UαβUU , thus the desired isomorphism is ob-

tained by gluing together all the previous isomorphisms. Indeed, for any
q ∈ Q|UαβUU , we set u := Φβ(q), with πQ(q) = πF (u) = x ∈ UαβUU . Then, in
virtue of (5.3.16),

fβff (q) = Ψ̃β(Φβ(q)) = Ψ̃β(u) = [(sβ(x), u)].

Hence, applying the transformation of coordinates as in Proposition 5.3.3
and Theorem 5.3.5, we conclude that

fαff (q) = (Ψ̃α ◦ Φα)(q) = Ψ̃α

(
(Φα ◦ Φ−1

β )(u)
)

= Ψ̃α(gαβ(x) · u) = [(sα(x), gαβ(x) · u)]

= [(sα(x) · gαβ(x), u)] = [(sβ(x), u)]
= fβff (q).

As a consequence of the preceding result, the sheaf associated with P
by the action δF , will be either Q or P ×G

X F , depending on the particular
problem we are dealing with.

For instance, the interpretation of the associated sheaf as the quotient
P ×G

X F is convenient in order to prove the following sheaf analog of a
classical result, known in the case of associated bundles (cf., e.g., Bourbaki
[13, no 6.5.1], Greub -Halperin -Vanstone [35, p. 198] and Kriegl -Michor [52,
p. 381]).

5.3.7 Theorem. The quadruple
(
P×X F , π̄∗(G), (P×X F)/G ≡ P×G

X F , κ
)

is a principal sheaf, where π̄∗(G) is the pull back of G by π̄.
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Proof. The morphism κ is a local homeomorphism (see the proof of Pro-
position 5.3.4 and Diagram 5.2); hence, P ×X F is a sheaf with base Q =
(P ×X F)/G = P ×G

X F .
There is a natural action

∗ : (P ×X F) ×Q π̄∗(G) −→ P ×X F

given by

(p, u) ∗ (y, g) := (p, u) · g = (p · g, g−1 · u),

for every (p, u) ∈ P ×X F and (y, g) ∈ π̄∗(G) projected to the same point of
Q, i.e.,

κ(p, u) = pr1|π̄∗(G)(y, g) = y ∈ P ×G
X F .

This clearly defines a continuous morphism. The properties of the action
are immediately checked, also taking into account that the product of π̄∗(G)
is given (stalk-wise) by (y, g) · (y, g′) = (y, g · g′).

Let U = (UαUU ) be the open covering of X over which the coordinates
φα : P|UαUU → G|UαUU and Φ̃α : (P ×G

X F)|UαUU → F|UαUU , of P and P ×G
X F ,

respectively, are defined. We form the open covering V = (VαVV ) with

VαVV := π̄−1(UαUU ) =
(
P ×G

X F
)
|UαUU .

Denoting by (P×X F)|VαVV and π̄∗(G)|VαVV the restrictions of P×X F and π̄∗(G)
over VαVV , we check that

(P ×X F)|VαVV = κ−1(VαVV ) = P|UαUU ×UαUU F|UαUU ,

π̄∗(G)|VαVV = VαVV ×UαUU G|UαUU .

As a result, we can define the maps

χα : π̄∗(G)|VαVV −→ (P ×X F)|VαVV ; α ∈ I,

by letting
χα(y, g) :=

(
φ−1

α (g), g−1 · Φ̃α(y)
)
,

for every (y, g) in the indicated domain. They are candidates for a system
of local coordinates.

First we see that each χα is a continuous map satisfying

(5.3.18) κ ◦ χα = pr1,
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where pr1 is the projection of π̄∗(G)|VαVV onto VαVV . Equality (5.3.18) is proved
as follows: If y = [(p, u)], with π̄([(p, u)]) = π(p) = x ∈ UαUU , then (see
(5.3.17) with the appropriate modifications) Φ̃α(y) = Φ̃α([(p, u)]) = h · u,
where h ∈ Gx is determined by p = sα(x) · h. Therefore, applying (4.1.7)
and the equivariance of φ−1

α ,

(κ ◦ χα)(y, g) = [(φ−1
α (g), g−1 · (h · u))] = [(sα(x) · g, g−1 · (h · u))]

= [(sα(x), h · u)] = [(sα(x) · h, u)] = [(p, u)] = y

= pr1(y, g),

for every (y, g) in the domain of χα. Hence, (5.3.18) is valid.
By its definition, χα is a sheaf isomorphism. Moreover, it is π̄∗(G)|VαVV -

equivariant. Indeed, for any (y, g), (y, h) ∈ π̄∗(G)|VαVV , the equivariance of the
coordinates of P, the action of G on P ×X F defined before (5.3.13), the
definition of the action ∗ , as well as the definition of the pull-back of a sheaf
of groups, imply that

χα

(
(y, g) · (y, h)

)
= χα(y, g · h)

=
(
φ−1

α (g) · h, h−1 · (g−1 · Φ̃α(y))
)

=
(
φ−1

α (g), g−1 · Φ̃α(y)
)
· h

= χα(y, g) ∗ (y, h).

Therefore,
(
V, (χα)

)
is a local frame for the principal sheaf structure of the

statement.

We shall connect the sections of the associated sheaf with a particular
sort of equivariant morphisms, as specified in the next definition.

5.3.8 Definition. A morphism (of sheaves of sets) τ : P → F is said to be
tensorial (with respect to the action of G on the right of P and on the left
of F) if

τ(p · g) = g−1 · τ(p), (p, g) ∈ P ×X G.

The term “tensorial” is another name for “equivariant” (with respect to
the said actions). It coincides with the usual equivariance property (for right
actions) defined in the comments after Definition 4.1.1, if we think of G as
acting on the right of F by setting u ·g := g−1 ·u, for every (u, g) ∈ F ×X G.
However, we adhere to the first term in conformity with the tensorial 0-forms
of Kobayashi -Nomizu [49, Vol. I, p. 76].

Analogously to the case of fiber bundles, we have the following relation
between tensorial morphisms and sections of the associated sheaf.
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5.3.9 Theorem. The global sections of P×G
X F are in bijective correspond-

ence with the tensorial morphisms τ : P → F .

Proof. Let s ∈ (P ×G
X F)(X). We define a map τ : P → F in the following

way: For a p ∈ P, with π(p) = x ∈ UαUU , we set τ(p) := g−1
α · Φ̃α(s(x)), where

gα is determined by p = sα(x) · gα.
This is a well defined map, for if x ∈ UαβUU , then τ(p) := g−1

β · Φ̃β(s(x)),
with p = sβ(x) · gβ . But (4.3.3) implies that gα = gαβ(x) · gβ ; hence, in
virtue of Theorem 5.3.5, we obtain

g−1
β · Φ̃β(s(x)) = g−1

α · gαβ(x) · Φ̃β(s(x)) =

g−1
α · (Φ̃α ◦ Φ̃−1

β )
(
Φ̃β(s(x))

)
= g−1

α · Φ̃α(s(x)),

which affirms the previous claim.
Since, formally, τ(p) = δF

(
k(sα(x), p), Φ̃α(s(x))

)
, for every p as above, it

follows that τ is a continuous map, thus a morphism of sheaves, as commut-
ing with the projections of the sheaves involved. Its tensoriality is verified
by a simple calculation.

We check that the assignment s �→ τ , with τ defined as before, is 1–1.
Indeed, let s and s′ be two sections corresponding to τ and τ ′ with τ = τ ′.
For any UαUU ∈ U , and for every x ∈ UαUU , the assumption implies that

Φ̃α(s(x)) = τ(sα(x)) = τ ′(sα(x)) = Φ̃α(s′(x)),

whence s|UαUU = s′|UαUU . Taking all UαUU ’s, we conclude that s = s′ on X.
The same assignment is onto. In fact, for a given τ , we define the maps

σα : UαUU → P ×G
X F , with σα(x) := [(sα(x), τ(sα(x)))], for all α ∈ I. They

are continuous (local) sections such that, for every x ∈ UαβUU ,

σβ(x) = [(sα(x) · gαβ(x), gαβ(x)−1 · τ(sα(x)))] = σα(x).

We obtain a global section by gluing together all the local sections σα,
α ∈ I.

For an open U ⊆ X, we denote by HomG|U (P|U ,F|U ) the set of tensorial
morphisms of P|U into F|U , with respect to the actions of the sheaf of groups
G|U on P|U and F|U , respectively. Then the assignment

U �−→�� HomG|U (P|U ,F|U ); U ∈ TX ,
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is a complete presheaf, generating the sheaf (of germs) of tensorial mor-
phisms of P into F

(5.3.19) HomG(P,F).

Therefore,

(5.3.20) HomG(P,F)(U) ∼= HomG|U (P|U ,F|U ), U ∈ TX .

5.3.10 Corollary. The sheaves HomG(P,F) and P ×G
X F coincide up to

isomorphism.

Proof. For every open U ⊆ X, we consider the map

TUTT : HomG|U (P|U ,F|U ) �−−→ (P ×G
X F)(U),

obtained by localizing the bijection of Theorem 5.3.9. It is immediately veri-
fied that (TUTT ), with U running in TX , is a presheaf isomorphism. Therefore,
identifying P ×G

X F with the sheaf of germs of its sections, we prove the
assertion.

Let us now take the particular case F = G, and consider the adjoint
action of G on itself (from the left), namely

ad : G ×X G −→ G : (a, b) �→ ad(a)(b) := a · b · a−1.

The sheaf associated with P by the adjoint action is denoted by

(5.3.21) ad(P) ≡ P ×G
X G.

In this case, the tensorial morphisms τ : P → G, with respect to the
action of G on the right of P and the adjoint action of G on itself, satisfy
the equality

(5.3.22) τ(p · g) = ad(g−1)(τ(p)) = g−1 · τ(p) · g.

Their set, denoted by Homad(P,G), is a group under the multiplication
defined (point-wise) by

(τ · τ ′)(p) := τ(p) · τ ′(p), p ∈ P.



188 Chapter 5. Vector and associated sheaves

By an obvious localization, we obtain the groups Homad(P|U ,G|U ), U ∈ TX ,
and the corresponding sheaf of germs Homad(P,G). Hence, as in Corollary
5.3.10, we have that

(5.3.21′) ad(P) ∼= Homad(P,G).

Tensorial morphisms of the previous kind are related with gauge trans-
formations of P. The latter are defined as follows:

5.3.11 Definition. A gauge transformation of the principal sheaf P ≡
(P,G, X, π) is a G-automorphism f of P. The set of such transformations is
a group, called the group of gauge transformations or the gauge group
of P. It is denoted by GA(P).

We clarify that the group operation in GA(P) is given by

(5.3.23) (f, f ′) �−→�� f ◦ f ′.

Note. The terminology of Definition 5.3.11, adopted here for its simplicity,
originates from the gauge theory of physics. However, there is no general
agreement regarding the original terminology. In this respect we refer to
the comments of Bleecker [10, p. 46] and the definition of Sokolovsky [115,
p. 2525]. The notation is taken from [10].

5.3.12 Proposition. The groups GA(P) and Homad(P,G) are isomorphic.

Proof. To a gauge transformation f we assign the map τ : P → G, determ-
ined by

(5.3.24) f(p) = p · τ(p), p ∈ P.

For each p ∈ P, τ(p) is uniquely defined by Proposition 4.1.2, thus τ is a
well defined map commuting with the projections of P and G. Its continuity
follows from equality τ = k◦(idP , f), which is equivalent to (5.3.24). Hence,
τ is a morphism of sheaves. On the other hand, for every p ∈ P and g ∈ G,
Proposition 4.1.4 yields

τ(p · g) = k(p · g, f(p · g)) = k(p · g, f(p) · g)

= g−1 · k(p, f(p)) · g = g−1 · τ(p) · g
= ad(g−1)(τ(p)),
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which proves the tensoriality of τ .
The correspondence GA(P) � f �→ τ ∈ Homad(P,G) is injective, as a

consequence of (5.3.24).
Conversely, given a τ as before, we define a morphism f : P → P

by equality (5.3.24). Since f = γ ◦ (idP , τ), where γ is the operation of
multiplication in G, we obtain a morphism of sheaves. In addition,

f(p · g) = p · g · τ(p · g) = p · τ(p) · g = f(p) · g,

i.e., f is a gauge transformation (see also Theorem 4.2.4).
Finally, if we assume that f1 �→ τ1ττ , f2ff �→ τ2ττ and f1 ◦ f2ff �→ τ , then

p · τ(p) = (f1 ◦ f2ff )(p) = f1(p · τ2ττ (p)) = f1(p) · τ2ττ (p) = p · τ1ττ (p) · τ2ττ (p),

for every p ∈ P; that is, τ = τ1ττ · τ2ττ . Hence, f1 ◦f2ff �→ τ1ττ · τ2ττ , which completes
the proof.

5.3.13 Remark. The isomorphism of the preceding proposition may be
thought of as an anti-isomorphism, if instead of (5.3.23) we consider the
multiplication (f, f ′) �→ f ′ ◦ f (see Bleecker [10, Theorem 3.3.2]).

Localizing the isomorphism of Proposition 5.3.12, we get a family of
isomorphisms

(5.3.25) GU : GA(P|U ) �−−→ Homad(P|U ,G|U ),

with U running the topology of X. This yields a presheaf isomorphism.
Thus, if we define the sheaf (of germs) of gauge transformations of P
to be the sheafification of (5.3.25); that is,

GA(P) := S(U −→ GA(P|U )); U ∈ TX ,

we have, in conjunction with (5.3.21′), the following result:

5.3.14 Corollary. There exists an isomorphism of sheaves of groups

G : GA(P) �−−→ H�
omad(P,G) ∼= ad(P).

Proof. The isomorphism G is generated by the presheaf isomorphism (GU )
defined by (5.3.25).
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5.4. Associated sheaves: particular cases

Here, the general construction of the previous section is specialized to actions
defined by morphisms of G into (Lie) sheaves of groups, or, in particular, by
representations of G into certain (convenient) sheaves. In this way, a vector
sheaf is associated with its sheaf of frames by the trivial representation of
the general linear sheaf group.

With the exception of the final case (d), as in Section 5.3, we assume
throughout that the structure sheaf G of P is only a sheaf of groups.

(a) Associated sheaves from morphisms of sheaves of groups

We consider a morphism of sheaves of groups

(5.4.1) ϕ : G −→ H.

Following the preliminary notations of Section 5.3, the morphism ϕ determ-
ines the action of G on the left of H

δH : G ×X H −→ H : (g, h) �→ δ(g, h) := ϕ(g) · h,

and the action on the right of P ×X H

(P ×X H) ×X G −→ P ×X H,

given by

(5.4.2) (p, h) · g :=
(
p · g, ϕ(g−1) · h

)
.

The presheaf

U �−→�� Q(U) := (P(U) ×H(U))/G(U); U ∈ TX ,

where the quotients are defined with respect to (the localization of) (5.4.2)
(see the analog of (5.3.2)), determines a sheaf. This is, by definition, the
sheaf associated with P by the morphism of sheaves of groups ϕ,
denoted by ϕ(P). In virtue of Corollary 5.3.6 we have that

(5.4.3) ϕ(P) ∼= (P ×X H)/G ≡ P ×G
X H.

The fact that the structure type of ϕ(P) is the sheaf of groups H leads
to the following variation of Theorem 5.3.2.
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5.4.1 Proposition. ϕ(P) is an H-principal sheaf; in other words, ϕ(P) ≡
(ϕ(P),H, X, π̄). Moreover, there exists a canonical morphism (of principal
sheaves)

(ε, ϕ, idX) : (P,G, X, π) −→ (ϕ(P),H, X, π̄).

Proof. First we obtain a (right) action δϕ(P) : ϕ(P) ×X H −→ φ(P): For
an open U ⊆ X, using the presheaf generating ϕ(P), we define the map

δU
ϕ(P) : Q(U) ×H(U) −→ Q(U),

by setting (see also (5.3.4))

(5.4.4) δU
ϕ(P)

(
[(s, h)]U , h′) ≡ [(s, h)]U · h′ := [(s, h · h′)]U .

In virtue of (5.4.2), this is a well defined local action; hence, varying U in
TX , we obtain a presheaf morphism generating δϕ(P).

In our case, the isomorphisms (5.3.8), describing the local structure of
ϕ(P), have the form

Ψα,V : H(V ) −→ Q(V ), with Ψα,V (h) := [(sα|V , h)]V ,

and are H(V )-equivariant with respect to the action (5.4.4). Therefore,
the corresponding coordinates Ψα : H|UαUU → ϕ(P)|UαUU and Φα = Ψ−1

α are
H|UαUU -equivariant. This proves that ϕ(P) is an H-principal sheaf.

For the second result we define the map

εU : P(U) −→ Q(U) : s �→ εU (s) := [(s,1|U )]U ,

1 denoting the unit section of H. Then, for every g ∈ G(U), (5.4.4) yields

εU (s · g) = [(s · g,1|U )]U = [(s, ϕ(g))]U
= [(s,1|U )]U · ϕ(g) = εU (s) · ϕU (g).

The desired morphism ε is generated by the presheaf morphism (εU ).

5.4.2 Remarks. 1) If we assume that G ≡ (G,LG , ρG , ∂G∂∂ ), H ≡ (H,LH,
ρH, ∂H∂∂ ) are Lie sheaves of groups, and (ϕ, ϕ) is a morphism of G into H (see
Definition 3.4.1), then Proposition 5.4.1 is a fortiori valid, and the canonical
morphism of the statement has the form (ε, ϕ, ϕ, idX).

2) If we consider the quotient sheaf P×G
X H (see the discussion preceding

Proposition 5.3.4), we can define an action of H on this quotient by setting,
stalk-wise,

[(p, h)] · h′ := [(p, h · h′)],
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for every (p, h, h′) ∈ PxP ×Hx×Hx and x ∈ X. In conjunction with the same
Proposition 5.3.4, it can be shown that the aforementioned quotient sheaf
is a principal sheaf of the described type. This approach, however, is a bit
more complicated than the one given in the proof of Proposition 5.4.1.

3) In the context of Remark 2, we define a morphism

ε̄ : P −→ P ×G
X H : p �→ ε̄(p) := [(p, ex)],

if p ∈ PxP and ex is the neutral element of Hx. As expected, the morphisms
ε̄ and ε are related by

(5.4.5) ε̄ = f ◦ ε

(see also Diagram 5.4), where f is the isomorphism (5.4.3), explicitly con-
structed in Corollary 5.3.6.

P

ϕ(P)
f ��

�

ε

P ×G
X H

ε̄

��

Diagram 5.4

The proof goes as follows: For any p ∈ P with π(p) = x ∈ UαUU , we can
find an open V ⊆ UαUU and a section s ∈ P(V ) such that s(x) = p. Then

ε(p) = ε̃V (s)(x) =
(
[(s,1|V )]V

)̃
(x) ∈ ϕ(P)x.

Thus, as in the proof of Corollary 5.3.6,

f(ε(p)) = fαff (ε(p)) =
(
Ψ̃α ◦ Φα

)
(ε(p)),

where now Φα : ϕ(P)|UαUU → G|UαUU and Ψ̃α = Φ̃−1
α : G|UαUU → (P ×G

X H)
∣∣∣∣
UαUU

(see
Theorems 5.3.2 and 5.3.5, respectively).

On the other hand, the definition of the inverse of (5.3.8), adapted to
the present data, yields

Φα(ε(p)) =
(
Φα,V ([(s,1|V )])

)̃
(x) = g̃(x) ≡ g(x),
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(after the identification of G with the sheaf of germs of its sections), where
g ∈ G(V ) is defined by s = sα|V ·g. Therefore, the previous equalities, along
with (5.3.16), imply that

f(ε(p)) = Ψ̃α

(
Φα(ε(p))

)
= Ψ̃α(g(x))

= [(sα(x), g(x))] = [(s(x) · g(x)−1, g(x))]

= [(s(x), ex) · g(x)−1] = [(p, ex)]
= ε̄(p),

which gives (5.4.5).

For later use, we prove the following useful result:

5.4.3 Corollary. Let U = (UαUU ) be an open covering of X carrying the local
frames of P and ϕ(P). If (sϕ(P)

α ) ∈ C0(U ,H) is the 0-cochain of the natural
local sections of ϕ(P), and (gϕ(P)

αβ ) ∈ Z1(U ,H) is the corresponding cocycle,
then

sϕ(P)
α = ε(sα),(5.4.6)

g
ϕ(P)
αβ = ϕ(gαβ),(5.4.7)

for every α, β ∈ I.

Proof. We handle ϕ(P) as in Proposition 5.4.1. The first equality is a
consequence of Definition 4.1.6 and (5.3.8). Indeed, based on Diagram 1.7,
equality (1.2.9), and convention 1.1.3, we have that

sϕ(P)
α := Ψ−1

α (1|UαUU ) =
(
Ψ−1

α,UαUU (1|UαUU )
)̃

=
(
[(sα,1|UαUU )]UαUU

)̃
=
(
εUαUU (sα)

)̃
= ε(sα),

where, in virtue of (1.2.15), we have applied the identifications 1|UαUU ≡ 1̃|UαUU

and sα ≡ s̃α.
On the other hand, each transition section g

ϕ(P)
αβ is determined by the

equality s
ϕ(P)
β = s

ϕ(P)
α · gϕ(P)

αβ or, equivalently, by ε(sβ) = ε(sα) · gϕ(P)
αβ . Since

ε is a morphism of principal sheaves, (4.2.1) and (5.4.6) imply that

ε(sα) · ϕ(gαβ) = ε(sα · gαβ) = ε(sβ) = ε(sα) · gϕ(P)
αβ ,

from which (5.4.7) follows.
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5.4.4 Remark. For the sake of completeness, we note that (5.4.7) can be
obtained directly from Proposition 5.3.3, for F = H, the action of G on
H now being given by δH as in the beginning of the present section. As a
matter of fact, denoting by ex the neutral element of Hx, we have that

g
ϕ(P)
αβ (x) = (Φα ◦ Φ−1

β )(ex) = ϕ(gαβ(x)) · ex = ϕ(gαβ(x)),

for every x ∈ UαβUU .

(b) Associated sheaves from representations on A-modules

Here we consider a representation of G on an A-module S; that is, a
morphism of sheaves of groups

(5.4.8) η : G −→ Aut(S) ≡ AutA(S).

From Subsection 1.3.5, we recall that the range of η is the sheaf of germs
of A-automorphisms of S. A representation η is equivalent to a left action
δS : G×XS −→ S of G on S (see the beginning of Section 3.3 and Proposition
3.3.1), generated by the local actions

δS,U (g, σ) ≡ g · σ := η(g) ◦ σ,

for every g ∈ G(U) and σ ∈ S(U), with U running in TX . We also recall that
η(g) ∈ Aut(S)(U) ∼= AutA|U (S|U ) (see (1.3.13)). Analogously to (5.4.2), δS
defines a right action of G on P ×X S. Thus, as in the case (a), we obtain
the corresponding associated sheaf

(5.4.9) M := η(P) ∼= (P ×X S)/G ≡ P ×G
X S,

with projection denoted by πM . Thus, M ≡ (M, πM , X).
Anticipating the next result, we call M the A-module associated

with P by the representation η.

5.4.5 Proposition. The sheaf M = η(P), associated with P by a repres-
entation of G on an A-module S, is also an A-module, locally A-isomorphic
with S. In particular, M is of structure type S.

Proof. Working as in the proofs of Theorem 5.3.2 and Proposition 5.4.1,
we define the coordinates

(5.4.10) Φα : M|UαUU
�−−→ S|�

UαUU ; α ∈ I.
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In virtue of (5.4.7), they determine the cocycle (gMαβ) of M, with

(5.4.11) gMαβ = η(gαβ) = Φα ◦ Φ−1
β ,

after the identification Aut(S)(UαβUU ) ∼= AutA|Uαβ
(S|UαβUU ).

We define the structure of an A-module on M by setting

u + v := Φ−1
α (Φα(u) + Φα(v)),(5.4.12)

λ · u := Φ−1
α

(
λ · Φα(u)

)
,(5.4.13)

for every u, v ∈ Mx, λ ∈ Ax, with x ∈ UαUU . The previous operations are
independent of the choice of the particular UαUU containing x. Indeed, this
amounts to showing that (Φα ◦ Φ−1

β ) ∈ AutA|Uαβ
(S|UαβUU ), a fact being true

according to (5.4.11).
The two operations are continuous. This is proved by showing that their

restrictions over each UαUU , namely the maps

+ : M|UαUU ×UαUU M|UαUU −→ M|UαUU ,

· : A|UαUU ×UαUU M|UαUU −→ M|UαUU

are continuous. This is the case, since the expressions (5.4.12) and (5.4.13)
involve the homeomorphism Φα and the respective operations of S|UαUU , which
are already continuous. From (5.4.10) – (5.4.13) it follows that the coordin-
ates are A|UαUU -isomorphisms and M is of structure type S.

(c) Associated sheaves from representations on free modules

We apply the previous case (b) to a free module of rank n, i.e., we assume
that S = An. By (5.1.14), we have the identification

Aut(An) ≡ AutA(An) ∼= GL(n,A),

therefore, a representation of G on An can be thought of as a morphism of
sheaves of groups

(5.4.14) ζ : G −→ GL(n,A),

which determines the associated sheaf (E , πE , X), where

(5.4.15) E := ζ(P) ∼= (P ×X An)/G ≡ P ×G
X An.

As a consequence of Proposition 5.4.5, we have:
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5.4.6 Corollary. The sheaf E ≡ ζ(P), associated with P by a representation
of G on An, is a vector sheaf of rank n.

Proof. In virtue of Proposition 5.4.5, it suffices to observe that the local
coordinates are now maps of the form

Φα : E|UαUU
�−−→ A� n|UαUU ; α ∈ I,

which are A|UαUU -isomorphisms.

We call E ≡ ζ(P) the vector sheaf associated with P by the rep-
resentation ζ : G → GL(n,A).

For later use, we note that the analog of (5.4.11) is given by

(5.4.16) gEαβ = ζ(gαβ) = Φα ◦ Φ−1
β .

5.4.7 Remark (on the physics jargon). If (P, G, X, π) is a principal
bundle, V a (finite-dimensional) vector space and G → GL(V ) a represent-
ation of G on V , then a tensorial map P → V is called particle field (see
Bleecker [10, p. 43]) or matter field (see Naber [81, p. 51]).

The same terminology can be applied to the case of tensorial morphisms
τ : P → S (see Definition 5.3.8), if S is an A-module, or S = An. By
the general Theorem 5.3.9, such tensorial morphisms correspond bijectively
to the sections of the A-module M (defined in case 5.4(b)), if S is an A-
module, or to the sections of the vector sheaf E (obtained in case 5.4(c)), if
S = An.

(d) The adjoint sheaf ρ(P)
Let P ≡ (P,G, X, π) be a principal sheaf where G is now a Lie sheaf of

groups, i.e, G ≡ (G, ρ,L, ∂). By definition, G is provided with a representa-
tion ρ : G → Aut(L). Therefore, ρ induces an associated sheaf

ρ(P) ∼= (P ×X L)/G ≡ P ×G
X L,

called the ρ-adjoint sheaf of P. If ρ is fixed and there is no danger
of confusion, we simply say that ρ(P) is the adjoint sheaf of P. This
terminology is influenced by the classical adjoint bundle associated with a
principal bundle by the adjoint representation of the structure group.

The sheaf ρ(P) is of structure type L, thus there exist an open covering
(UαUU ) of X and A|UαUU -isomorphisms (coordinates)

(5.4.17) Φα : ρ(P)|UαUU
�−−→ L|�

UαUU , α ∈ I.



5.5. Interrelations with the sheaf of frames 197

By Proposition 5.3.3, the change of coordinates Φα ◦ Φ−1
β : L|UαβUU → L|UαβUU

takes the form

(5.4.18) (Φα ◦ Φ−1
β )(u) = gαβ(x).u,

for every u ∈ Lx and x ∈ UαβUU . The action on the right-hand side of (5.4.18)
is that induced by ρ (see the notations and conventions in the beginning of
Section 3.3). In particular, the induced morphism of sections Φα ◦ Φ−1

β :
L(UαβUU ) → L(UαβUU ) is calculated as follows: For every � ∈ L(UαβUU ) and every
x ∈ UαβUU , (3.3.1′) implies that(

(Φα ◦ Φ−1
β )(�)

)
(x) = (Φα ◦ Φ−1

β )(�(x)) = gαβ(x).�(x) =
(
ρ(gαβ)(�)

)
(x);

in other words,

(5.4.19) (Φα ◦ Φ−1
β )(�) = ρ(gαβ)(�),

for every � ∈ L(UαβUU ).
The same equalities hold for the change of coordinates Φ̃α ◦ Φ̃−1

β , if we
think of ρ(P) as the associated sheaf P ×G

X L (see Theorem 5.3.5).

5.5. Interrelations with the sheaf of frames

We relate certain associated vector sheaves, obtained earlier, with the cor-
responding principal sheaves of frames.

We start with an arbitrary vector sheaf E ≡ (E , π, X) of rank n. If
P(E) ≡ (P(E),GL(n,A), X, π̃) is the principal sheaf of frames of E , then, by
what has been said in Section 5.4(c), the trivial representation of GL(n,A)
on An,

(5.5.1) idGL(n,A) : GL(n,A) −→ GL(n,A),

determines the associated vector sheaf

Ẽ = (P(E) ×X An)/GL(n,A).

5.5.1 Proposition. The sheaves Ẽ and E are A-isomorphic.

Proof. Let (ψαβ) ∈ Z1(U ,GL(n,A)) be the cocycle of E , with respect to
a local frame (U , (ψα)). Then, by Corollary 5.2.3, (ψαβ) is the cocycle of
P(E). But, (5.4.7), applied to ϕ = idGL(n,A) and the previous cocycle, shows
that the cocycle of Ẽ is the same (ψαβ). Therefore, Theorem 5.1.8 leads to
the result.
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We rephrase the previous statement in the following useful form:

5.5.2 Corollary. Every vector sheaf is associated with its principal sheaf of
frames by the trivial representation of GL(n,A); hence,

E ∼= (P(E) ×X An)/GL(n,A).

The next diagram illustrates Corollary 5.5.2.

P(E)

E � ��==
==

==
==

==
=⇒==

(P(E) ×X An)/GL(n,A)

==============⇒==

Diagram 5.5

The two double arrows simply indicate the transition from a vector sheaf
to its sheaf of frames and back to the vector sheaf associated by the trivial
representation, whereas the horizontal arrow represents the isomorphism of
Proposition 5.5.1.

On many occasions it is desirable to define a concrete isomorphism of
Ẽ = (P(E)×XAn)/GL(n,A) onto E , whose existence is theoretically ensured
by Corollary 5.5.2. To this end we apply Theorem 5.1.7.

More precisely, since Ẽ and E have the same cocycle (see the proof of
Proposition 5.5.1), we can take hα = id : An|UαUU → An|UαUU , for all α ∈ I;
thus a vector sheaf isomorphism R : Ẽ → E can be defined by the family of
A|UαUU -isomorphisms Rα : Ẽ |UαUU → E|UαUU , given by

Rα = ψ−1
α ◦ Φα,

and which coincide on the overlappings. We recall that ψα : E|UαUU → An|UαUU

and Φα : Ẽ |UαUU → An|UαUU are the coordinates of E and Ẽ (over UαUU ), respect-
ively. The latter is obtained by the sheafification (see the proof of Theorem
5.3.2 adapted to the present setting) of the isomorphisms, for all V varying
in UαUU ,

Φα,V :
(
IsoA|V (An|V , E|V ) ×An(V )

)
/GL(n,A)(V ) −→ An(V ) :

[(σ, h)]V �−→�� Φα,V ([(σ, h)]V ) = g · h ≡ g ◦ h,



5.5. Interrelations with the sheaf of frames 199

where g ∈ GL(n,A)(V ) ∼= AutA|V (An|V ) is given by σ = σα|V ◦g ≡ ψ−1
α ◦g,

if σα is the natural section of P(E) over UαUU (see also (5.2.5), and Proposition
5.2.2 for the definition of the action of GL(n,A) on P(E)).

On the other hand, ψ−1
α can be thought of as being generated by the

induced morphisms of sections (ψ−1
α )V , for all open V ⊆ UαUU ; hence, Rα is

generated by the sheafification of {Rα,V := (ψ−1
α )V ◦ Φα,V | V ⊆ UαUU open}.

Therefore, using the above equality determining g, we see that

Rα,V ([(σ, h)]V ) = (ψ−1
α )V (g ◦ h) := ψ−1

α ◦ g ◦ h = σ ◦ h.

Summarizing, we have shown that

(5.5.2)

the vector sheaves (P(E)×X An)/GL(n,A) and E become isomorphic
by gluing together the isomorphisms (Rα) generated, in turn, by the
isomorphisms

Rα,V :
(
IsoA|V (An|V , E|V ) ×An(V )

)
/GL(n,A)(V ) −→ An(V ) :

[(σ, h)]V �−→�� σ ◦ h,

for all open V ⊆ UαUU .

Now, starting with a principal sheaf P ≡ (P,G, X, π), we consider a
morphism of sheaves of groups of the form

ϕ : G −→ GL(n,A).

(In the case of connections on associated sheaves we shall need a morphism
of Lie sheaves of groups (ϕ, ϕ̄), with ϕ̄ : L → Mn(A). However, this is not
necessary in the present considerations.)

According to the results of Section 5.4.(a) (see, in particular, (5.4.3) and
Proposition 5.4.1), we obtain an associated principal sheaf, now denoted by

(5.5.3) PϕPP ≡ (PϕP ,GL(n,A), X, πϕ),

(instead of ϕ(P)), where PϕPP = (P ×X GL(n,A))/G ≡ P ×G
X GL(n,A).

The same morphism, viewed as a representation of G on An, determines
the vector sheaf (see also (5.4.15))

(5.5.4) Eϕ
∼= (P ×X An)/G,

with corresponding sheaf of frames P(EϕEE ) ≡ (P(EϕEE ),GL(n,A), X, π̃). Obvi-
ously, the index ϕ is set to remind ourselves that the respective sheaves are
constructed by means of the given morphism ϕ.
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Our aim is to find the relationship between PϕP and P(Eϕ). To help
the reader, we picture our quest in Diagram 5.6, where the double arrows
indicate the transition from P to the indicated associated sheaves, while the
question mark stands for the relationship we are looking for.

P ==========⇒ P== ϕ

Eϕ

#
$$$$$$$$$$$$$$$$$$$$$$$##$$

========⇒ P== (Eϕ)

?

Diagram 5.6

Taking into account Remarks 4.1.5(2) and 4.2.2(1), we first prove the
following:

5.5.3 Lemma. Under the above notations, there exists a morphism of prin-
cipal sheaves (FPFF , ϕ, idX) : (P,G, X, π) → (P(Eϕ),GL(n,A), X, π̃).

Proof. Let (U , (φα)) be a local frame of the initial principal sheaf P. For
the sake of simplicity, and without loss of generality, we may assume that
U = (UαUU ) is a basis for the topology of X. Thus P can be identified with
the sheaf generated by the presheaf of sections P(UαUU ). Similarly, P(Eϕ) can
be constructed as in Section 5.2, over the same basis of topology U .

We define FPFF to be the morphism generated by the presheaf morphism{
FPFF ,α : P(UαUU ) −→ IsoA|Uα

(An|UαUU , Eϕ|UαUU ) |UαUU ∈ TX},

obtained as follows: For an arbitrary s ∈ P(UαUU ), the A|UαUU -isomorphism
FPFF ,α(s) : An|UαUU → Eϕ|UαUU is generated by the presheaf isomorphism{

FPFF ,α(s)V : An(V ) �−−→ (P(V ) ×An(V ))/G(V ) |V ⊆ UαUU open
}
,

whose individual isomorphisms are determined by

(5.5.5) FPFF ,α(s)V (σ) := [(s|V , σ)]V , σ ∈ An(V ).

The equivalence class [ ]V refers to the construction of Eϕ as a sheaf asso-
ciated with P (see (5.3.4)).

It is not difficult to see that every FPFF ,α(s) is an An|UαUU -isomorphism, thus
FPFF is a well defined morphism of sheaves of sets with domain and range as
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in the statement. Furthermore, we show that FPFF is a morphism of principal
sheaves by proving that

(5.5.6) FPFF ,α(s · g) = FPFF ,α(s) · ϕ(g),

for every s ∈ P(UαUU ) and g ∈ G(UαUU ), where ϕ now is the induced morphism
of sections over UαUU .

Indeed, for a fixed open V ⊆ UαUU , and for every σ ∈ An(V ), we first see
that

(5.5.7)
FPFF ,α(s · g)V (σ) = [((s · g)|V , σ)]V =

[(s|V , ϕ(g|V ) ◦ σ)]V = FPFF ,α(s)V

(
ϕ(g|V ) ◦ σ

)
.

Since each automorphism ϕ(g|V ) ∈ GL(n,A)(V ) ∼= AutA|V (An|V ) is also
generated by the corresponding family of automorphisms of sections{

ϕ(g|V )W : An(W ) �−−→ A� n(W ) | W ⊆ V open
}

(see (1.2.17)), the definition of the induced morphism of sections implies
that

ϕ(g|V )(σ) ≡ ϕ(g|V )V (σ) = ϕ(g|V ) ◦ σ;

hence, (5.5.7) is transformed into

FPFF ,α(s · g)V (σ) = FPFF ,α(s)V

(
ϕ(g|V )(σ)

)
=
(
FPFF ,α(s)V ◦ ϕ(g|V )

)
(σ),

for every σ ∈ An(V ), from which we obtain

(5.5.8) FPFF ,α(s · g)V = FPFF ,α(s)V ◦ ϕ(g|V ).

Because the morphisms of presheaves of sections

{FαFF (s · g)V }V ⊆UαUU , {FαFF (s)V }V ⊆UαUU , {ϕ(g|V )}V ⊆UαUU

(for all open V ⊆ UαUU ) generate, respectively, the morphisms FαFF (s · g), FαFF (s)
and ϕ(g), it follows that (5.5.8) implies equality (5.5.6).

Finally, we immediately check that π̃ ◦ FPFF = π, thus (FPFF , ϕ, idX) is a
principal sheaf morphism.

Note. If G ≡ (G, ρ,L, ∂) is a Lie sheaf of groups and we consider a morphism
of Lie sheaves of groups (ϕ,ϕ) : (G, ρ,L, ∂) → (GL(n,A),Ad,Mn(A), ∂̃),
with ϕ : L → Mn(A), then we obtain an analogous result with the morphism
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of principal sheaves now given by (FPFF , ϕ, ϕ, idX). However, the morphism
ϕ does not intervene in the construction of FPFF .

Preparing the study of connections on associated sheaves, we prove the
following consequence of the local structure of the sheaves involved in the
preceding Lemma.

5.5.4 Corollary. Let (sα) be the natural sections of P, over a local frame
U , and let

(
s
P(Eϕ)
α

)
be the natural sections of P(Eϕ). Then

(5.5.9) s
P(Eϕ)
α = FPFF (sα), α ∈ I.

Proof. First, we recall that, in virtue of (5.2.6′),

(5.5.10) s
P(Eϕ)
α = ψ̃−1

α ∈ P(Eϕ)(UαUU ),

where ψ−1
α : An|UαUU → E|UαUU is (the inverse of) the coordinate of Eϕ over UαUU .

Since Eϕ is now associated with P, the coordinate ψ−1
α is generated by the

presheaf isomorphism{
ψ−1

α,V : An(V ) −→ (P(V ) ×An(V ))/G(V ) |V ⊆ UαUU open
}
,

determined by

(5.5.11) ψ−1
α,V (σ) = [(sα|V , σ)]V ; σ ∈ An(V ),

(see (5.3.8) and the general construction of Theorem 5.3.2). Therefore,
equalities (5.5.11), and (5.5.5) for s = sα, imply that

ψ−1
α,V (σ) = [(sα|V , σ)]V = FPFF ,α(sα)V (σ); σ ∈ An(V ),

that is, ψ−1
α,V = FPFF ,α(sα)V . Varying V in UαUU , we obtain ψ−1

α = FPFF ,α(sα).
On the other hand, according to (1.1.3) and (1.2.13′), the induced morph-

isms of sections over UαUU , FPFF ≡ (FPFF )UαUU , connected with the presheaf morph-
ism (FPFF ,α) yields

FPFF (sα)(x) ≡ (FPFF )UαUU (sα)(x) := FPFF (sα(x)) = ˜FPFF ,α(sα)(x).

Consequently,
FPFF (sα) = ˜FPFF ,α(sα) = ψ̃−1

α

This, combined with (5.5.10), leads to the equality of the statement.
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The desired relationship between PϕPP and P(EϕEE ), represented by the ques-
tion mark of Diagram 5.6, is now given by the following:

5.5.5 Theorem. There exists a GL(n,A)-isomorphism

θ ≡ (θ, idGL(n,A), idX) : (PϕPP ,GL(n,A), X, πϕ) −→ (P(Eϕ),GL(n,A), X, π̃)

satisfying the equality

(5.5.12) θ ◦ ε = FPFF ,

where (FPFF , ϕ, idx) is the morphism of Lemma 5.5.3, and

(ε, ϕ, idX) : (P,G, X, π) −→ (PϕPP ,GL(n,A), X, π′)

is the canonical morphism defined by Proposition 5.4.1.

Equality (5.5.12) is shown in the commutative diagram below, which in
fact completes the upper triangle of Diagram 5.6.

P ε �� PϕPP

P(EϕEE )

∼= θ

�
FPFF

��

Diagram 5.7

Proof. Working as in the proof of Lemma 5.5.3, we can assume that the
local frame U of P is a basis for the topology of X, so the sheaves PϕPP and
P(EϕE ) can be thought of as generated by the respective presheaves

UαUU �−→�� (P(UαUU ) × GL(n,A)(UαUU ))/G(UαUU ),

UαUU �−→�� IsoA|Uα
(An|UαUU , Eϕ|UαUU ),

with UαUU running in U .
The isomorphism θ is generated by the presheaf isomorphism{

θα : (P(UαUU ) × GL(n,A)(UαUU ))/G(UαUU ) −→ IsoA|Uα
(An|UαUU , Eϕ|UαUU ) | α ∈ I

}
,
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determined in the following manner: Take any class

[(s, g)]ϕα ∈ (P(UαUU ) × GL(n,A)(UαUU ))/G(UαUU )

(note the use of the superscript ϕ and the subscript α in order to avoid con-
fusion with classes of other quotients). Then the isomorphism θα([(s, g)]ϕα)
is the one generated by the presheaf morphism (see the construction of Eϕ

as an associated sheaf)

θα

(
[(s, g)]ϕα

)
V

: An(V ) −→ (P(V ) ×An(V ))/G(V ),

for all open V ⊆ UαUU , given in turn by

θα

(
[(s, g)]ϕα

)
V

(σ) := [(s|V , g|V ◦ σ)]V ; σ ∈ An(V ),

the latter equivalence class belonging to the quotient generating Eϕ. It is
easily seen that all the maps involved are well defined and lead to the desired
isomorphism (of sheaves of sets).

To check the equivariance of θ, with respect to the given actions, we fix a
UαUU and an open V ⊆ UαUU . Then, for any [(s, g)]ϕα and σ as before, and for any
g′ ∈ GL(n,A)(UαUU ) ∼= GL(n,A(UαUU )), the analog of (5.4.4) for H = GL(n,A)
implies that

θα

(
[(s, g)]ϕα · g′

)
V

(σ) = θα

(
[(s, g · g′)]ϕα

)
V

(σ) :=

θα

(
[(s, g ◦ g′)]ϕα

)
V

(σ) =
[(

s|V , g|V ◦ (g|′V ◦ σ)
)]

V
=

θα

(
[(s, g)]ϕα

)
V

(g′|V ◦ σ) =
(
θα

(
[(s, g)]ϕα

)
V
◦ g′|V

)
(σ),

from which we get

(5.5.13) θα

(
[(s, g)]ϕα · g′

)
V

= θα

(
[(s, g)]ϕα

)
V
◦ g′|V .

Varying V in UαUU and taking into account the definition of the action of
GL(n,A) on P(Eϕ) (see Proposition 5.2.2), equality (5.5.13) leads to

θα

(
[(s, g)]ϕα · g′

)
= θα

(
[(s, g)]ϕα

)
◦ g′ =: θα

(
[(s, g)]ϕα

)
· g′,

i.e., each isomorphism θα is GL(n,A)(UαUU )-equivariant. Thus, θ is GL(n,A)-
equivariant and determines an isomorphism of principal sheaves.

Finally, for any s ∈ P(UαUU ), the definition of ε (see the second part of the
proof of Proposition 5.4.1) implies that

(5.5.14) (θα ◦ εUαUU )(s) = θα

(
[(s,1)]ϕα

)
, (1 ≡ 1|UαUU ∈ G(UαUU )).
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On the other hand, for each open V ⊆ UαUU and σ ∈ An(V ), (5.5.5) yields

θα

(
[(s,1)]ϕα

)
V

(σ) = [(s|V , σ)]V =: FPFF ,α(s)V (σ).

Thus, taking all the open V ⊆ UαUU , we get θα([(s,1)]ϕα) = FPFF ,α(s). The last
equality, combined with (5.5.14), implies that θα ◦ εUαUU = FPFF ,α, for every
α ∈ I. Hence, by sheafification (when UαUU is varying in U), we get (5.5.12)
which completes the proof.

We close the present section with the following result concerning natural
sections, again anticipating its use in subsequent chapters.

5.5.6 Corollary. The natural sections (sP(Eϕ)
α ) and (sPϕ

α ) of P(EϕEE ) and
PϕPP , respectively, are linked together by

(5.5.15) s
P(Eϕ)
α = θ(sPϕ

α ), α ∈ I.

Proof. Since the associated principal sheaf φ(P) of the general case of
Proposition 5.4.1 is now denoted by PϕPP , equality (5.4.6) takes the form
s
Pϕ
α = ε(sα). Therefore, (5.5.9) and (5.5.12) yield

s
P(Eϕ)
α = FPFF (sα) = θ(ε(sα)) = θ(sPϕ

α ).

5.6. Induced morphisms

The final section of this chapter briefly explains how morphisms of principal
sheaves induce morphisms between various sheaves associated with the ini-
tial principal sheaves.

We fix two principal sheaves P ≡ (P,G, X, π) and P ′ ≡ (P ′,G′, X, π′),
as well as two sheaves F and F ′ on which G and G′ act, respectively, from
the left. The corresponding associated sheaves are denoted by Q ≡ P ×G

X F
and Q′ ≡ P ′ ×G′

X F ′ (see (5.3.7), (5.3.13), and Corollary 5.3.6).
The general convention of Sections 5.3 and 5.4 is still in force; that is, G

and G′ are (for simplicity) only sheaves of groups, and morphisms of principal
sheaves have the form (f, φ, idX).

5.6.1 Definition. Let φ : G → G′ be a morphism of sheaves of groups. A
morphism of sheaves � : F → F ′ is said to be compatible with φ if

�(g · u) = φ(g) · �(u), (g, u) ∈ G ×X F .
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It is clear that the above compatibility condition amounts to the equivari-
ance of � with respect to the aforementioned actions and the morphism φ.

5.6.2 Proposition. Let (f, φ, idX) be a morphism of P into P ′ and let
� : F → F ′ be a morphism compatible with φ. Then there exists a uniquely
determined morphism

F : P ×G
X F −→ P ′ ×G′

X F ′,

such that the diagram

P ×X F f × � �� P ′ ×X F ′

P ×G
X F

κ

�
F �� P ′ ×G′

X F ′

κ′

�

Diagram 5.8

is commutative, if κ and κ′ are the canonical maps.

Proof. We view the associated sheaves as in the discussion before Theorem
5.3.2. Then, for any open U ⊆ X, we define the map

FUFF : (P(U) ×F(U))/G(U) −→ (P ′(U) ×F ′(U))/G′(U),

by setting

FUFF ([(s, h)]U ) := [(f(s), �(h))]U , (s, h) ∈ P(U) ×F(U)

(for convenience we use the same symbol for the equivalence classes in both
the domain and the range of FUFF ).

The equivariance of f and the compatibility of � with φ imply that FUFF
is well defined. Moreover, by the general considerations of Section 5.3, we
see that (FUFF ) is a presheaf morphism. The desired morphism F is defined
to be the morphism of sheaves generated by (FUFF ).

The uniqueness of F is a simple consequence of Diagram 5.8.

Note. Another way to define F is to set F ([(p, u)]) := [(f(p), �(u))], for
every [(p, u)] ∈ P ×G

X F , the equivalence classes now being given as in the
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discussion before Proposition 5.3.4. The continuity of F is proved using the
fact that κ is a local homeomorphism.

Thinking of a vector sheaf of rank n as associated with its sheaf of frames
by the trivial representation of GL(n,A), Proposition 5.6.2 leads to:

5.6.3 Corollary. Let E and E ′ be two vector sheaves over X, of rank m
and n respectively, and let (P(E),GL(m,A), X, π̃), (P(E ′),GL(n,A), X, π̃′)
be the corresponding principal sheaves of frames. If (f, φ, idX) is a morphism
of P(E) into P(E ′) and � : Am → An an A-morphism compatible with φ,
then there exists a unique morphism of vector sheaves F : E → E ′ such that
the diagram

P(E) ×X Am f × ��� P(E ′) ×X An

E

κ

� F �� E ′

κ′

�

Diagram 5.9

is commutative, where E and E ′ are viewed as associated with their sheaves
of frames.

In particular, we obtain the following result, already alluded to in Re-
mark 5.2.7(2).

5.6.4 Corollary. In addition to the assumptions of the previous statement,
we further assume that rank(E) = rank(E ′) = n, � := id|An, and f is a
GL(n,A)-isomorphism of P(E) onto P(E ′). Then F is an isomorphism of
E onto E ′.

Complementing Remark 5.2.7(1), we prove the following converse of Co-
rollary 5.6.4.

5.6.5 Proposition. Let F : E → E ′ be an A-isomorphism of vector sheaves
of rank n. Then there is a unique GL(n,A)-isomorphism f of P(E) onto
P(E ′) inducing F .
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Proof. Without loss of generality, we may assume that both E and E ′ have
local frames over the same open covering U = (UαUU ) of X. For every UαUU , we
define the A|UαUU -isomorphism

IsoA|Uα
(An|UαUU , E|UαUU ) −→ IsoA|Uα

(An|UαUU , E ′|UαUU ) : σ �→ F ◦ σ.

Localizing this over every open V ⊆ UαUU , we obtain the A|V -isomorphisms

fVff : IsoA|V (An|V , E|V ) −→ IsoA|V (An|V , E ′|V )

with fVff (σ) = F ◦ σ. It is obvious that fVff (σ ◦ g) = fVff (h) ◦ g, for every
σ ∈ IsoA|V (An|V , E|V ) and g ∈ AutA|V (An|UαUU ) ∼= GL(n,A)(V ). Therefore,
varying V in the basis for the topology B (see the beginning of section 5.2),
the presheaf isomorphism (fVff ) generates a GL(n,A)-isomorphism f of P(E)
onto P(E ′).

In virtue of Corollary 5.6.3, the isomorphism f induces, in its turn, a
vector sheaf isomorphism F ′ : E → E ′. By the construction of Proposi-
tion 5.6.2, adapted to the data of Corollary 5.6.3, F ′ is generated by the
isomorphisms (F ′

VFF ), for all open V ∈ B, given by

F ′
VFF ([(σ, h)]V ) = [(fVff (σ), h)]V := [(F ◦ σ, h)]V ,

for every sections σ ∈ P(E)(V ) ∼= IsoA|V (An|V , E|V ) and h ∈ An(V ).
On the other hand, F induces the isomorphism (F̄VFF ) of presheaves of

sections. Therefore, if (after (5.5.2)) we identify [(σ, h)]V with σ ◦ h and
[(F ◦ σ, h)] with F ◦ σ ◦ h, the last series of equalities yield

F ′
VFF (σ ◦ h) = F ◦ σ ◦ h = F̄VFF (σ ◦ h),

from which we get F ′
VFF = F̄VFF , for all V . Since F may be thought of as

generated by (F̄VFF ), we have that F ′ = F , thus concluding the proof.

Based on Proposition 5.4.1 and the notation of (5.4.3), we prove the
last result of this section. Before the statement, we would like to draw
the reader’s attention to the different typefaces φ and ϕ used below, both
denoting morphisms of sheaves of groups.

5.6.6 Proposition. Assume that (f, φ, idX) is a morphism of (P,G, X, π)
into (P ′,G′, X, π′), and ϕ : G → H, ϕ′ : G′ → H′ two morphisms of sheaves
of groups. We denote by (P ×G

X H,H, X, π̄) and (P ′ ×G′
X H′,H′, X, π̄′) the

principal sheaves associated with P and P ′, by ϕ and ϕ′ respectively. If
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� : H → H′ is a morphism of sheaves of groups satisfying the compatibility
condition � ◦ϕ = ϕ′ ◦φ, then there is a unique morphism (F, �, idX) between
the previous associated principal sheaves such that the diagrams below are
commutative.

P ×X H F × � �� P ′ ×X H′

P ×G
X H

κ

�
F �� P ′ ×G′

X H′

κ′

�

Diagram 5.10

(P,G, X, π)
(ε, ϕ, idX) �� (P ×G

X H,H, X, π̄)

(P ′,G′, X, π′)

(f, φ, idX)

� (ε′, ϕ′, idX)�� (P ′ ×G′
X H′,H′, X, π̄′)

(F, �, idX)

�

Diagram 5.11

Proof. According to the note following Proposition 5.6.2, we define F by
setting F ([(p, h)]) := [(f(p), �(h))], for every [(p, h)] ∈ P ×G

X H. The com-
patibility condition of the statement guarantees that F is a well defined
morphism of sheaves, making the Diagram 5.10 commutative. Observe that
the latter is the principal sheaf analog of Diagram 5.8.

Now, for every [(p, h)], as before, and every h′ ∈ H, Remark 5.4.2(2)
implies that

F ([(p, h)] · h′) = F ([(p, h · h′)]) = [(f(p), �(h · h′))] =

[(f(p), �(h) · �(h′))] = [(f(p), �(h))] · �(h′) = F ([(p, h)]) · �(h′),

which shows that (F, �, idX) is a principal sheaf morphism as in the state-
ment.
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Finally, by Remark 5.4.2(3), we obtain

(F ◦ ε)(p) = F ([(p, ex)]) = [(f(p), �(ex))] = [(f(p), e′x)] = (ε′ ◦ f)(p),

for every p ∈ P with π(p) = x; that is, Diagram 5.11 is commutative.
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Connections
on principal sheaves

I personally feel that the next per-
son to propose a new definition of a
connection should be summarily ex-
ecuted.

M. Spivak [117, Vol. 5, p. 602]

To the uninitiated, it would seem
that the use of fiber bundles and con-
nections to describe the basic forces
of nature is a half-baked scheme de-
vised by some clique of mathemati-
cians bent on producing an applica-
tion for their work. However, physi-
cists themselves found these notions
forced upon them by their own per-
ception of nature

D. Bleecker [10, p. xiii]

A s the title suggests, the present chapter is devoted to the study of the
fundamental geometric notion of connection within the context of prin-

cipal sheaves. It is the abstraction of the classical notion of connection on a
principal bundle.

211
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We start with an operator-like definition, which turns out to be equival-
ent to a family of local sections of Ω(L), analogous to the ordinary connection
forms, and satisfying (the analog of) the familiar compatibility condition
(viz. local gauge equivalence). We explain in detail how the classical case
fits into the previous abstract scheme, thus deriving one more definition of
(principal bundle) connections, in defiance of M. Spivak’s exhortation under
the heading of this chapter. Another approach treats connections as sections
of the sheaf of connections, an idea originally due (for ordinary connections)
to A. Aragnol [1].

The existence of connections is guaranteed by the annihilation of the
Atiyah class of a principal sheaf. We also study connections linked together
by appropriate morphisms of sheaves, and we finish with the moduli sheaf of
connections. Connections on associated sheaves, in particular connections
on vector sheaves, will be treated in Chapter 7.

6.1. Basic definitions and examples

Throughout this chapter, we fix a differential triad (A, d, Ω) over a topolo-
gical space X ≡ (X, TX). Given a Lie sheaf of groups G ≡ (G, ρ,L, ∂), we
recall the notations (3.3.4) and (3.3.7), namely, Ω(L) := Ω ⊗A L (reminis-
cent of the Lie algebra valued 1-forms on X), and ρ(g).ω representing the
action of g ∈ G on (the right of) ω ∈ Ω(L), induced by the representation
ρ : G → Aut(L). In analogy to the classical terminology, sections of Ω(L)
are also called 1-forms.

With the previous notations in mind, we come to the main notion of this
chapter.

6.1.1 Definition. A connection on a principal sheaf P ≡ (P,G, X, π) is a
morphism of sheaves of sets D : P → Ω(L) satisfying the property

(6.1.1) D(p · g) = ρ(g−1).D(p) + ∂(g),

for every (p, g) ∈ P ×X G. Equivalently, by (3.3.9) and (3.3.10),

(6.1.1′) D(s · g) = ρ(g−1).D(s) + ∂(g),

for every s ∈ P(U), g ∈ G(U), and every open U ⊆ X.

On the left-hand side of (6.1.1), the center dot denotes the action of G
on (the right) of P. It is clearly distinguished from the action of G on Ω(L),
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denoted by the line dot. Moreover, all the morphisms in (6.1.1′) are the
induced morphisms of sections, according to the general convention (1.1.3).

The previous definition depends, obviously, on the representation ρ and
the Maurer-Cartan differential ∂ of G. Therefore, it would be more appro-
priate to call D a (ρ, ∂)-connection. However, we systematically apply
the simple terminology of Definition 6.1.1, unless we need to make explicit
reference to the entities defining the structure of the Lie sheaf of groups G.

Before proceeding to the basic properties of connections, we give two
elementary, however useful, examples.

6.1.2 Examples.
(a) The Maurer-Cartan differential

Equality (3.3.8) shows that the Maurer-Cartan differential ∂ is a con-
nection on G, the latter being trivially thought of as a principal sheaf.

The particular case of ∂ derived from the ordinary logarithmic differential
(Example 3.3.6(a)) will be examined in Section 6.2 (see Corollary 6.2.2 and
the relevant discussion before it).
(b) The canonical local connections of P

Assume that U ≡ (U , (φα)) is a local frame of a principal sheaf P with
local coordinates φα : P|UαUU → G|UαUU . It is a direct consequence of (4.1.4) and
(3.3.8) that each morphism

(6.1.2) Dα := ∂ ◦ φα : P|UαUU −→ Ω(L)|UαUU ; α ∈ I,

determines a connection on the principal sheaf P|UαUU .
The morphisms (Dα) are called the canonical local connections of

P, with respect to the local frame U . Occasionally, (Dα) are also called the
Maurer-Cartan connections of P, with respect to U , because of their
relationship with the Maurer-Cartan differential ∂ by means of (6.1.2).

The importance of (Dα) lies in the fact that, under suitable conditions,
they can be glued together to determine a global connection. This is ex-
plained in Section 6.3 in the sequel.

In particular, if (sα) are the natural sections of P over U , we have that

(6.1.3) Dα(sα) = 0; α ∈ I,

as a result of (4.1.7′) and Proposition 3.3.5.

We now define the analog of the classical local connection forms of a
connection.
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6.1.3 Definition. Let D be a connection on a principal sheaf P. If U is a
local frame of P, then the local connection forms of D, with respect to
U , are defined to be the sections

(6.1.4) ωα := D(sα) ∈ Ω(L)(UαUU ), α ∈ I.

The previous sections determine a 0-cochain of U with coefficients in the
sheaf Ω(L), i.e., (ωα) ∈ C0(U , Ω(L)). We apply the classical terminology of
local connection forms in order to remind ourselves of the analogy between
the above sections and the local connection forms of an ordinary connection.
This analogy will be completely clarified by the next two results, as well as
by Example 6.2(a) and Theorem 6.2.1, where we explain the relationship of
an ordinary connection on a principal bundle with a sheaf morphism D in
the sense of Definition 6.1.1.

In the language of physics, the local connection forms are known as the
(local) gauge potentials (see, e.g., Bleecker [10, p. 36], Naber [81, p. 36],
Nakahara [82, p. 334]). So D could be legitimately called a (global) gauge
potential of P.

6.1.4 Proposition. The following compatibility condition is satisfied over
each UαβUU �=�� ∅ :

(6.1.5) ωβ = ρ(g−1
αβ ).ωα + ∂(gαβ).

Proof. In virtue of (4.3.3) and (6.1.1′), we see that

ωβ = D(sβ) = D(sα · gαβ)

= ρ(g−1
αβ ).D(sα) + ∂(gαβ)

= ρ(g−1
αβ ).ωα + ∂(gαβ).

Conversely, we have:

6.1.5 Theorem. A 0-cochain (ωα) ∈ C0(U , Ω(L)), satisfying the compatib-
ility condition (6.1.5), determines a unique connection D on P, whose local
connection forms coincide with the given cochain (ωα).

Proof. Let s ∈ P(U) be any section over an arbitrary U ⊆ TX . Since

U =
⋃
α∈I

(U ∩ UαUU ),
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for each α ∈ I there exists a uniquely determined gα ∈ G(U ∩UαUU ) such that

s|U∩UαUU =
(
sα|U∩UαUU

)
· gα

(see Proposition 4.1.2). We define the map DU : P(U) → Ω(L)(U) by

(6.1.6) DU (s)|U∩UαUU := ρ(g−1
α ).(ωα|U∩UαUU ) + ∂(gα|U∩UαUU ).

We check that DU is well defined. In fact, over U ∩ UβU we have the
analogous expression

(6.1.7) DU (s)|U∩UβU := ρ(g−1
β ).(ωβ |U∩UβU ) + ∂(gβ |U∩UβU ).

Since gβ = gβα ·gα holds on U∩UαβUU , omitting (for simplicity) the restrictions
figuring in (6.1.6) and (6.1.7), we see that (6.1.5) and Proposition 3.3.5 yield

ρ(g−1
β ).ωβ + ∂(gβ) = ρ(g−1

α · gαβ).
(
ρ(g−1

αβ ).ωα + ∂(gαβ)
)

+ ∂(g−1
αβ · gα)

= ρ(g−1
α ).ωα + ∂(gα) + ρ(g−1

α ).
(
ρ(gαβ).∂(gαβ) + ∂(g−1

αβ )
)

= ρ(g−1
α ).ωα + ∂(gα).

This shows that (6.1.6) and (6.1.7) coincide on U ∩ UαβUU , thus DU is well
defined.

Now it is obvious that (DU ), U running in TX , is a presheaf morphism
generating a morphism D. To verify that D is a connection, it suffices to
show (6.1.1′), for each DU . Indeed, for any s ∈ P(U) and g ∈ G(U), we have
that (omitting the restrictions in the middle steps)

DU (s · g)|U∩UαUU = DU

(
(sα · gα) · g)

)
= DU

(
sα · (gα · g)

)
= ρ
(
(gα · g)−1

)
.ωα + ∂(gα · g)

= ρ(g−1).
(
ρ(g−1

α ).ωα + ∂(gα)
)

+ ∂(g)
= ρ(g−1).DU (s)|U∩UαUU + ∂(g|U∩UαUU ).

As in the preceding part of the proof, the previous property holds on the
entire U .

On the other hand, identifying P and Ω(L) with the sheaves of germs of
their sections, we see that the induced morphism of sections gives

D(sα) ≡ D̄U (sα) = DU (sα) = ωα,

as a particular case of (1.2.17).
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Finally, for the uniqueness of D, assume that D′ is another connection
with D′(sα) = ωα. Again D′ identifies with the morphism generated by the
induced presheaf morphism{

D̄′
U : P(U) −→ Ω(L)(U) |U ⊆ X open

}
.

Then, for every UαUU ∈ U , we obtain the commutative diagram

P(U)
D̄′

U �� Ω(L)(U)

P(U ∩ UαUU )
� D̄′

U∩UαUU �� Ω(L)(U ∩ UαUU )
�

Diagram 6.1

where the vertical arrows represent the natural restrictions. Thus, applying
(6.1.6) and taking into account that D′ is also a connection, we have

D̄′
U (s)|U∩UαUU = D̄′

U∩UαUU (s|U∩UαUU ) = D̄′
U∩UαUU (sα · gα)

= ρ(g−1
α ).(ωα|U∩UαUU ) + ∂(gα|U∩UαUU )

= DU (s)|U∩UαUU ,

for all α ∈ I. Hence, DU = D̄′
U , for every open U ⊆ X, by which we

conclude that D = D′ .

6.1.6 Remark. Another way to define D from (ωα) is by setting

(6.1.8) D(p) := ρ(g−1
α ).ωα(x) + ∂(gα),

for every p ∈ P with π(p) = x ∈ UαUU , where gα ∈ G is (uniquely) determined
by p = sα(x) · gα. Note the difference in the meaning of gα used in (6.1.6)
and (6.1.8).

We prove that D is well defined and satisfies the properties of the state-
ment by a simple modification of the method applied to each DU above.
However, now we should show that D is a continuous map. To this end, we
choose an arbitrary po ∈ P and assume that π(po) = xo ∈ UαUU . Then there
are open neighborhoods V and U of po and xo, respectively, such that π|V
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is a homeomorphism. Setting τ := (π|V )−1 and W := τ(UαUU ∩ U), we find a
uniquely determined g ∈ G(UαUU ∩ U) verifying τ(x) = sα(x) · g(x), for every
x ∈ UαUU ∩ U . Therefore, (6.1.8) and (3.3.10) yield

D(τ(x)) = ρ(g(x)−1).ωα(x) + ∂(g(x))

=
(
ρ(g−1).ωα + ∂(g)

)
(x),

from which it follows that

D|W =
(
ρ(g−1).ωα + ∂(g)

)
◦ π|W .

This proves the continuity of D at po and, similarly, on the whole of P.

6.2. Further examples of connections

In addition to the connections ∂ and (Dα), discussed earlier in Examples
6.1.2, we examine the following cases.

(a) Sheaf-theoretic connections from (infinitesimal) connections
on principal bundles

Let P ≡ (P, G, X, πP ) be a smooth principal bundle. As we have seen
in Example 4.1.9(a), the sheaf of germs of its smooth sections determines
a principal sheaf P ≡ (P,G, X, π), where G is the Lie sheaf of groups G ≡
(G,Ad,L, ∂) defined in Example 3.3.6(a).

We recall that G = C∞
X (G) (: the sheaf of germs of smooth G-valued

maps on X), L = C∞
X (G) (: the sheaf of germs of G-valued maps on X), if

G ∼= TeTT G is the Lie algebra of G, and Ad, ∂ are the morphisms obtained
by the sheafification of the ordinary adjoint representation and the total (or
logarithmic) differential, respectively.

An (open) trivializing covering U = (UαUU ) of P also determines a local
frame of P. Without loss of generality

we assume that every UαUU is the domain of a chart.

Suppose that P admits an (infinitesimal) connection ω in the ordinary
sense (see, for instance, Darling [22], Greub -Halperin -Vanstone [35], Kobay-
ashi -Nomizu [49], Naber [81], Sulanke -Wintgen [118]). This amounts to the
existence of a family of local connection forms, ωα ∈ Λ1(UαUU , G), α ∈ I,
satisfying the compatibility condition

(6.2.1) ωβ = Ad(g−1
αβ ).ωα + g−1

αβ .dgαβ ,
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where gαβ ∈ C∞(UαβUU , G) are the transition functions of P . The local con-
nection forms are given by ωα = σ∗

αω, if (σα) are the natural sections of P
over U .

Setting A = C∞
X (: the sheaf of germs of smooth functions on X, as in

Example 2.1.4(a)), (3.3.14) takes the form

(6.2.2) λ1 : ΩX(G) �−−→ Ω(L) = Ω ⊗A L.

Because of the completeness of the presheaf U �−→�� Λ1(U, G) generating
ΩX(G), we have the canonical identification (see (1.2.8), (1.2.9) and (1.2.16))

Λ1(UαUU , G) � θ
�−−→ θ̃ ∈ ΩX(G)(UαUU ),

thus the local connection forms (ωα) of ω correspond bijectively to the co-
chain (ω α) ∈ C0(U , Ω(L)), where ω α = λ1(ω̃α). By the definition of λ1,
Diagram 1.7, and the notation of (♦ ) on p. 104, we obtain

(6.2.3) ω α = λ1(ω̃α) =
(
λ1

UαUU (ωα)
)̃

.

We also recall that the cocycle of P is now (g̃αβ) ∈ Z1(U ,G), according
to equality (4.3.7).

We shall show that (6.2.1) leads to

(6.2.1′) ω β = Ad(g̃αβ
−1).ω α + ∂(g̃αβ),

where Ad and ∂ have been explicitly constructed in Example 3.3.6(a). Since
the proof involves technical, though typical, computations, we give the ne-
cessary details.

Applying λ1 to both sides of (6.2.1), we first obtain

(6.2.4)
ω β = λ1(ω̃β) = λ1

(
(Ad(g−1

αβ ).ωα + g−1
αβ .dgαβ )̃))

)
= λ1
(
(Ad(g−1

αβ ).ωα)̃))
)

+ λ1
(
(g−1

αβ .dgαβ )̃))
)
.

Furthermore, using (1.2.17), the definition of ∂, and (3.3.17), we see that

(6.2.5) λ1
(
(g−1

αβ .dgαβ )̃))
)

=
(
λ1

UαβUU (g−1
αβ .dgαβ)

)̃
=
(
∂UαβUU (gαβ)

)̃
= ∂(gαβ).

On the other hand, (3.3.15) and the definition of the action δ, determined
by Ad, give

(Ad(g−1
αβ ).ωα)̃)) =

(
δUαβUU (g−1

αβ , ωα)
)̃

= δ
(
g̃αβ

−1, ω̃α

)
;
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hence,
λ1
(
(Ad(g−1

αβ ).ωα)̃))
)

= (λ1 ◦ δ)
(
g̃αβ

−1, ω̃α

)
.

However, as a result of λ1 = (µ1)−1 and (�) on p. 108, we see that

λ1 ◦ δ = δ′ ◦ (1 × λ1).

Therefore, (6.2.3), the definition of Ad via δ′, and the general notation
(3.3.9) imply that

(6.2.6)

λ1
(
Ad(g−1

αβ ).ωα)̃))
)

=
(
δ′ ◦ (1 × λ1)

)
(g̃αβ

−1, ω̃α)

= δ′
(
g̃αβ

−1, λ1
UαUU (ωα)

)
= δ′(g̃αβ

−1, ω α)

= Ad(g̃αβ
−1).ω α.

Substituting (6.2.5) and (6.2.6) in (6.2.4), we obtain (6.2.1′), which is pre-
cisely the compatibility condition (6.1.5) for ρ = Ad. Therefore, in virtue
of Theorem 6.1.5, the 0-cochain (ω α) yields a connection D on P.

Conversely, a connection D on P leads to a connection on P by reversing
the previous approach.

Summarizing, we have proved the following result, providing yet an-
other (equivalent) definition of the classical connections on principal bundles,
based on sheaf-theoretic methods.

6.2.1 Theorem. Let P ≡ (P, G, X, πP ) be a principal fiber bundle. Then
the (infinitesimal) connections on P are in bijective correspondence with the
sheaf-theoretic connections on the principal sheaf P ≡ (P,G, X, π) of germs
of smooth sections of P .

Note. For the sake of completeness let us remark that, in the context of the
previous example and in analogy to (3.1.8),

Ω(L)(UαUU ) = (Ω ⊗A L)(UαUU ) = Ω(UαUU ) ⊗A(UαUU ) L(UαUU ).

In fact, if dim G = n, then

L(UαUU ) ∼= C∞(UαUU , G) ∼= C∞(UαUU , R)n ∼= A(UαUU )n ∼= An(UαUU );
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consequently,

Ω(UαUU ) ⊗A(UαUU ) L(UαUU ) ∼= Ω(UαUU ) ⊗A(UαUU ) A(UαUU )n ∼=(
Ω(UαUU ) ⊗A(UαUU ) A(UαUU )

)n ∼= Ω(UαUU )n ∼= Ωn(UαUU ) ≡
Ωn|UαUU (UαUU ) ∼= (Ω|UαUU )n(UαUU ) ∼=

(
Ω|UαUU ⊗A|Uα

A|UαUU

)n(UαUU ) ∼=(
Ω|UαUU ⊗A|Uα

An|UαUU

)
(UαUU ) ∼= (Ω ⊗A L)(UαUU ).

We obtain the same identification if we take into account that

Ω(UαUU ) ∼= Λ1(UαUU , R) ∼= C∞(UαUU , R)n ∼= An(UαUU ).

Let us apply the previous considerations to the special case of the trivial
bundle P := X × G over X. Then there is a G-equivariant isomorphism

F : P �−−→ G�
,

generated by the presheaf isomorphism consisting of the C∞(U, G)-equivari-
ant isomorphisms

FUFF : Γ(U, U × G) � σ �−→�� s ∈ C∞(U, G).

Here the domain is the set of smooth sections of P over U , s = pr2 ◦ σ, and
U is running in the topology TX of X. Hence, F is a global coordinate of P.
By (4.1.9), the global natural section σo ∈ Γ(X, X ×G), i.e., σo(x) = (x, e),
determines the (global) natural section (with respect to F ) so = σ̃o ∈ P(X).
Indeed, for every x ∈ X,

F (so(x)) = F (σ̃o(x)) = F ([σo]x) = [FXF ◦ σo]x = [ce]x = 1(x),

where cx is the constant map X � x �→ e ∈ G.
Now, the canonical flat connection ωo of P is given by ωo = pr∗2 α, if

α is the Maurer-Cartan form of G. Hence, σo reduces the local connection
forms of ωo to the unique trivial form 0. Viewing this as the zero section
of Ω(L), we obtain a connection Do corresponding bijectively to ωo. By
the very construction of a connection on a principal sheaf from its local
connection forms (see the proof of Theorem 6.1.5), we see that, for any
τ ∈ P(U),

Do(τ) = ∂(g),

where g ∈ G(U) is uniquely determined by τ = so · g. However, the equivari-
ance of F yields F (τ) = F (so · g) = F (so) · g = g, from which we deduce

Do = ∂ ◦ F.
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The previous remarks, along with Theorem 6.2.1, are summarized in the
following:

6.2.2 Corollary. The canonical flat connection ωo of the trivial bundle
P = X ×G over X and the corresponding connection Do (on the sheaf P of
germs of smooth sections of P ) coincide, within an isomorphism, with the
Maurer-Cartan differential ∂ of the sheaf of germs G of the G-valued smooth
maps on X.

(b) Connections on projective limits

Here we combine Examples 3.3.6(c) and 4.1.9(b), whose notations and
assumptions are applied hereafter. We further assume that each bundle PiPP
is endowed with a connection (form) ωi so that, for every j, i ∈ J with j ≥ i,
the connections ωj and ωi be (pji, ρji, idX)-related, i.e.

p∗jiω
i = rji · ωj .

As usual, the left-hand side is the pull-back of ωi by p∗ji, whereas the right-
hand side is the 1-form given by

(rji · ωj)p(u) := rji(ωj
pω (u)); p ∈ PjPP , u ∈ TpTT PjPP ,

with rji = TeTT ρji = deρji (: the ordinary differential of a smooth map).
If U = {UαUU ⊆ X}α∈I is a common trivializing open covering for all

the bundles, and (si
α)α∈I are the natural sections of PiPP over U , then the

previous (pji, ρji, idX)-relatedness condition is equivalent to the following
formula, expressed in terms of the local connection forms (ωi

α)α∈I of each
ωi (i ∈ J):

(6.2.7) rji · ωj
α = Adi(h−1

ji ).ωi
α + h−1

ji · dhji; α ∈ I,

where the maps hji ∈ C∞(UαUU , Gi) are determined by

pji(sj
α(x)) = si

α(x) · hji(x), x ∈ UαUU .

(For certain aspects of related connections we also refer to Vassiliou [124],
[125]). As explained in the preceding Example 6.2(a), each Gi-valued form
ωi

α determines the section

ωi
α ∈ Ω(UαUU ) ⊗A(UαUU ) Li(UαUU ) ∼= Ω(Li)(UαUU ),
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inducing a connection

Di : PiPP −→ Ω(Li) = Ω ⊗A Li

on PiPP , for every i ∈ J . Following the construction of connections given
in the proof of Theorem 6.1.5 (especially formula (6.1.6)), and taking into
account (6.2.7) and the analog of (6.2.1′) for the sections (ωi

α)i∈J , after some
elementary calculations we check that (Di)i∈J is a morphism of projective
systems producing the connection

D := lim
←−

Di : P ∼= lim
←−

PiPP −−→ lim
←−

(Ω ⊗A Li) ∼= Ω(L).

More precisely, D is an (Ad, ∂)-connection, where Ad and ∂ are the morph-
isms defined in Example 3.3.6(c).

Regarding connections on (Fréhet) bundles, which are projective limits´
of (Banach) principal bundles, we refer to Galanis [31].
(c) The sheaf of connections

Using the initial action of G on Ω(L), as defined by (3.3.5) (see also the
notations (3.3.7)), we define a new action, namely

(6.2.8)
G ×X Ω(L) −→ Ω(L) : (g, ω) �→ g · ω,

g · ω := ρ(g).ω + ∂(g−1) = ρ(g).
(
ω − ∂(g)

)
.

Adopting the well-known terminology (for ordinary differential forms), the
expression g−1 · ω = ρ(g−1).ω + ∂(g) is called the gauge transform of ω
by g.

Now, (6.2.8) induces the following right action of G on P ×X Ω(L):

(6.2.9)
(P ×X Ω(L)) ×X G −→ P ×X Ω(L) : (p, ω, g) �→ (p, ω) · g,

(p, ω) · g := (p · g, g−1 · ω) =
(
p · g, ρ(g−1) · ω + ∂(g)

)
.

Accordingly, we define the equivalence relation:

(p, ω) ∼ (q, θ) ⇐⇒ ∃| g ∈ G : (q, θ) = (p, ω) · g,

for pairs of elements projected to the same point of X.
Therefore, by Proposition 5.3.4 and Theorem 5.3.5, we obtain the sheaf

(6.2.10) C(P) := P ×G
X Ω(L),

whose structure type is the A-module Ω(L)
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6.2.3 Definition. We call C(P) the sheaf of connections of P.

The previous terminology is in accordance with A. Aragnol (see [1, Def.
III.1.2]), who originally defined C(P) in the case of ordinary connections
on a principal bundle P , with P now being the sheaf of germs of smooth
sections of P .

The following result justifies Aragnol’s terminology.

6.2.4 Theorem. The connections of P are in bijective correspondence with
the global sections of C(P).

Proof. The result is a direct consequence of Theorem 5.3.9. Indeed, a global
section of C(P) corresponds bijectively to a tensorial morphism of the form
D : P → Ω(L). Taking into account Definition 5.3.8 and the action (6.2.8),
we see that

D(p · g) = g−1 · D(p) := ρ(g−1) · D(p) + ∂(g), (p, g) ∈ P ×X G.

Hence, D is a connection on P. By the same token we prove the converse
part of the statement.

Theorem 6.2.4 provides an existence criterion, stated in the following
obvious result:

6.2.5 Corollary. A principal sheaf P admits a connection if and only if
the sheaf of connections C(P) admits a global section.

(d) The abelian case

For the purpose of later reference, we record here the particular case
of a principal sheaf P with an abelian structure sheaf G. Now, since ρ
is the trivial representation (see Definition 3.3.4), a connection D on P is
characterized by the property

D(p · g) = D(p) + ∂(g), (p, g) ∈ P ×X G.

Similarly, the local connection forms (ωα) of D satisfy the compatibility
condition

ωβ = ωα + ∂(gαβ)

over UαβUU , for all α, β ∈ I.
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6.3. Existence of connections

We shall show that the canonical local connections (Dα), defined in Example
6.1.2(b), provide a (global) connection D on P if the Atiyah class of P,
defined in the sequel, annihilates.

Before attaining our main objective, we note that, if F is an A-module
on which G acts from the left, then the isomorphism of Corollary 5.3.10,
namely

HomG(P,F) ∼= P ×G
X F ,

is an A-isomorphism. This is a consequence of Proposition 5.4.5, in con-
junction with Proposition 3.3.1 establishing the equivalence between repres-
entations and actions.

We consider the natural action of G on the left of Ω ⊗A F , induced by

g · (θ ⊗ u) := θ ⊗ g · u,

for every θ ⊗ u ∈ Ωx ⊗Ax FxFF , g ∈ Gx, and x ∈ X.

6.3.1 Proposition. Let Ω and F be A-modules. Then, with respect to the
previous action, we have the A-isomorphisms

HomG(P, Ω ⊗A F) ∼= Ω ⊗A
(
P ×G

X F
) ∼= Ω ⊗A HomG(P,F).

Proof. By the introductory comments we only need to prove the first iso-
morphism. Setting, for simplicity, Q = P ×G

X F , we see that Ω ⊗A Q is an
A-module of structure type Ω ⊗A F , with local coordinates

1 ⊗ Φ̃α : Ω|UαUU ⊗A|Uα
Q|UαUU

�−−−−− →−− Ω|UαUU ⊗A|Uα
F|UαUU , α ∈ I.

Here 1 = 1Ω (restricted to UαUU ), and Φ̃α : Q|UαUU → F|UαUU is the coordinate of
Q over UαUU (see Theorem 5.3.5).

The proof now follows essentially those of Theorem 5.3.9 and Corollary
5.3.10, after an appropriate tensoring of the morphisms involved therein.
More precisely, given any open U ⊆ X, we define the map

(6.3.1) HU : HomG|U
(
P|U , Ω|U ⊗A|U F|U

)
−→ (Ω ⊗A Q)(U)

as follows: For a tensorial morphism f in the indicated domain, we set

(6.3.2) HU (f)(x) :=
(
(1 ⊗ Φ̃−1

α ) ◦ f ◦ sα

)
(x),
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if x ∈ U ∩ UαUU and sα is the natural section of P over UαUU . Note that
Ω|U ⊗A|U F|U = (Ω ⊗A F)|U .

HU is well defined. Indeed, for every x ∈ U ∩ UαβUU , the tensoriality of f
and Theorem 5.3.5 imply that(

(1 ⊗ Φ̃−1
β ) ◦ f ◦ sβ

)
(x) =

(
(1 ⊗ Φ̃−1

β ) ◦ f
)(

sα(x) · gαβ(x)
)

=
(
1 ⊗ Φ̃−1

β

)(
gβα(x) · f(sα(x))

)
=
(
1 ⊗ Φ̃−1

β

)((
1 ⊗ (Φ̃β ◦ Φ̃−1

α )
)
(f(sα(x)))

)
=
(
(1 ⊗ Φ̃−1

α ) ◦ f ◦ sα

)
(x).

On the other hand, HU is a bijection whose inverse is defined in the
following way: If σ ∈ (Ω ⊗A Q)(U), then

H−1
U (σ)(p) :=

(
1 ⊗ g−1

α · Φ̃α

)
(σ(x)),

for every p ∈ P with π(p) = x ∈ U ∩UαUU and gα determined by p = sα(x) ·gα.
The morphism g−1

α · Φ̃α is given by (g−1
α · Φ̃α)(q) := g−1

α · Φ̃α(q), for every
q ∈ Q. Working in a way similar to the first part of the proof of Theorem
5.3.9, we check that H−1

U (σ) is a well defined tensorial morphism.
Identifying Ω⊗A Q with the sheaf of germs of its sections, we have that

(HU ), U running the topology of X, is a presheaf morphism. The desired
first isomorphism of the statement is generated by (HU ).

Reverting to the context of connections, we replace F by Ω(L) and Q
by the adjoint sheaf ρ(P) (see Subsection 5.4(d)). Then Proposition 6.3.1
implies that

HomG (P, Ω(L)) = HomG(P, Ω ⊗A L) ∼=
Ω ⊗A (P ×G

X L) = Ω ⊗A ρ(P).

If we apply the analog of (3.3.4) for Ω ⊗A ρ(P), the last identification
takes the form

(6.3.3) HomG (P, Ω(L)) ∼= Ω(ρ(P)) := Ω ⊗A ρ(P).

Moreover, if f ∈ HomG (P, Ω(L)) (U) ∼= HomG|U (P|U , Ω(L)|U ), for any open
U ⊆ X, the tensoriality of f is expressed by

(6.3.3′) f(p · g) = ρ(g−1).f(p), (p, g) ∈ P|U ×U G|U .
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If U is a local frame of P, we can form the cochain complex of A(X)-
modules

C0
(
U ,HomG (P, Ω(L))

) δ0

−−−−− →−− C1
(
U ,HomG (P, Ω(L))

)
δ1

−−→ C2
(
U ,HomG (P, Ω(L))

) δ2

−−→ · · ·−−

from which the (Čech) cohomology groups (in fact, A(X)-modules)

Hq
(
U ,HomG (P, Ω(L))

)
and Hq

(
X,HomG (P, Ω(L))

)
are derived in the usual manner (see Subsection 1.6.1).

We now consider the canonical connections (Dα), with respect to a local
frame U . For every (p, g) ∈ (P×XG)|UαβUU = P|UαβUU ×UαβUU G|UαβUU , (6.1.1) implies
that

(Dα − Dβ)(p · g) = ρ(g−1).(Dα − Dβ)(p);

in other words,

Dα − Dβ ∈ HomG|Uαβ

(
P|UαβUU , Ω(L)|UαβUU

) ∼= HomG(P, Ω(L))(UαβUU ).

Therefore, we obtain the 1-cocycle,

(6.3.4) (Dα − Dβ) ∈ Z1
(
U ,HomG (P, Ω(L))

)
,

called the Maurer-Cartan cocycle of P (with respect to U). This determ-
ines the class [(Dα−Dβ)]U ∈ H1

(
U ,HomG (P, Ω(L))

)
and the corresponding

cohomology class

(6.3.5) a(P) := [(Dα − Dβ)] ∈ H1
(
X,HomG (P, Ω(L))

)
.

Equivalently, in virtue of (6.3.3), we may write

a(P) ∈ H1
(
X, Ω(ρ(P))

)
.(6.3.5′)

6.3.2 Definition. The cohomology class a(P) is called the Atiyah class
of the principal sheaf P.

The preceding terminology is inspired by J. L. Koszul’s analogous Atiyah
class, referring to an ordinary holomorphic principal bundle P (see [50, p.
119]). The class a(P), as well as its classical analog, is the obstruction to
the existence of connections, as shown in the next theorem.
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The original idea of such an obstruction goes back to M. F. Atiyah ([6]),
whose approach is based on the extension theory of vector bundles and their
corresponding locally free sheaves (viz. vector sheaves). The resulting class,
originally denoted by a(P ), is Koszul’s Atiyah obstruction class b(P ) (see
[50, p. 120]).

We would like to add that the approach via extensions cannot be applied
to the present framework of arbitrary principal sheaves. The latter are not
related with some natural vector sheaves, as in the case of principal bundles,
whose corresponding vector bundles (tangent bundle, bundle of invariant
vector fields etc.) and their associated sheaves of sections enable one to
apply the extension mechanism. In contrast, the same mechanism works
well in the case of arbitrary vector sheaves, as expounded in Mallios [62,
Chapter VI, Sections 13–14].

We come to the following fundamental existence criterion:

6.3.3 Theorem. A principal sheaf (P,G, X, π) admits a connection if and
only if a(P) = 0.

Proof. First assume that a(P) = 0. Then there exists a local frame
(U , (φα)) of P and a 0-cochain (fαff ) ∈ C0

(
U ,HomG (P, Ω(L))

)
such that

(Dα − Dβ) = δ0
(
(fαff )
)
.

Therefore, for every α, β ∈ I with UαβUU �=�� ∅, Dα − Dβ = fβff − fαff , or

(6.3.6) Dα + fαff = Dβ + fβff .

Setting, for the sake of convenience,

(6.3.7) PαPP := P|UαUU = π−1(UαUU ),

we define the mapping D : P → Ω(L) by

D|Pα := Dα + fαff , α ∈ I.

By (6.3.6), D is a well defined morphism of sheaves. On the other hand, for
any (p, g) ∈ P ×X G with πX(p, g) = π(p) ∈ UαUU , condition (6.1.1) for Dα,
and the tensoriality of fαff (see (6.3.3′)) yield

D(p · g) = Dα(p · g) + fαff (p · g)
= ρ(g−1).

(
Dα(p) + fαff (p)

)
+ ∂(g)

= ρ(g−1).D(p) + ∂(g);
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that is, D is a connection on P.
Conversely, assume that P admits a connection D. If U is a local frame

of P, we define the connections D̄α := D|Pα , restrictions of D to the sub-
sheaves PαPP , α ∈ I. Clearly, each D̄α does not necessarily coincide with
the canonical local connection Dα defined by (6.1.2), henceforth the use of
the bar on the restrictions of D. As a result, we obtain the equivariant
morphisms

fαff := Dα − D̄α ∈ HomG|Uα

(
P|UαUU , Ω(L)|UαUU

)
; α ∈ I,

which form the 0-cochain (fαff ) ∈ C0
(
P,HomG (P, Ω(L))

)
. Since, on UαβUU ,

0 = D̄α − D̄β = (Dα − Dβ) − (fβff − fαff ),

we have that Dα − Dβ = fβff − fαff ∈ HomG (P, Ω(L)) (UαβUU ), from which it
follows that

(Dα − Dβ) = δ0
(
(fαff )
)
∈ im(δ0).

Therefore, the Maurer-Cartan cocycle (Dα − Dβ) is also a coboundary and
a(P) = [(Dα − Dβ)] = 0. This terminates the proof.

Note. For the sake of completeness let us give another proof of the first
part of the above theorem, using the local connection forms: Assuming that
a(P) = 0, we saw that Dα − Dβ = fβff − fαff . Evaluating the morphism of
sections, induced by the last equality, at sβ (restricted to UαβUU ), we obtain
(Dα − Dβ)(sβ) = (fβff − fαff )(sβ). Applying (4.3.3), (6.1.1′), (6.1.3) and the
tensoriality of f , the previous equality transforms into

∂(gαβ) = fβff (sβ) − ρ(g−1
αβ ).fαff (sα).

Consequently, the forms

ωα := fαff (sα) ∈ Ω(L)(UαUU ); α ∈ I,

determine a cochain (ωα) ∈ C0(U , Ω(L)) satisfying (6.1.5). Theorem 6.1.5
now ensures the existence of a connection on P.

The Maurer-Cartan cocycle (6.3.4) can be related with the (coordinate)
cocycle (gαβ) ∈ Z1(U ,G) of P as follows: For each UαβUU �=�� ∅, we consider the
isomorphism (see (6.3.1) for F = L)

HUαβUU : HomG|Uαβ

(
P|UαβUU , Ω(L)|UαβUU

)
−→ Ω(ρ(P))(UαβUU ).



6.3. Existence of connections 229

Then, viewing ρ(P) as the sheaf P×G
XL with coordinates (Φ̃α), and applying

the analog of (6.3.2) for the induced morphisms of sections, along with
(6.1.1′) and (6.1.3), we see that

(6.3.8)

HUαβUU (Dα − Dβ) =
(
(1 ⊗ Φ̃−1

β ) ◦ (Dα − Dβ)
)
(sβ)

=
(
1 ⊗ Φ̃−1

β

)
(Dα(sβ))

=
(
1 ⊗ Φ̃−1

β

)(
Dα(sα · gαβ)

)
=
(
1 ⊗ Φ̃−1

β

)
(∂(gαβ)).

We note that we obtain the same expression if we take Φ̃−1
α and sα (see

the relevant argument in the proof of Proposition 6.3.1 showing that the
isomorphism (6.3.1) is well defined). Therefore, the Maurer-Cartan cocycle
(Dα − Dβ) is identified, by means of the isomorphisms (HUαβUU ), with the
cocycle (

(1 ⊗ Φ̃−1
β )(∂(gαβ))

)
∈ Z1
(
U , Ω(ρ(P))

)
(cf. also the classical complex analytic case in Atiyah [6, p. 190]).

Under the identifications (6.3.8), by abuse of notation one may write
(Dα − Dβ) ≡ (∂(gαβ)). As a result,

a(P) = [(Dα − Dβ)] ≡ [(∂(gαβ))].

However, this may lead to some confusion, since the differential of the
cocycle (gαβ), i.e., the 1-cochain ∂

(
(gαβ)

)
=
(
∂(gαβ)

)
∈ C1(U , Ω(L))

is not necessarily a cocycle, unless G is abelian.

From the preceding arguments we see that the sections

(6.3.9) ḡκλ :=
(
1 ⊗ Φ̃−1

λ

)
(∂(gκλ)); κ, λ ∈ I,

determine a cocycle (ḡαβ) ∈ Z1
(
U , ρ(Ω(P))

)
such that

[(ḡαβ)] ≡ a(P).

Another way to prove that (ḡαβ) is a cocycle is to “differentiate” the
cocycle condition gαγ = gαβ · gβγ and then apply (6.3.9) along with (5.4.19).
Similar calculations are used in the discussion before the proof of Corollary
6.3.4 below (see, in particular, (6.3.11)), where the reader can find more
details.
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Regarding the same cocycle, one may also consult two relevant discus-
sions contained in Gunning [38, p. 100, and Appendix 1]. The first concerns
the cocycle obtained from the differential of the coordinate cocycle of a
Riemann surface. The second is related with the formalism of cohomology
with coefficients in locally free analytic sheaves. The conclusions of the
aforementioned Appendix can be easily adapted to the case of a principal
sheaf admitting local coordinates.

Our previous considerations lead to the following:

6.3.4 Corollary. A principal sheaf (P,G, X, π) admits a connection if and
only if [(ḡαβ)] ≡ [(∂(gαβ))] = 0.

Although this is a restatement of Theorem 6.3.3, we intend to give
another proof using the local connection forms and the local structure of
Ω(ρ(P)). To prepare this we observe that the local coordinates of Ω(ρ(P))
are the isomorphisms

1⊗ Φ̃α : Ω(ρ(P))|UαUU = Ω|UαUU ⊗A|Uα
ρ(P)|UαUU −→ Ω|UαUU ⊗A|Uα

L|UαUU = Ω(L)|UαUU ,

for all α ∈ I. As in Theorem 6.3.3, (Φ̃α) are the coordinates of ρ(P) ≡
P ×G

X L. The change of coordinates over UαβUU is the isomorphism

(1 ⊗ Φ̃α) ◦ (1 ⊗ Φ̃−1
β ) = 1 ⊗ (Φ̃α ◦ Φ̃−1

β ) : Ω(L)|UαβUU −→ Ω(L)|UαβUU ,

whose explicit form is computed as follows: Given an element w ∈ Ω(L)x,
with x ∈ UαβUU , there is a σ ∈ Ω(U)⊗A(U)L(U) such that w = [σ]x = σ̃(x), for
an open neighborhood U of x. The morphism 1⊗ (Φ̃α ◦ Φ̃−1

β ) can be thought
of as generated by the induced morphisms of sections (in full notation)
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
V

, for all open V ⊆ UαβUU . Then, setting W := U ∩ UαβUU , we
obtain the following analog of Diagram 1.6

Ω(W ) ⊗A(W ) L(W )
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
W�� Ω(W ) ⊗A(W ) L(W )

Ω(L)x

� 1 ⊗ (Φ̃α ◦ Φ̃−1
β )x

�� Ω(L)x

�

Diagram 6.2
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where the vertical arrows denote the corresponding canonical maps into
germs. Therefore,(

1 ⊗ (Φ̃α ◦ Φ̃−1
β )
)
(w) =

(
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
)
(σ̃(x))

=
((

1 ⊗ (Φ̃α ◦ Φ̃−1
β )

W

)
(σ)
)̃

(x).

On the other hand, if we assume that σ is a decomposable tensor of the
form σ = θ ⊗ �, then (5.4.19) implies that

(
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
W

)
(σ) = θ ⊗ (Φ̃α ◦ Φ̃−1

β )
W

(�) =

θ ⊗ ρ(gαβ)(�) =
(
1 ⊗ ρ(gαβ)

)
(θ ⊗ �) =

(
1 ⊗ ρ(gαβ)

)
(σ).

The same equality holds, by linear extension, for every (not necessarily
decomposable) tensor σ. Hence, combining the previous equalities with
(3.3.7′), we conclude that

(6.3.10)

(
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
)
(w) =

((
1 ⊗ ρ(gαβ)

)
(σ)
)̃

(x)

= ρ(gαβ(x)).w,

for every w ∈ Ω(L)x and x ∈ X.
The section-wise analog of (6.3.10) over UαβUU is given by

(6.3.11)
(
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
)
(ω) = ρ(gαβ).ω, ω ∈ Ω(L)(UαβUU ).

Indeed, for every x ∈ U , (6.3.10), convention (1.1.3), and (3.3.10) imply that

((
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
)
(ω)
)
(x) ≡

((
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
UαβUU

)
(ω)
)
(x) =(

1 ⊗ (Φ̃α ◦ Φ̃−1
β )
)
(ω(x)) = ρ(gαβ(x)).ω(x) =

(
ρ(gαβ).ω

)
(x),

as claimed.

With the previous preparation, we are in a position to give the proof of
the last statement.

Proof of Corollary 6.3.4. Assume that P admits a connection with corres-
ponding connection forms (ωα) over U . We define the 1-forms (viz. sections)

Θα := (1 ⊗ Φ̃−1
α )(ωα) ∈ Ω(ρ(P))(UαUU ), α ∈ I.
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Based on (6.1.5), (6.3.11), (6.3.9), we find that

Θβ − Θα = (1 ⊗ Φ̃−1
β )(ωβ) − (1 ⊗ Φ̃−1

α )(ωα)

= (1 ⊗ Φ̃−1
β )
(
ρ(gαβ)−1.ωα + ∂(gαβ)

)
− (1 ⊗ Φ̃−1

α )(ωα)

= (1 ⊗ Φ̃−1
β )
(
(1 ⊗ (Φ̃β ◦ Φ̃−1

α )(ωα)) + ∂(gαβ)
)
− (1 ⊗ Φ̃−1

α )(ωα)

= (1 ⊗ Φ̃−1
β )(∂(gαβ)) = ḡαβ ;

that is,

(6.3.12) Θβ − Θα = ḡαβ ; over UαβUU ,

for every α, β ∈ I. As a result, the cocycle (ḡαβ) is the coboundary of the
0-cochain

(6.3.13) (Θα) ∈ C0
(
U , Ω(ρ(P))

)
.

In other words, (ḡαβ) = δ0((Θα)), if

δ0 : C0
(
U , Ω(ρ(P))

)
−→ C1

(
U , Ω(ρ(P))

)
is the 0-coboundary operator. Consequently, [(ḡαβ)] = 0, as required.

Conversely, assume that [(ḡαβ)] = 0. Then (under an appropriate modi-
fication of the covering, if necessary) we may take (ḡαβ) ∈ Z1(U , Ω(ρ(P)));
thus, there is a 0-cochain (Θα) of the form (6.3.13) satisfying (6.3.12). Re-
versing the arguments of the first part of the proof, we obtain a family (ωα)
yielding a connection D on P.

6.3.5 Corollary. Connections on P are in bijective correspondence with
cochains of 1-forms (Θα) ∈ C0

(
U , Ω(ρ(P))

)
, such that the compatibility con-

dition
Θβ = Θα + ḡαβ .

is satisfied over each UαβUU .

Proof. Working as in the proof of Corollary 6.3.4, we see that a connection
D ≡ (ωα) determines the cochain (6.3.13) satisfying (6.3.12); hence, we
obtain the condition of the statement.

Conversely, from a cochain (Θα) ∈ C0
(
U , Ω(ρ(P))

)
we define the cochain

of 1-forms (ωα) with

ωα := (1 ⊗ Φ̃α)(Θα) ∈ Ω(ρ(P))(UαUU ), α ∈ I.
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Therefore, (6.3.9) and (6.3.11) yield

ωβ = (1 ⊗ Φ̃β)(Θβ) = (1 ⊗ Φ̃β)(Θα) + (1 ⊗ Φ̃β)(ḡαβ)

=
((

1 ⊗ (Φ̃β ◦ Φ̃−1
α )
)
◦ (1 ⊗ Φ̃α)

)
(Θα) + (1 ⊗ Φ̃β)(ḡαβ)

=
(
1 ⊗ (Φ̃β ◦ Φ̃−1

α )
)
(ωα) + (1 ⊗ Φ̃β)(ḡαβ)

= ρ(g−1
αβ ).ωα + ∂(gαβ).

Hence, the cochain (ωα) determines a connection on P.

6.3.6 Corollary. A connection on P determines a global section

χ ∈ Ω(ρ(P))(X).

Proof. Let D be any connection on P with local connection forms (ωα). By
Corollary 6.3.5, there exists a cochain (Θα) satisfying (6.3.12). On the other
hand, the existence of a connection, being equivalent to [(ḡαβ)] = 0 (see Co-
rollary 6.3.4), also implies the existence of a cochain (Θ̄α) ∈ C0

(
U , Ω(ρ(P))

)
such that

(6.3.14) Θ̄β − Θ̄α = ḡαβ ; α, β ∈ I,

(after refining all the coverings involved, if necessary, we can assume that
all the cochains are taken over the same covering U). Hence, (6.3.12) and
(6.3.14) imply that

(6.3.15) Θβ − Θα = Θ̄β − Θ̄α.

Setting χα := Θ̄α − Θα, α ∈ I, (6.3.15) shows that we get a global section
χ by gluing together all the χα’s.

In the sequel we assume that Ω is reflexive, a property already shared by
the sheaf of germs of ordinary differential 1-forms on a differential manifold.
More precisely, we shall say that Ω is a reflexive A-module if

Ω∗∗ := (Ω∗)∗ ∼= Ω,

where the dual module Ω∗ := HomA(Ω,A) is the sheaf of germs of A-
morphisms of Ω in A (see Subsection 1.3.5).

We can form the exact sequence of A-modules

(6.3.16) 0 −→ ρ(P) i−−−−− →−− ρ(P) ⊕ Ω∗ p−−−−− →−− Ω∗ −→ 0,

where i and p are the natural injection and projection respectively. Then
we obtain the following:
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6.3.7 Corollary. If Ω is reflexive, then every connection on P determines
a splitting of the exact sequence (6.3.16).

Proof. The reflexivity of Ω yields

Ω(ρ(P)) = Ω ⊗A ρ(P) ∼= Ω∗∗ ⊗A ρ(P) ∼= HomA(Ω∗, ρ(P)).

Consequently,

Ω(ρ(P))(X) ∼= HomA(Ω∗, ρ(P))(X) ∼= HomA(Ω∗, ρ(P)).

Thus, by Corollary 6.3.6, there exists an A-morphism h̄ ∈ HomA(Ω∗, ρ(P))
corresponding to the given connection. The desired splitting is, evidently,
h := h̄ + id|Ω∗ .

We close this section with a few comments on the structure of the set
of connections on P, denoted by Conn(P).

Given two connections D,D′ ∈ Conn(P), working as in the case of the
Maurer-Cartan cocycle (6.3.4), we see that (see also (6.3.3))

D − D′ ∈ HomG(P, Ω(L)) ∼= HomG(P, Ω(L))(X) ∼= Ω(ρ(P))(X).

As a result, we conclude that:

6.3.8 Proposition. The set of connections Conn(P) is an affine space
modelled on the A(X)-module Ω(ρ(P))(X).

6.3.9 Remark. Let P be a smooth principal bundle over a (Hausdorff)
paracompact base X and let P be the principal sheaf of sections of P (see
Example 4.1.9(a)). As is well known, P admits connections, thus (by The-
orem 6.2.1) so does P. Therefore, in virtue of Theorem 6.3.3, a(P) = 0.

However, the annihilation of a(P), and the resulting existence of connec-
tions on P and P , can also be explained in the following way: the algebra
sheaf C∞

X is fine and so is every C∞
X -module. Hence Ω(ρ(P)), being a fine

sheaf, is acyclic and H1
(
X, Ω(ρ(P))

)
= 0.

6.4. Mappings of connections

Let P ≡ (P,G, X, π) and P ′ ≡ (P ′,G′, X, π′) be two principal sheaves, with
structure sheaves G ≡ (G, ρ,L, ∂) and G′ ≡ (G′, ρ′,L′, ∂′), respectively.
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As we know (see Definition 4.2.1), a morphism of P into P ′ is determined
by a quadruple (f, φ, φ, idX), where (φ, φ) is a morphism of Lie sheaves of
groups, and the morphism of sheaves f : P → P ′ satisfies the equivariance
property f(p ·g) = f(p) ·φ(g), for every (p, g) ∈ P×X G. Equivalently, for an
open U ⊆ X, the induced morphism of sections satisfies f(s ·g) = f(s) ·φ(g),
for all (s, g) ∈ P(U) × G(U).

6.4.1 Definition. Let (f, φ, φ, idX) be a morphism of P into P ′. Two
connections D and D′, defined on P and P ′ respectively, are said to be
(f, φ, φ, idX)-related if

(6.4.1) D′ ◦ f = (1 ⊗ φ) ◦ D,

as shown in the following commutative diagram.

P f �� P ′

Ω(L) = Ω ⊗A L

D

� 1 ⊗ φ �� Ω ⊗A L′ = Ω(L′)

D′

�

Diagram 6.3

In particular, if P and P ′ are G-principal sheaves and (φ, φ) = (idG , idL),
then (f, idG , idL, idX)-related connections are called f-conjugate. In this
case, (6.4.1) reduces to

(6.4.2) D = D′ ◦ f.

We have already proved (Theorem 4.4.1) that a morphism (f, φ, φ, idX)
of P into P ′ determines a 0-cochain (hα) ∈ C0(U ,G′) satisfying equalities
(4.4.1) and (4.4.2). As a result, we obtain the following criterion of related-
ness with respect to a given morphism of principal sheaves.

6.4.2 Theorem. Let (f, φ, φ, idX) be a morphism of P into P ′. Assume
that D and D′ are two connections on P and P ′, respectively, with corres-
ponding local connection forms (ωα) and (ω′

α), over the same open covering
U of X. Then D and D′ are (f, φ, φ, idX)-related if and only if

(6.4.3) (1 ⊗ φ)(ωα) = ρ′(h−1
α ).ω′

α + ∂′(hα),

for every α ∈ I.
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Proof. Let D and D′ be (f, φ, φ, idX)-related. Applying (6.1.4), (6.4.1),
(4.4.1), and (6.1.1′) for D′, we obtain

(1 ⊗ φ)(ωα) =
(
(1 ⊗ φ) ◦ D

)
(sα) =

(D′ ◦ f)(sα) = D′(s′α · hα) = ρ′(h−1
α ).ω′

α + ∂′(hα).

Conversely, assume that (6.4.3) is satisfied. For any p ∈ P with π(p) =
x ∈ UαUU , we have that p = sα(x) · gα, for a unique gα ∈ G. Therefore (by
Theorem 4.4.1),

f(p) = f(sα(x)) · φ(gα) = s′α(x) · hα(x) · φ(gα),

and, in virtue of (6.4.3),

(D′ ◦ f)(p) = D′(s′α(x) · hα(x) · φ(gα)
)

=
(
ρ′(φ(g−1

α )) · ρ′(hα(x)−1)
)
.D′(s′α(x)) + ∂′(hα(x) · φ(gα)

)
= ρ′(φ(g−1

α )).
(
ρ′(hα(x)−1).ω′

α(x) + ∂′(hα(x))
)

+ ∂′(φ(gα))

= ρ′(φ(g−1
α )).
(
(1 ⊗ φ)(ωα(x))

)
+ (∂′ ◦ φ)(gα).

Hence, by Lemma 6.4.3 below and (3.4.2),

(D′ ◦ f)(p) = (1 ⊗ φ)
(
ρ(g−1

α ).ωα(x)
)

+ (1 ⊗ φ)(∂(gα))

= (1 ⊗ φ)
(
ρ(g−1

α ).ωα(x) + ∂(gα)
)

= (1 ⊗ φ).(D(p)) = ((1 ⊗ φ) ◦ D)(p),

which shows that D and D′ are (f, φ, φ, idX)-related.

In the inverse part of the previous proof we used the following general
result:

6.4.3 Lemma. Let (φ, φ) be a morphism of Lie sheaves of groups of G into
G′. Then

(1 ⊗ φ)
(
ρ(g).w

)
= ρ′(φ(g)).(1 ⊗ φ)(w),

for every g ∈ Gx, w ∈ Ω(L)x
∼= Ωx ⊗Ax Lx, and every x ∈ X.

Proof. If g = s(x) and w = [σ]x for s ∈ G(U) and σ ∈ Ω(U) ⊗A(U) L(U),
with x ∈ U , applying (3.3.7′) and the interplay between sheaf morphisms
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and the induced morphisms of sections, we see that

(1 ⊗ φ)
(
ρ(g).w

)
= (1 ⊗ φ)

(
[(1 ⊗ ρ(s))(σ)]x

)
=
[
(1 ⊗ φ)

(
(1 ⊗ ρ(s))(σ)

)]
x

=
[(

1 ⊗ (φ ◦ ρ(s))
)
(σ)
]
x

=
[(

1 ⊗ (ρ′(φ(s)) ◦ φ)
)
(σ)
]
x

(see (3.4.1′))

=
[(

(1 ⊗ ρ′(φ(s))) ◦ (1 ⊗ φ)
)
(σ)
]
x

=
[(

1 ⊗ ρ′(φ(s))
)(

(1 ⊗ φ)(σ)
)]

x
.

But φ(g) = φ(s(x)) = φ(s)(x) and (1⊗φ)(w) = (1⊗φ)([σ]x) = [(1⊗φ)(σ)]x.
Therefore, using (3.3.7′) once more, we conclude that

(1 ⊗ φ)(ρ(g).w) =
[(

1 ⊗ ρ′(φ(s))
)(

(1 ⊗ φ)(σ)
)]

x

= ρ′(φ(g)).
(
(1 ⊗ φ)(w)

)
.

We can also relate connections provided that we are given an appropriate
cochain (hα) ∈ C0(U ,G) and a morphism of Lie sheaves of groups. More
precisely, we have:

6.4.4 Proposition. Let P and P ′ be two principal sheaves equipped with
the connections D ≡ (ωα) and D′ ≡ (ω′

α), respectively. Assume that we are
given a morphism (φ, φ) of G into G′, and a 0-cochain (hα) ∈ C0(U ,G′) sat-
isfying equalities (4.4.2) and (6.4.3). Then there exists a unique morphism
(of sheaves of sets) f : P → P ′ such that (f, φ, φ, idX) is a morphism of
principal sheaves and the connections D and D′ are (f, φ, φ, idX)-related.

Proof. The existence of the morphism (f, φ, φ, idX) was established in The-
orem 4.4.1. Then equality (6.4.1) is a consequence of Theorem 6.4.2.

In the particular case of G-principal sheaves, combining Theorems 6.4.2
and 4.2.4, along with Proposition 6.4.4, we obtain:

6.4.5 Theorem. Let D ≡ (ωα) and D′ ≡ (ω′
α) be two connections on

the principal sheaves P ≡ (P,G, X, π) and P ′ ≡ (P ′,G, X, π′), respectively.
Then the following conditions are equivalent:

i) D and D′ are f-conjugate, for a G-(iso)morphism f of P onto P ′.
ii) There exists a 0-cochain (hα) ∈ C0(U ,G) such that equalities

g′αβ = hα · gαβ · h−1
β ,(6.4.4)

ωα = ρ(h−1
α ).ω′

α + ∂(hα)(6.4.5)
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hold over UαβUU and UαUU , respectively, for all α, β ∈ I.

The next results provide examples of related connections. Their classical
counterparts can be found in Kobayashi -Nomizu [49, Chap. II, Propositions
6.1 and 6.2].

6.4.6 Corollary. Let (f, φ, φ, idX) be a morphism of P into P ′. Then, for
each connection D ≡ (ωα) on P, there exists a unique (f, φ, φ, idX)-related
connection D′ on P ′.

Proof. Motivated essentially by 6.4.2, we define the forms

(6.4.6) ω′
α := ρ′(hα).(1 ⊗ φ)(ωα) + ∂′(h−1

α ), α ∈ I.

The analog of (6.4.6) for ωβ , and the compatibility condition (6.1.5) yield

ω′
β = ρ′(hβ).(1 ⊗ φ)(ωβ) + ∂′(h−1

β )

= ρ′(hβ).
(
(1 ⊗ φ)(ρ(g−1

αβ ).ωα) + (1 ⊗ φ)(∂(gαβ))
)

+ ∂′(h−1
β ),

or, by (3.4.2), the compatibility of the action with the A-module structure
(see Proposition 3.3.1), and the section-wise analog of Lemma 6.4.3,

ω′
β = ρ′(hβ).

(
ρ′(φ(g−1

αβ )).(1 ⊗ φ)(ωα) + ∂′(φ(gαβ))
)

+ ∂′(h−1
β )

= ρ′(hβ).
(
ρ′(φ(g−1

αβ )).(1 ⊗ φ)(ωα)
)

+ ρ′(hβ).∂′(φ(gαβ)) + ∂′(h−1
β )

= ρ′
(
hβ · φ(g−1

αβ )
)
.(1 ⊗ φ)(ωα) + ρ′(hβ).∂′(φ(g′αβ)) + ∂′(h−1

β )

= ρ′
(
hβ · φ(g−1

αβ )
)
.(1 ⊗ φ)(ωα) + ∂′(φ(gαβ).h−1

β

)
.

Therefore, (4.4.2) and (6.4.6) transform the preceding into

ω′
β = ρ′

(
(g′αβ)−1 · hα

)
.(1 ⊗ φ)(ωα) + ∂′(h−1

α · g′αβ

)
= ρ′
(
(g′αβ)−1 · hα

)
.(1 ⊗ φ)(ωα) + ρ′((g′αβ)−1).∂′(h−1

α ) + ∂′(g′αβ)

= ρ′((g′αβ)−1).
(
ρ′(hα).(1 ⊗ φ)(ωα) + ∂′(h−1

α )
)

+ ∂′(g′αβ)

= ρ′((g′αβ)−1).ω′
α + ∂′(g′αβ);

that is, the 0-cochain (ω′
α) determines a connection D′ on P ′, as a con-

sequence of Theorem 6.1.5.
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On the other hand, in virtue of Proposition 3.3.5, equality (6.4.6) takes
the form

ω′
α = ρ′(hα).(1 ⊗ φ)(ωα) + ∂′(h−1

α )

= ρ′(hα).(1 ⊗ φ)(ωα) − ρ′(hα).∂′(hα)

= ρ′(hα).
(
(1 ⊗ φ)(ωα) − ∂′(hα)

)
,

from which we get (6.4.3), for all α ∈ I. As a consequence, D and D′ are
(f, φ, φ, idX)-related.

Finally, the uniqueness of D′ ≡ (ω′
α) is proved as follows: If there is a

connection D ≡ (ωα), which is also (f, φ, φ, idX)-related with D, then (6.4.3)
implies that (ω′

α) = (ωα). Hence, for any p ∈ PxP with x ∈ UαUU , we write
p = sα(x) · g (for a unique g ∈ Gx) and

D(p) = D(sα(x) · g) = ρ(g−1).D(sα(x)) + ∂(g) =

ρ(g−1).ωα(x) + ∂(g) = ρ(g−1).ω′
α(x) + ∂(g) = D′(p).

6.4.7 Corollary. Let (f, φ, φ, idX) be a morphism of P into P ′ such that φ is
an isomorphism of Lie algebra A-modules. Then every connection D′ ≡ (ω′

α)
on P ′ induces a unique connection D on P, which is (f, φ, φ, idX)-related
with D′.

Proof. It suffices to take D := (1 ⊗ φ
−1) ◦ D′ ◦ f .

6.4.8 Remark. It is immediately checked that the local connection forms
(ωα) of the connection D, defined in Corollary 6.4.7, are given by

(6.4.7) ωα = (1 ⊗ φ)−1
(
ρ′(h−1

α ).ω′
α + ∂′(hα)

)
,

as a result of equality (4.4.1) defining hα. In the case of an isomorphism
of Lie sheaves of groups (φ, φ), setting gα := φ−1(hα) and applying (3.4.2),
together with the section-wise analog of Lemma 6.4.3, we transform (6.4.7)
into

(6.4.7′) ωα = ρ(g−1
α ).
(
(1 ⊗ φ)−1(ω′

α)
)

+ ∂(gα).

Thus one can equivalently define the connection D of Corollary 6.4.7
starting with the 0-cochain (ωα), given by (6.4.7) or (6.4.7′), and working
as in the proof of Corollary 6.4.6.
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6.5. The pull-back of a connection

The present short section deals with the connection induced on the pull-
back –by a continuous map– of a principal sheaf equipped with a connection.
This important construction adds another (non trivial) example to the list
of Section 6.2.

Taking up the notations of Example 4.1.9(c), we consider a fixed con-
tinuous map f : Y → X and a principal sheaf P ≡ (P,G, X, π). We have
already seen that f∗(P) ≡ (f∗(P), f∗(G), Y, π∗) is a principal sheaf with
structure sheaf f∗(G) ≡

(
f∗(G), ρ∗, f∗(L), ∂∗), where ρ∗ and ∂∗ are defined

by (3.5.14) and (3.5.6), respectively (see also Theorem 3.5.4).
Assume now that P is provided with a connection D : P → Ω(L). Then

we define the morphism of sheaves

(6.5.1) D∗ := τ ◦ f∗(D),

as pictured in the following diagram

f∗(P)
f∗(D)�� f∗(Ω(L))

f∗(Ω)
(
f∗(L)

)
τ

�
D∗

�

Diagram 6.4

where τ is the isomorphism of f∗(A)-modules defined by Lemma 3.5.1.

6.5.1 Proposition. The morphism D∗ : f∗(P) → f∗(Ω)
(
f∗(L)

)
is a con-

nection on f∗(P), called the pull-back connection of D.

Proof. We prove the property (6.1.1) by essentially repeating the proof of
Theorem 3.5.4. As a matter of fact, for any (y, p) ∈ f∗(P)y = {y} × Pf(y)

and (y, g) ∈ f∗(G)y = {y} × Gf(y), we check that

D∗((y, p) · (y, g)
)

= D∗(y, p · g)
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= τ (y, D(p · g))

= τ
(
y, ρ(g−1).D(p) + ∂(g)

)
= τ
(
y, ρ(g−1).D(p)

)
+ τ
(
y, ∂(g)

)
= τ
(
y, ∆(g−1, D(p))

)
+ ∂∗(y, g)

= ∆∗((y, g−1), τ (y, D(p))
)

+ ∂∗(y, g)

= ρ∗(y, g−1).D∗(y, p) + ∂∗(y, g).

Since (y, g−1) = (y, g)−1, we conclude the proof.

Note. Analogously to the identifications ∂∗(x, g) ≡ (x, ∂(g)), and ρ∗(x, g) ≡
(x, ρ(g)) (see (3.5.7′), (3.5.15′)), we may write

(6.5.2) D∗(y, p) ≡ (y, D(p)),

which simplifies complex computations.

Let us find the local connection forms (ω∗
α) of D∗, over the local frame

(V, (φ∗
α)) of f∗(P), where

V =
{
VαVV := f−1(UαUU ) | UαUU ∈ U

}
and φ∗

α := f∗(φα),

if (U , (φα)) is a local frame of P. In virtue of (4.1.11), we find, for every
y ∈ Y :

ω∗
α(y) = D∗(s∗α)(y) = D∗(y, sα(f(y))

)
= τ

(
y, D(sα(f(y)))

)
= τ
(
y, ωα(f(y))

)
.

Using the adjunction map f∗
Uff

αUU : (Ω ⊗A L)(UαUU ) → f∗(Ω ⊗A L)(VαVV ) (see also
(1.4.2)), the above expression yields

(6.5.3) ω∗
α = τ

(
f∗

Uff
αUU (ωα)

)
≡ f∗

Uff
αUU (ωα).

We close the section by showing that the connections D and D∗ are
related in a sense generalizing that of Definition 6.4.1. Since this is the only
case where we use this generalization, we have taken a slightly informal, less
detailed approach.
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According to Remark 4.2.2(2) and equality (4.2.2), we define the follow-
ing morphisms over the continuous map f :

f∗
Pff : f∗(P) −→ P
f∗
Gff : f∗(G) −→ G

f∗
Lf : f∗(L) −→ P

f∗
Ωff : f∗(Ω) −→ Ω

f∗
⊗ff : f∗(Ω(L)) −→ Ω(L)

i.e., the projections of the indicated fiber products (pull-backs) to the second
factor.

By Corollary (3.5.5), (f∗
Gff , f∗

Lf ) is a morphism between the Lie sheaves of
groups f∗(G) and G. Analogously, (f∗

Pff , f∗
Gff , f∗

Lf , f) is a morphism of principal
sheaves, with respect to the previous Lie sheaves of groups (see also Propos-
ition 4.2.5). Finally, the identification τ implies that f∗

⊗ff = f∗
Ωff ⊗ f∗

Lf ◦ τ .
As a result, (6.5.1) leads at once to the commutative diagram

f∗(P)
f∗
Pff �� P

f∗(Ω)
(
f∗(L)

)
D∗

� f∗
Ωff ⊗ f∗

Lf �� Ω(L)

D

�

Diagram 6.5

which means that D∗ and D are
(
f∗
Pff , f∗

Gff , f∗
Lf , f
)
-related, according to the

obvious generalization of Definition 6.4.1 and Diagram 6.3.

6.6. The moduli sheaf of connections

Here we examine the behavior of the connections on a principal sheaf P,
with regard to the gauge transformations of P. This will allow us to group
the connections of P in certain equivalence classes.

We assume that the set of connections is not empty, Conn(P) �=�� ∅, a
fact ensured, e.g., by the conditions of Section 6.3. Based on Definitions
5.3.11 and 6.4.1, we give the following:
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6.6.1 Definition. Two connections D, D′ ∈ Conn(P) are said to be gauge
equivalent if they are conjugate by means of a gauge transformation; in
other words, if there is an f ∈ GA(P) such that D′ = D ◦ f .

It is also customary to write

(6.6.1) D′ = f∗D := D ◦ f,

but f∗D should not be confused with the pull-back connection f∗(D) already
defined by (6.5.1).

Let (ωα) and (ω′
α) be the respective local connection forms of D and

D′, over a local frame U . If τ is the tensorial morphism corresponding to
f (see Proposition 5.3.12 and equality (5.3.24)), then condition (6.6.1) is
equivalent to

(6.6.2) ωα = ρ
(
τ(sα)−1

)
.ω′

α + ∂(τ(sα)),

in virtue of Theorem 6.4.5. This is the case, since, as is readily checked, the
sections (hα) in (6.4.5) (defined by (4.4.6) for sα = s′α) now coincide with
τ(sα).

Definition 6.6.1 induces the following equivalence relation on Conn(P):

(6.6.3) D ∼ D′ ⇐⇒ ∃ f ∈ GA(P) : D′ = f∗D := D ◦ f.

The same relation can be obtained via the natural action

(6.6.4) Conn(P) × GA(P) −→ Conn(P) : (D, f) �→ f∗D.

In this case we check that f∗D is indeed a connection, since

(f∗D)(p.g) = D(f(p · g)) = D(f(p) · g)
= ρ(g−1).D(f(p)) + ∂(g)
= ρ(g−1).(f∗D)(p) + ∂(g),

for every (p, g) ∈ P ×X G.
It is clear that an equivalence class [D], with respect to (6.6.3), coincides

with the orbit of D, with respect to (6.6.4), i.e.,

[D] = OD :=
{

D ◦ f | f ∈ GA(P)
}
.
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6.6.2 Definition. The moduli space of (the connections of) P is the space

M(P) := Conn(P)/GA(P) =
⋃

D∈Conn(P)

OD.

Our objective is to relate M(P) with the global sections of a sheaf con-
structed by an appropriate action of the sheaf of groups Homad(P,G) on
the sheaf of connections C(P), the latter being described in Example 6.2(c).

By Corollary 5.3.6, C(P) can be thought of as being generated by the
presheaf

U �−→�� Q(U) :=
(
P(U) × Ω(L)(U)

)
/G(U),

where the quotient is defined with respect to the action (6.2.9), localized
over each U . On the other hand, Homad(P,G) is generated by the presheaf

U �−→�� Homad(P|U ,G|U ),

as discussed after Corollary 5.3.10.
Now, for each open U ⊆ X, we define the map

δU : Q(U) × Homad(P|U ,G|U ) −→ Q(U)

by setting

δU ([(s, ω)], τ) ≡ [(s, ω)] · τ :=
[(

s, ρ(τ(s)−1).ω + ∂(τ(s))
)]

.(6.6.5)

First we check that δU is well defined : If [(s′, ω′)] = [(s, ω)], then (by the
definition of the equivalence in Q(U) induced by (6.2.9)), there is a (unique)
g ∈ G(U) such that s′ = s · g and ω′ = ρ(g−1).ω + ∂(g). Therefore, (5.3.22)
implies that

(6.6.6)

ρ(τ(s′)−1).ω′ = ρ
(
τ(s · g)−1

)
.
(
ρ(g−1).ω + ∂(g)

)
= ρ
(
g−1 · τ(s)−1 · g

)
.
(
ρ(g−1).ω + ∂(g)

)
= ρ
(
g−1 · τ(s)−1

)
.ω + ρ

(
g−1 · τ(s)−1 · g

)
.∂(g).

Similarly, using Proposition 3.3.5, we find that

(6.6.7)

∂(τ(s′)) = ∂(τ(s · g)) = ∂(g−1 · τ(s) · g)

= ρ(g−1).∂(g−1 · τ(s)) + ∂(g)

= ρ(g−1).
(
ρ(τ(s)−1).∂(g−1) + ∂(τ(s))

)
+ ∂(g)

= −ρ
(
g−1 · τ(s)−1 · g

)
.∂(g) + ρ(g−1).∂(τ(s)) + ∂(g).
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Hence, (6.6.6) and (6.6.7), along, once again, with the local form of (6.2.9),
imply that

[(s′, ω′)] · τ =
[(

s′, ρ(τ(s′)−1).ω′ + ∂(τ(s′))
)]

=
[(

s · g, ρ(g−1).
(
ρ(τ(s)−1).ω + ∂(τ(s))

)
+ ∂(g)

)]
=
[(

s, ρ(τ(s)−1).ω + ∂(τ(s))
)]

= [(s, ω)] · τ,

which proves the claim.
Next, we check that δU defines an action: For any [(s, ω)] ∈ Q(U) and

τ, τ ′ ∈ Homad(P|U ,G|U ), we have that

[(s, ω)] · (τ · τ ′) =
[(

s, ρ((τ · τ ′)(s)−1).ω + ∂((τ · τ ′)(s))
)]

=
[(

s, (ρ(τ ′(s)−1) · ρ(τ(s)−1)).ω +

+ρ(τ ′(s)−1).∂(τ(s)) + ∂(τ ′(s))
)]

=
[(

s, ρ(τ ′(s)−1).(ρ(τ(s)−1).ω + ∂(τ(s))) + ∂(τ ′(s))
)]

=
[(

s, ρ(τ(s)−1).ω + ∂(τ(s))
)]

· τ ′

= ([(s, ω)] · τ) · τ ′.

On the other hand, the identity (neutral) element of Homad(P|U ,G|U ) is
the tensorial morphism τoττ = 1◦π, where 1 is the identity section of G and π
the projection of P. Then ∂(τoττ ) = ∂(1) = 0 and ρ(τ−1

oττ ) = ρ(1) = idL. Thus
(6.6.5) yields [(s, ω)] · τoττ = [(s, ω)], by which we complete the verification of
the properties of an action.

Finally, it is not difficult to show that the family (δU ), with U running
in the topology of X, is a presheaf morphism generating an action

(6.6.8) δ : C(P) ×X Homad(P,G) −→ C(P).

Therefore, following the general construction of Section 5.3, we obtain the
quotient sheaf

(6.6.9) M(P) := C(P)
/
Homad(P,G).

As a matter fact, M(P) is generated by the presheaf

(6.6.10) U �−→ C�� (P)(U)
/
Homad(P|U ,G|U ).

6.6.3 Definition. The sheaf M(P) is called the moduli sheaf of (the
connections of) the principal sheaf P.
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The action δ induces the action on global sections

(6.6.11)
δ̄X : C(P)(X) ×Homad(P,G)(X) −→ C(P)(X)

δ̄X(S, τ) := S · τ,

where the section on the right-hand side is clearly defined by

(6.6.12) (S · τ)(x) := S(x) · τ(x) = δ(S(x), τ(x)), x ∈ X.

Thus, as usual, we define an obvious equivalence relation on C(P)(X) in
virtue of which we obtain a new quotient space, namely

(6.6.13) C(P)(X)
/
Homad(P,G)(X).

6.6.4 Lemma. There exists a bijection

µ : M(P) := Conn(P)/GA(P)
� �� C(P)(X)

/
Homad(P,G)(X).

Proof. Given a class [D] ∈ M(P), we set µ([D]) := [S], where S ∈ C(P)
is the global section of the sheaf of connections corresponding uniquely to
D, in virtue of Theorem 6.2.4. Although we use the same symbol for both
equivalence classes, we should carefully distinguish them, since the first one
is induced by the action (6.6.4), whereas the second is induced by (6.6.11),
the latter being in turn generated by (6.6.5).

To proceed to the main part of the proof, we need to find an explicit
expression of S in terms of D. Localizing the general construction of The-
orem 5.3.9, adapted to the case of C(P), S is obtained by gluing together
the local sections SαS defined by

(6.6.14) Sα(x) =
[(

sα(x), D(sα(x))
)]

=
[(

sα(x), ωα(x)
)]

; x ∈ UαUU ,

where the last equivalence class is now determined by the action (6.2.9).
Conversely, given a section S ∈ C(P)(X), the corresponding connection

D is determined by the formula

D(p) = g−1
α · Φ̃α(S(x)),

where π(p) = x ∈ UαUU , p = sα(x) · gα, and Φ̃α : C(P)|UαUU
�−→ Ω(L)|UαUU . Then,

taking p = sα(x), the above formula yields

ωα(x) = D(sα(x)) = 1(x) · Φ̃α(S(x));
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that is,
ωα = Φ̃α ◦ S|UαUU .

The map µ is well defined. Indeed, if D′ is another connection such
that D′ ∼ D, there exists f ∈ GA(P) satisfying D′ = f∗D = D ◦ f .
Hence, considering the sections S and S′ corresponding to D and D′, re-
spectively, as well as the equivariant morphism τ ∈ GA(P) corresponding
to f ∈ Homad(P,G) ∼= Homad(P,G)(X), equalities (6.6.14), (6.6.2), (6.6.5)
and (6.6.12) imply that

S′(x) = S′
αS (x) =

[(
sα(x), ω′

α(x)
)]

=
[(

sα(x), (ρ(τ(sα)−1).ωα + ∂(τ(sα))(x)
)]

=
[(

sα(x), ωα(x)
)]

· τ(x) = S(x) · τ(x)

= (S · τ)(x),

for every x ∈ UαUU , and similarly for every x ∈ X. This proves that S′ ∼ S;
hence, µ([D]) = [S] is independent of the choice of representatives.

Now assume that [S′] = µ([D′]) = µ([D]) = [S]. Then there exists a
morphism τ such that S′ = S · τ . Working as above, in a reverse sense, we
see that[(

sα(x), ω′
α(x)
)]

=
[(

sα(x),
(
ρ(τ(sα)−1).ωα + ∂(τ(sα))

)
(x)
)]

,

for every x ∈ UαUU . Applying the definition of the equivalence induced by
(6.2.9), we obtain

ω′
α = ρ(τ(sα)−1).ωα + ∂(τ(sα)),

for all α ∈ I. Hence, (6.6.2) yields D ∼ D′, i.e., [D′] = [D], which means
that µ is an injection.

Finally, given [S] ∈ C(P)(X)
/
Homad(P,G)(X), the unique D corres-

ponding to S determines the class [D] with µ([D]) = [S]. This shows that
µ is a surjection and completes the proof.

Since M(P) is generated by the presheaf (6.6.10), there is a canonical
map (see (1.2.8))

ρU : C(P)(U)
/
Homad(P|U ,G|U ) −→ M(P)(U),

for every open U ⊆ X. Therefore, we obtain the following result connecting
the moduli space with the moduli sheaf.
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6.6.5 Theorem. The moduli space M(P) is canonically mapped into the
global sections M(P)(X) of the moduli sheaf by means of µ := ρX ◦ µ, also
shown in the following diagram.

M(P)
µ �� C(P)(X)

/
Homad(P,G)(X)

M(P)(X)

ρX

�
µ

�

Diagram 6.6

Note. In virtue of Corollary 5.3.14, we see that Lemma 6.6.4 implies the
following sequence of identifications:

M(P) ∼= C(P)(X)
/
Homad(P,G)(X)

∼= C(P)(X)
/(

GA(P)
)
(X)

∼= C(P)(X)
/
ad(P)(X),

which give other interpretations of the moduli space.

6.7. Classification of principal sheaves with connect-
ions and abelian structure group

This section deals with the hypercohomological classification of principal
sheaves equipped with connections, under the assumption that the structure
group is an abelian Lie sheaf of groups.

For the sake of brevity, a G-principal sheaf with abelian G is called an
abelian principal sheaf, a term explaining the (short) running head offf
the section.

We first give the following, fairly general:

6.7.1 Definition. A pair (P, D), where P is any (not necessarily abelian)
principal sheaf and D a connection on P, is said to be equivalent with
(P ′, D′), symbolically (P, D) ∼ (P ′, D′), if there exists a G-isomorphism
f : P → P ′ such that D and D′ are f -conjugate (see Definition 6.4.1).
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Now assume that G is an abelian Lie sheaf of groups. Then the com-
patibility condition (6.1.5) between the local connection forms (ωα) of a
connection D on P, reduces to

(6.7.1) ωβ = ωα + ∂(gαβ).

Moreover, equalities (6.4.4) and (6.4.5), expressing the equivalence of two
pairs (P, D) and (P ′, D′), take the respective forms

g′αβ = hα · gαβ · h−1
β ,(6.7.2)

ωα = ω′
α + ∂(hα).(6.7.3)

We note that, although (6.7.2) looks identical to (6.4.4), the commut-
ativity of G plays a significant rôle, as we shall see soon.

Extending the notation (4.6.1) to include connections, we denote by

(6.7.4) P G(X)D

the set of equivalence classes derived from Definition 6.7.1. On the other
hand,

(6.7.5) Ȟ
1(

X,G ∂−→ Ω(L)
)

stands for the (Čech) 1-dimensional hypercohomology group with respect
to the 2-term complex G ∂−→ Ω(L) (see Brylinski [17, p. 21], Mallios [62,
Vol. I, p. 224], and the brief commentary following the next statement).

With these notations in mind, we state the main result of this section.

6.7.2 Theorem. If G is an abelian Lie sheaf of groups, then

P G(X)D ∼= Ȟ
1(

X,G ∂−→ Ω(L)
)
.

For the reader’s convenience, before the proof, we recall the highlights of
Čhech hypercohomology, referring for complete details to [17] and [62] and
their references to the subject. Here we mainly follow the terminology and
notations of the second source.

Let (X,A) be a fixed algebraized space and U = (UαUU ) an open covering
of X. We also assume that we are given a complex of A-modules

E· ≡ (E·, d) = (Em, dm)m∈Z.
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Motivated by the particular considerations needed in the proof of The-
orem 6.7.2, we further assume that Em = 0, for every m < 0. Fixing an
m ∈ Z, we may consider the chain complex

C·(U , Em) =
(
Cn(U , Em), δ = {δn,m}

)
n∈Z

+
0
,

where each δn,m : Cn(U , Em) −→ Cn+1(U , Em) is the usual coboundary
operator (see Subsection 1.6.1). Varying both n and m, we form a double
complex of A-modules

C·(U , E·, δ, d
)

=
(
{Cn(U , Em)}(n,m)∈Z

+
0 ×Z

, δ, d
)
.

This situation is illustrated in the next diagram:

...
...

· · · δn−1,m
�� Cn(U , Em)

dn,m

�

δn,m
�� Cn+1(U , Em)

dn+1,m

�

δn+1,m
�� · · ·

( I )

· · · δn−1,m−1
�� Cn(U , Em−1)

dn,m−1

�

δn,m−1
�� Cn+1(U , Em−1)

dn+1,m−1

�

δn+1,m−1
�� · · ·

...

dn,m−2

�

...

dn+1,m−2

�

Diagram 6.7

By definition, all the sub-diagrams like ( I ) are commutative. The ver-
tical operators between various cochains are induced by the corresponding
differentials of the initial complex E .

A double complex, as above, gives rise to an ordinary complex of A-
modules {

tot
(
C·(U , E·)), D} = (Sp, Dp)p∈Z ,
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whose elements are defined by the relations

Sp :=
⊕

n+m=p

Cn(U , Em),

Dp :=
∑

n+m=p

δn,m + (−1)ndn,m : Sp −→ Sp+1,

for every p ∈ Z. Then the Čech hypercohomology of U with respect
to E· is defined to be the cohomology of the (total) complex tot

(
C·(U , E·)).

In other words, the corresponding hypercohomology groups are

Ȟ
p(U , E·) = ker(Dp)/im(Dp−1), p ∈ Z.

Therefore, as in the case of the ordinary cohomology, the p-dimensional
Čech hypercohomology group of X with respect to E· is

Ȟ
p(X, E·) := lim−→

U
Ȟ

p(U , E·),

where the inductive limit is taken over all the proper open coverings of X.

Based on the idea of [62, Chap. VI, Theorem 18.2], we now proceed to
the proof.

Proof of Theorem 6.7.2. Since, in our case, we are dealing only with the
1-dimensional hypercohomology with respect to the 2-term complex E· :=
{G ∂−→ Ω(L)}, it suffices to consider the next diagram, derived from a part
of Diagram 6.7 under the necessary modifications.

0 0

C0
(
U , Ω(L)

)
0

�

δ0,1
�� C1

(
U , Ω(L)

)
0

�

δ1,1
�� · · ·

C0(U ,G)

d0,0 = ∂

�

δ0,0
�� C1(U ,G)

d1,0 = ∂

�

δ1,0
�� C2(U ,G) �� · · ·

Diagram 6.8
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The horizontal morphisms of the diagram are the usual coboundary op-
erators and the vertical ones are induced by ∂, whence the notation applied
therein. As a result, we can form the total complex

S0 D0

−−−−− → S−− 1 D1

−−−−− → S−− 2 D2

−−−−− → · · ·−−

where we have set

S0 := C0(U ,G)
S1 := C1(U ,G) ⊕ C0

(
U , Ω(L)

)
S2 := C2(U ,G) ⊕ C1

(
U , Ω(L)

)
D0 := δ0,0 + ∂

D1 := (δ1,0 − ∂) + δ0,1.

By a routine computation we verify that

ker(D1) = ker(δ1,0 − ∂) ⊕ ker(δ0,1),(6.7.6)

im(D0) = im(δ0,0) ⊕ im(∂).(6.7.7)

Therefore,

Ȟ
1(U ,G ∂−→ Ω(L)

)
= ker(D1)/im(D0) =

ker(δ1,0 − ∂) ⊕ ker(δ0,1)
im(δ0,0) ⊕ im(∂)

.

We now take any pair (P, D). The principal sheaf P determines a cocycle
(gαβ) ∈ Z1(U ,G) ⊆ C1(U ,G), while D defines the local connection forms
(ωα) ∈ C0(U , Ω(L)) satisfying (6.7.1). The last equality implies that

(6.7.8) ∂
(
(gαβ)

)
= (ωβ − ωα) = δ0,1

(
(ωα)
)
.

Hence, applying D1 to the pair
(
(gαβ), (ωα)

)
, and taking into account (6.7.6),

(6.7.8), along with the cocycle condition of (gαβ), we see that

D1
(
(gαβ), (ωα)

)
=
(
δ1,0
(
(gαβ)

)
− ∂
(
(gαβ)

))
+ δ0,1

(
(ωα)
)

= δ1,0
(
(gαβ)

)
= gαβ · gβγ · gγα = 0.

(Recall that G is abelian.) This shows that
(
(gαβ), (ωα)

)
∈ ker(D1), thus we

obtain the class [(
(gαβ), (ωα)

)]
U ∈ Ȟ

1(U ,G ∂−→ Ω(L)
)
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and the corresponding class
[(

(gαβ), (ωα)
)]

∈ Ȟ
1(

X,G ∂−→ Ω(L)
)
.

This procedure allows us to define the map

Φ : P G(X)D � [(P, D)] �−→��
[(

(gαβ), (ωα)
)]

∈ Ȟ
1(

X,G ∂−→ Ω(L)
)
,

which establishes the identification of the statement after proving the fol-
lowing facts:

i) Φ is well defined. Assume that (P, D) and (P ′, D′) are equivalent.
Taking local frames over the same open covering of the base space, equality
(6.7.2) and the commutativity of G imply that

g′αβ = hα · gαβ · h−1
β = (hα · h−1

β ) · gαβ ,

from which we obtain

(6.7.9) (g′αβ) · (g−1
αβ ) = δ0,0

(
(h−1

α )
)
.

Similarly, equality (6.7.3), in conjunction with Proposition 3.3.5, yields

(6.7.10) (ω′
α − ωα) =

(
− ∂(hα)

)
= ∂
(
(h−1

α )
)
.

Hence, to prove our claim, it suffices to show that[(
(gαβ), (ωα)

)]
U =
[(

(g′αβ), (ω′
α)
)]

U ∈ ker(D1)/im(D0),

or, equivalently,(
(g′αβ), (ω′

α)
)
−
(
(gαβ), (ωα)

)
=
(
(g′αβ − gαβ), (ω′

α − ωα)
)
∈ im(D0).

The last inclusion is true, since (6.7.9), (6.7.10) and the definition of D0 (see
also (6.7.7)), along with the commutativity of G (whence the equivalent use
of multiplicative and additive notations), yield(

(g′αβ − gαβ), (ω′
α − ωα)

)
=
(
(g′αβ) · (g−1

αβ ), (ω′
α − ωα)

)
=
(
δ0,0((h−1

α )), ∂((h−1
α ))
)

=
(
δ0,0, ∂

)(
(h−1

α )
)

= D0
(
(h−1

α )
)
.

Note that if we consider local frames over different coverings of the base,
then we obtain equal classes in the inductive limit, working as in the first
part of the proof of Theorem 4.6.2.
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ii) Φ is injective. This is proved by similar arguments to those of i), but
in a reverse way. In this respect we also refer to the proof of Theorem 4.6.2.

iii) Φ is surjective. To this end let us choose an arbitrary class in
Ȟ

1(X,G ∂−→ Ω(L)), derived from a class of the form[(
(gαβ), (ωα)

)]
U , where

(
(gαβ), (ωα)

)
∈ C1(U ,G) ⊕ C0(U , Ω(L)).

Applying the definition of the hypercohomology group (over U) and that of
D1, we have that

0 = D1
(
(gαβ), (ωα)

)
= (δ1,0, ∂)

(
(gαβ)

)
+ δ0,1

(
(ωα)
)

= δ1,0
(
(gαβ)

)
+
(
− ∂
(
(gαβ)

)
+ δ0,1

(
(ωα)
))

,

from which, together with (6.7.2), we obtain the equalities

δ1,0
(
(gαβ)

)
= 0,(6.7.11)

∂
(
(gαβ)

)
= δ0,1

(
(ωα)
)
.(6.7.12)

But (6.7.11) implies that gαβ · gβγ = gαγ , i.e., (gαβ) is a cocycle belonging
to Z1(U ,G), which determines a G-principal sheaf P with cocycle (gαβ) (see
Theorem 4.5.1).

On the other hand, (6.7.12) yields

∂
(
(gαβ)

)
=
(
∂(gαβ)

)
= δ0,1

(
(ωα)
)

= (ωβ − ωα),

or, ωβ = ωα + ∂(gαβ), for every α, β ∈ I. The last equality is precisely
(6.7.1), showing that the cochain (ωα) determines a connection D on P (see
Theorem 6.1.5). Therefore, Φ

(
[(P, D)]

)
=
[(

(gαβ), (ωα)
)]

. The proof of the
theorem is now accomplished. �

In particular, taking as G the abelian sheaf of groups A· (see Example
3.3.6(b)), we get the following result, which will be used in the classification
of Maxwell fields in Section 7.2 (see also [62, Vol. II, p. 94]).

6.7.3 Corollary. The following isomorphism holds true:

PAP ·(X)D ∼= Ȟ
1(

X,A· ∂̃−→ Ω
)
.



Chapter 7

Connections on vector
and associated sheaves

There are many advantages to de-
veloping a theory in the most gen-
eral context possible.

R. Hartshorne [41, p. 59]

L’ effort de synthèse correspond `` a
un effort m´taphysique´ . . . Et c’ est
de répondre à un besoin de l’ esprit:
le besoin d’ unification est un besoin
fondamental de l’ esprit.

R. Thom [122, p. 131]

O ur intention is to define connections on vector sheaves (also called
A-connections) using the general theory of Chapter 6. However, in

order to have a clear motive for our general approach, we begin with a
short account of A-connections without reference to connections on prin-
cipal sheaves. Subsequently we show that A-connections on a vector sheaf
E are fully determined by the connections of the principal sheaf of frames
P(E) and vice-versa.

255
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The chapter closes with a discussion about connections induced on prin-
cipal and vector sheaves, associated with a given principal sheaf endowed
with a connection.

7.1. Connections on vector sheaves

Throughout the present section we consider a fixed differential triad (A, d, Ω)
and a vector sheaf E ≡ (E , πE , X) of rank n.

With the notations of Section 5.1, we give the following basic definition
(cf. Mallios [62, Chap. VI]).

7.1.1 Definition. An A-connection on the vector sheaf E is a K-linear
morphism

∇ : E −−→−− Ω(E) := E ⊗A Ω,

satisfying the Leibniz-Koszul condition

(7.1.1) ∇(a · u) = a · ∇(u) + u ⊗ da, (a, u) ∈ A×X E .

Since E ⊗A Ω ∼= Ω⊗A E , the above expression of Ω(E) conforms with the
general notation (3.3.4)

To obtain the section-wise analog of (7.1.1), we notice that, given two
A-modules S, T , and two sections s ∈ S(U), t ∈ T (U), equality

s(x) ⊗ t(x) = (̃s ⊗ t)(x) ≡ (s ⊗ t)̃)) (x)

is verified for every x ∈ U (recall the notation (♦ ) on p. 104). This is a
direct consequence of the representation of an element of the stalk as the
germ of appropriate sections. Thus the morphism of sections induced by ∇
satisfies

(7.1.1a) ∇(α · s) = α · ∇(s) + s̃ ⊗ dα; (α, s) ∈ A(U) × E(U),

for every open U ⊆ X.
Conversely, (7.1.1a) implies (7.1.1) according to the comments (1.2.15′).

Thus (7.1.1) and (7.1.1a) can be used interchangeably as the Koszul-Leibniz
condition of ∇.

If U ≡ ((UαUU ), (ψα)) is a local frame of E , we know that E(UαUU ) is a free
A(UαUU )-module of rank n, endowed with the natural basis eα = (eα

i )1≤i≤n
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(see (5.1.3′) and Proposition 5.1.2). Therefore, analogously to what has been
said in the note following Theorem 6.2.1, one has the identification

(7.1.2) E(UαUU ) ⊗A(UαUU ) Ω(UαUU ) ∼= (E ⊗A Ω)(UαUU ).

As a result, over each UαUU , (7.1.1a) can be written as

(7.1.1b) ∇(α · s) = α · ∇(s) + s ⊗ dα, (α, s) ∈ A(U) × E(U).

Hence, one infers that

if the local frame of E is a basis for the topology of X, then (7.1.1),
(7.1.1a) and (7.1.1b) are equivalent.

Reconsider a local frame U as before and the natural bases (eα). The
properties of the tensor product (for their classical analogs see, e.g., Greub
[34, pp. 7–8]) and the identification (7.1.2) allow us to write

(7.1.3) ∇(eα
j ) =

n∑
i=1

eα
i ⊗ ωα

ij ; 1 ≤ j ≤ n,

where ωα
ij ∈ Ω(UαUU ) are uniquely determined sections. The previous n2 ele-

ments form an n × n matrix

(7.1.4) ωα :=
(
ωα

ij

)
∈ MnMM (Ω(UαUU )),

called the local connection matrix of ∇, with respect to the basis eα.
Using eα, any section s ∈ E(UαUU ) can be written in the form

(7.1.5) s =
n∑

i=1

sα
i · eα

i ; sα
i ∈ A(UαUU ),

thus the Leibniz-Koszul condition (7.1.1b) and equality (7.1.3) yield

∇(s) = ∇
( n∑

j=1

sα
j · eα

j

)
=

n∑
j=1

sα
j · ∇(eα

j ) +
n∑

j=1

eα
j ⊗ dsα

j
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=
n∑

j=1

sα
j ·
( n∑

i=1

eα
i ⊗ ωα

ij

)
+

n∑
i=1

eα
i ⊗ dsα

i

=
n∑

i=1

( n∑
j=1

eα
i ⊗
(
sα
j · ωα

ij

)
+ eα

i ⊗ dsα
i

)
=

n∑
i=1

eα
i ⊗
( n∑

j=1

sα
j · ωα

ij + dsα
i

)
;

that is,

∇(s) =
n∑

i=1

eα
i ⊗
( n∑

j=1

sα
j · ωα

ij + dsα
i

)
.(7.1.6)

The previous calculations show that the restriction of ∇ to E|UαUU is com-
pletely determined by the connection matrix ωα. As one expects, the entire
∇ will be determined by the family of all local matrices (ωα)α∈I , under
suitable conditions. In fact, we prove the following:

7.1.2 Lemma. Let ∇ be an A-connection on a vector sheaf E of rank n.
Then the local connection matrices (ωα)α∈I of ∇, with respect to a local
frame U ≡ ((UαUU ), (ψα)), satisfy the compatibility condition (alias local gauge
equivalence)

(7.1.7) ωβ = Ad(ψ−1
αβ )(ωα) + ∂̃(ψαβ),

over each UαβUU �=�� ∅.

Before the proof we clarify that each coordinate transformation ψαβ :=
ψα ◦ ψ−1

β is now identified, in virtue of (5.1.6), with the transition matrix(
gαβ
ij

)
∈ GL(n,A(UαβUU )), while

Ad(ψ−1
αβ )(ωα) := AdUαβUU (ψ−1

αβ )(ωα) = ψαβ · ωα · ψ−1
αβ

(see also the notations preceding (3.2.12)). The last term represents a mat-
rix multiplication, where ωα is restricted to UαβUU . Finally, ∂̃ is now the
induced morphism of sections over UαβUU , which (due to the completeness of
the presheaves involved) identifies with (3.2.9).
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Proof. Analogously to (7.1.3), the local connection matrix ωβ is given by

(7.1.8) ∇(eβ
j ) =

n∑
i=1

eβ
i ⊗ ωβ

ij ; 1 ≤ j ≤ n,

with respect to the natural basis eβ of E(UβU ). Thus, working over UαβUU ,
(5.1.6′), (7.1.1b) and (7.1.3) transform the left-hand side of (7.1.8) into

(7.1.9)

∇(eβ
j ) = ∇

( n∑
i=1

gαβ
ij · eα

i

)
=

n∑
i=1

(
gαβ
ij ·
( n∑

k=1

eα
k ⊗ ωα

ki

)
+ eα

i ⊗ dgαβ
ij

)
=

n∑
i=1

n∑
k=1

eα
k ⊗
(
ωα

ki · g
αβ
ij

)
+

n∑
k=1

eα
k ⊗ dgαβ

kj

=
n∑

k=1

eα
k ⊗
( n∑

i=1

ωα
ki · g

αβ
ij + dgαβ

kj

)
.

Similarly, reapplying (5.1.6′), the right-hand side of (7.1.8) is trans-
formed into

(7.1.10)

n∑
i=1

eβ
i ⊗ ωβ

ij =
n∑

i=1

( n∑
k=1

gαβ
ki · eα

k

)
⊗ ωβ

ij

=
n∑

k=1

eα
k ⊗
( n∑

i=1

gαβ
ki · ωβ

ij

)
.

Therefore, substituting (7.1.9) and (7.1.10) in (7.1.8), we get the equalities

(7.1.11)
n∑

i=1

gαβ
ki · ωβ

ij =
n∑

i=1

ωα
ki · g

αβ
ij + dgαβ

kj ; j = 1, . . . , n,

which, taken altogether, lead to the matrix equality (see also (3.1.10))(
gαβ
ij

)
·
(
ωβ

ij

)
=
(
ωα

ij

)
·
(
gαβ
ij

)
+ dUαβUU

((
gαβ
ij

))
.

In virtue of (7.1.4) and (5.1.6), the preceding equality turns into

ψαβ · ωβ = ωα · ψαβ + dUαβUU ψαβ ,

which, by the definition of ∂̃ (see (3.2.9)), yields (7.1.7).
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The converse of Lemma 7.1.2 is stated in the following form:

7.1.3 Lemma. Let E be a vector sheaf of rank n with a local frame U ≡
((UαUU ), (ψα)). If

ωα :=
(
ωα

ij

)
∈ MnMM (Ω(UαUU )); α ∈ I,

is a family of local matrices satisfying the compatibility condition (7.1.7),
then there exists a unique A-connection on E whose local connection matrices
coincide with the given (ωα).

Proof. We are motivated by equality (7.1.6), which should necessarily be
satisfied if we wish the statement to be true. Thus, for a fixed α ∈ I, we
define the family of mappings

∇α
U : E(U) −→ Ω(E)(U) ∼= E(U) ⊗A(U) Ω(U),

for all open U ⊆ UαUU , given by

(7.1.12) ∇α
U (s) =

n∑
i=1

eα
i ⊗
( n∑

j=1

sα
j · ωα

ij + dsα
i

)
,

for every s ∈ E(U) expressed correspondingly by (7.1.5). Note that, for the
sake of simplicity, in (7.1.12) we omit the explicit mention of the restrictions
involved; namely, we write eα

i and ωα
ij instead of eα

i |U and ωα
ij |U .

We verify the following facts:
i) ∇α

U is a K-linear morphism. This is clear from the K-linearity of d and
the A(UαUU )-linearity of the other operators.

ii) ∇α
U satisfies (7.1.1b). Indeed, for any a ∈ A(U) and s ∈ E(U), in

virtue of (7.1.5) and the Leibniz condition of d, we obtain

∇α
U (a · s) =

n∑
i=1

eα
i ⊗
( n∑

j=1

(a · sα
j ) · ωα

ij + d(a · sα
i )
)

=
n∑

i=1

eα
i ⊗
(
a ·
( n∑

j=1

sα
j · ωα

ij + dsα
i

)
+ sα

i · da
)

= a ·
n∑

i=1

eα
i ⊗
( n∑

j=1

sα
j · ωα

ij + dsα
i

)
+

n∑
i=1

(sα
i · eα

i ) ⊗ da

= a · ∇α
U (s) + s ⊗ da.
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iii) For every open V ⊆ U , the diagram

E(U)
∇α

U �� Ω(E)(U)

E(V )
� ∇α

V �� Ω(E)(V )
�

Diagram 7.1

is commutative, with the vertical arrows denoting the natural restrictions of
sections.

As a consequence, the family (∇α
U ), for all open U ⊆ UαUU , is a presheaf

morphism generating an A|UαUU -connection ∇α : E|UαUU → Ω(E)|UαUU . Varying
α ∈ I, we obtain a family of local connections, which glued together define
an A-connection ∇ on E , provided that ∇α and ∇β coincide on E|UαβUU .

To verify the last condition, we take an arbitrary u ∈ ExE with x ∈ UαβUU .
Then there is an s ∈ E(U), for some open U ⊆ UαβUU , such that s(x) = u.
Since ∇α(u) = (∇α

U (s))˜(x) ≡ (∇α
U (s)) (x), it suffices to show that (again

omitting restrictions)

(7.1.13) ∇α
U (s) = ∇β

U (s),

for every s ∈ E(U) and every U ⊆ UαβUU . To this end, we first observe that
(7.1.5) and its analog for the basis eβ imply that (over U)

n∑
i=1

sα
i · eα

i =
n∑

i=1

sβ
i · eβ

i ,

from which, as in the classical linear algebra, we obtain

(7.1.14) sα
i =

n∑
j=1

sβ
j · gαβ

ij .

Now, applying (5.1.6′) to the analog of (7.1.12) for ∇β
U , we have that

∇β
U (s) =

n∑
i=1

(( n∑
k=1

gαβ
ki · eα

k

)
⊗
( n∑

j=1

sβ
j · ωβ

ij + dsβ
i

))
=

n∑
k=1

eα
k ⊗
( n∑

j=1

sβ
j ·
( n∑

i=1

gαβ
ki · ωβ

ij

)
+

n∑
i=1

gαβ
ki · dsβ

i

)
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or, taking into account (7.1.7) in its equivalent form (7.1.11),

∇β
U (s) =

n∑
k=1

eα
k ⊗
( n∑

j=1

sβ
j ·
( n∑

i=1

ωα
ki · g

αβ
ij + dgαβ

kj

)
+

n∑
i=1

gαβ
ki · dsβ

i

)
=

n∑
k=1

eα
k ⊗
( n∑

i=1

ωα
ki ·
( n∑

j=1

sβ
j · gαβ

ij

)
+

n∑
j=1

sβ
j · dgαβ

kj

+
n∑

i=1

gαβ
ki · dsβ

i

)
.

Hence, in virtue of (7.1.14) and the result of its differentiation,

∇β
U (s) =

n∑
k=1

eα
k ⊗
( n∑

i=1

sα
i · ωα

ki + d
( n∑

i=1

gαβ
ki · sβ

i

))
=

n∑
k=1

eα
k ⊗
( n∑

i=1

sα
i · ωα

ki + dsα
k

)
,

from which we get (7.1.13) by an obvious substitution of indices (k → i and
i → j).

The connection matrices of ∇ are precisely the given ωα, α ∈ I, by the
very construction of ∇, i.e., by applying (7.1.12) for U = UαUU , for every α ∈ I.

Finally, the uniqueness of the A-connection having as local matrices the
given family (ωα) is immediately checked by elementary calculations.

The previous lemmata, combined together, prove the following:

7.1.4 Theorem. Let E ≡ (E , π,X) be a vector sheaf of rank n and let U be a
local frame with corresponding transition transformations (ψαβ). Then every
A-connection ∇ on E corresponds bijectively to a family of local matrix forms
{ωα ∈ MnMM (Ω)(UαUU ) |α ∈ I} satisfying the compatibility condition (7.1.7).

7.1.5 Remarks. 1) Using (3.1.4) and (3.1.5), (ωα) can be thought of as a
0-cochain with coefficients in the sheaf Mn(Ω), i.e., (ωα) ∈ C0(U ,Mn(Ω)).

2) To prepare our next result, we express (7.1.7) in an equivalent form
involving the adjoint representation (3.2.12′). Namely, by the section analog
of (3.2.15) and the general definition (3.3.10), we have that

Ad(ψ−1
αβ ).ωα = δn(ψ−1

αβ , ωα),
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where δn is the morphism (action) of sections induced by (3.2.13). There-
fore, (3.2.14) and the definition of δn (along with the completeness of the
presheaves involved) give:

Ad(ψ−1
αβ ).ωα = δn(ψ−1

αβ , ωα) ≡ δn,U (ψ−1
αβ , ωα)

= AdUαβUU (ψ−1
αβ )(ωα) =: AdUαβUU (ψ−1

αβ )(ωα).

As a result, (7.1.7) takes the form

ωβ = Ad(ψ−1
αβ ).ωα + ∂̃(ψαβ).(7.1.7′)

We are now in a position to relate A-connections on vector sheaves with
the general theory of connections on principal sheaves. As one expects, the
link between the two aspects is the sheaf of frames, studied in Section 5.2.

As we have seen, if E ≡ (E , πE , X) is a vector sheaf of rank n and
P(E) ≡ (P(E),GL(n,A), X, π) denotes its principal sheaf of frames, then
the cocycle (ψαβ) of E (relative to a local frame (U , (ψα)) coincides –up to
isomorphism– with the cocycle (gαβ) of P(E), over (U , (Φα)) (see Corollary
5.2.3). Thus,

(7.1.15) GL(n,A)(UαβUU ) � gαβ ≡ ψαβ ≡
(
gαβ
ij

)
∈ GL(n,A(UαβUU )).

7.1.6 Theorem. There is a bijective correspondence between the A-con-
nections on a vector sheaf E and the connections on the principal sheaf of
frames P(E).

Proof. Let ∇ be an A-connection on E . Then ∇ determines the local
connection matrices ωα ∈ MnMM (Ω(UαUU )), α ∈ I. By (3.1.6) and (3.1.8), each
matrix ωα determines the form

ωα := λ1
UαUU (ωα) ∈ Ω(UαUU ) ⊗A(UαUU ) MnMM (A(UαUU )) ∼= (Ω ⊗A Mn(A))(UαUU ).

Thus, restricted to UαβUU , (7.1.7′) yields

ωβ = λ1
UαβUU (ωβ) = λ1

UαβUU

(
Ad(ψ−1

αβ ).ωα + ∂̃(ψαβ)
)

= λ1
UαβUU

(
δn,UαβUU (ψ−1

αβ , ωα)
)

+ λ1
UαβUU

(
∂̃(ψαβ)

)
or, taking into account the analog of Diagram 3.2 for λ1

UαβUU (: the inverse
of µ1

UαβUU ), (7.1.7) and its equivalent form (7.1.7′), as well as (3.2.15′) and
(3.2.17),

ωβ = δn′,UαβUU (ψ−1
αβ , λ1

UαβUU (ωα)
)

+ λ1
UαβUU

(
∂̃(ψαβ)

)
= Ad(g−1

αβ ).ωα + ∂(gαβ);
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that is, we arrive at the compatibility condition (6.1.5), adapted to the
data of the principal sheaf P(E). In virtue of Theorem 6.1.5, the cochain
(ωα) ∈ C0(U , Ω(Mn(A))) provides P(E) with a connection D.

Conversely, a connection D determines the local connection forms (ωα)
satisfying the above compatibility condition. Then, reversing the previous
procedure, we see that the forms (ωα) define the cochain of matrices (ωα),
with ωα := µ1

U (ωα), satisfying (7.1.7). Hence, in virtue of Lemma 7.1.3, we
obtain a connection ∇ on E .

The desired bijectivity is a consequence of the uniqueness of the connec-
tions corresponding to a given family of local connection forms or matrices,
ensured again by Theorem 6.1.5 or Lemma 7.1.3, respectively.

7.2. Related A-connections

Here we examine the behavior of A-connections, when the vector sheaves
carrying them are linked together by appropriate morphisms. Our investig-
ation is inspired by that of Section 6.4.

7.2.1 Definition. Let E ≡ (E , π, X) and E ′ ≡ (E ′, π′, X) be vector sheaves
endowed with the A-connections ∇ and ∇′, respectively. If f : E → E ′ is an
A-morphism, then ∇ and ∇′ are said to be f-related if

∇′ ◦ f = (f ⊗ 1Ω) ◦ ∇.

If f is an A-isomorphism, then ∇ and ∇′ are called f-conjugate.

Equivalently, we have the following commutative diagram, which is the
vector sheaf analog of Diagram 6.3.

E f �� E ′

E ⊗A Ω

∇

� f ⊗ 1Ω �� E ′ ⊗A Ω

∇′

�

Diagram 7.2

We wish to express the previous situation in local terms, analogously to
Theorem 6.4.2. To this end we specify that rank(E) = m and rank(E ′) = n.
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As we have seen in Theorem 5.1.6, a morphism f : E → E ′ is completely
determined by a unique family of A|UαUU -morphisms hα : Am|UαUU → An|UαUU ,
α ∈ I, satisfying (5.1.9). Moreover, f and (hα) are connected by (5.1.18).

According to (5.1.10), hα can be identified with a matrix

hα :=
(
hα

ij

)
∈ MmMM ×n(A(UαUU )); i = 1, . . . ,m; j = 1, . . . , n.

Here MmMM ×n(A(UαUU )) ∼= Mm×n(A)(UαUU ), where the matrix sheaf Mm×n(A)
is generated by the (complete) presheaf U �→ MmMM ×n(U). The entries of hα

are determined by

(7.2.1) f(eα
i ) =

n∑
j=1

hα
ji · �eα

j ; i = 1 . . . m,

where (eα
i ), 1 ≤ i ≤ m, and ( �eα

j ), 1 ≤ j ≤ n, are the natural bases of E(UαUU )
and E ′(UαUU ), respectively.

By the same token, the equivalent conditions (5.1.9) and (5.1.9′) are
written in the matrix form

(7.2.2) hα · ψαβ = ψ′
αβ · hβ ,

with ψαβ ≡
(
gαβ
ij

)
and ψ′

αβ ≡
(�gαβ

ij

)
.

With these notations we prove:

7.2.2 Theorem. Let E and E ′ be two vector sheaves with rank(E) = m and
rank(E ′) = n, equipped with the A-connections ∇ and ∇′, respectively. If
∇ and ∇′ are f-related, then there is a 0-cochain (hα) ∈ C0(U ,Mm×n(A))
satisfying (7.2.2) and

(7.2.3) hα · ωα = �ωα · hα + dhα; α ∈ I,

where (ωα) and (�ωα) are the connection matrices of ∇ and ∇′.
Conversely, if (hα) is a 0-cochain of m × n matrices satisfying (7.2.2)

and (7.2.3), then there exists a unique morphism f : E → E ′ under which ∇
and ∇′ are f-related.

Proof. If f : E → E ′ is a given morphism, then equalities (7.2.1) and (7.2.2)
are satisfied. Applying (7.2.1), the analog of (7.1.3) for ∇′, and bearing in
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mind (7.1.2), we have that

(7.2.4)

(∇′ ◦ f)(eα
i ) =

n∑
j=1

(
hα

ji · ∇′(�eα
j ) + �eα

j ⊗ dhα
ji

)
=

n∑
j=1

(
hα

ji ·
( n∑

k=1

�eα
k ⊗ �ωα

kj

)
+ �eα

j ⊗ dhα
ji

)
=

n∑
k=1

n∑
j=1

�eα
k ⊗
(
hα

ji · �ωα
kj

)
+

n∑
k=1

�eα
k ⊗ dhα

ki

=
n∑

k=1

�eα
k ⊗
( n∑

j=1

�ωα
kj · hα

ji + dhα
ki

)
.

Similarly,

(7.2.5)

(
(f ⊗ 1Ω) ◦ ∇

)
(eα

i ) = (f ⊗ 1Ω)
( m∑

l=1

eα
l ⊗ ωα

li

)
=

m∑
l=1

( n∑
k=1

hα
kl · �eα

k

)
⊗ ωα

li =
n∑

k=1

�eα
k ⊗
( m∑

l=1

hα
kl · ωα

li

)
.

Hence, if ∇ and ∇′ are f -related, then (7.2.4) and (7.2.5) yield (7.2.3), by
the usual properties of the tensor product (cf. their classical counterparts in
Greub [34, pp. 7–8]).

Conversely, a 0-cochain (hα), as in the statement, determines a cochain of
A|UαUU -morphisms (hα) satisfying (5.1.9). Then, by Theorem 5.1.6, we obtain
a morphism f : E → E ′ satisfying (5.1.8). As before, equalities (7.2.1),
(7.2.4) and (7.2.5) are valid; hence, together with (7.2.3), they imply that
∇ and ∇′ are f -related.

7.2.3 Corollary. Let E and E ′ be vector sheaves of the same rank, say n.
Two A-connections ∇ and ∇′ are related by an A-isomorphism of E onto E ′

if and only if there exists a 0-cochain (hα) ∈ C0(U ,GL(n,A)) such that

ψ′
αβ = hα · ψαβ · (hβ)−1,

ωα = Ad
(
(hα)−1

)
.�ωα + ∂̃(hα).(7.2.6)

We note that the first equality of the statement is a variation of (7.2.2).
The meaning of the first term on right-hand side of (7.2.6) is explained in
Remark 7.1.5(2).
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We shall link related A-connections with related connections on principal
sheaves of frames. Prior to this, we need the next technical extension of
Definition 5.6.1.

7.2.4 Definition. Let � : Am → An be an A-morphism and (φ, φ) a
morphism between the Lie sheaves of groups (GL(m,A),Mm(A),Ad, ∂̃) and
(GL(n,A),Mn(A),Ad, ∂̃). We say that � is compatible with (φ, φ) if the
following conditions are satisfied:

�(a · g) = �(a) · φ(g); (a, g) ∈ Am ×X GL(m,A),(7.2.7)

�(a · h) = �(a) · φ(h); (a, h) ∈ Am ×X Mm(A),(7.2.8)
d(�α) = 0,(7.2.9)

where �α denotes the matrix representing the restriction of � to Am|UαUU , and
d : Mm×n(A) → Mm×n(Ω) is the matrix sheaf extension of d given by
(3.1.13). Furthermore, if φ : Mm(Ω) → Mn(Ω) is the unique morphism
determined by φ, after the identification (3.1.7), it is required that the con-
dition

(7.2.10) �α · θ = φ(θ) · �α, θ ∈ MmMM (Ω(UαUU ))

be fulfilled for every �α, as before, and every UαUU ∈ TX .

GL(m,A) ×X Am φ × � �� GL(n,A) ×X An

( I )

Am

γmγγ

� � �� An

γnγγ

�

Mm(A) ×X Am φ × � �� Mn(A) ×X An

( II )

Am

γmγγ

� � �� An

γnγγ

�

Diagrams 7.3
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A few comments, regarding the previous definition, are appropriate here.
Firstly, equalities (7.2.7) and (7.2.8) express the equivariance of � with re-
spect to the natural actions of matrices on Am and An. Schematically, we
have the commutative Diagrams 7.3, where γmγγ and γnγγ are the aforemen-
tioned actions. For convenience, these actions are represented by “ · ” in
(7.2.7) and (7.2.8).

Secondly, (7.2.9) – needed in the next basic theorem– is automatically
satisfied in the case of vector bundles (see, for instance, Vassiliou [126, The-
orem 4.3]), where, after the necessary localizations, we obtain constant maps,
hence their differential is annihilated. Here, the elements of �α do not ne-
cessarily belong to K, whence this extra condition.

Thirdly, φ figuring in (7.2.10) is the morphism of sections induced by the
sheaf morphism φ, the construction of the latter being shown in the next
diagram.

Ω ⊗A Mm(A) � λ1

Mm(Ω)

Ω ⊗A Mn(A)

1 ⊗ φ

� µ1
�� Mn(Ω)

φ

�

Diagram 7.4

We now come to the following result:

7.2.5 Theorem. Let E and E ′ be two vector sheaves with rank (E) = m
and rank (E ′) = n, equipped with the A-connections ∇ and ∇′, respectively.
Assume that (f, φ, φ, idX) is a morphism between the sheaves of frames P(E)
and P(E ′), � : Am → An is an A-morphism compatible with (φ, φ), and
F : E → E ′ is the unique morphism of vector sheaves induced by (f, φ, φ, idX)
and �, as in Corollary 5.6.3. We denote by D and D′ the connections on
P(E) and P(E ′) corresponding (by Theorem 7.1.6) in a unique way to ∇ and
∇′, respectively. Then the following conditions are equivalent:

i) D and D′ are (f, φ, φ, idX)-related.
ii) ∇ and ∇′ are F -related.

Proof. We shall prove that i) ⇒ ii) by applying Theorem 7.2.2. To this
end we need to express F in terms of a family hα : Am|UαUU → An|UαUU of
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A|UαUU -morphisms with corresponding matrices hα ∈ MmMM ×n(A(UαUU )), relative
to a common open covering U = (UαUU ) of X, over which the local frames of
E and E ′ are defined.

Setting Ẽ = (P(E)×XAm)/GL(m,A) and Ẽ ′ = (P(E ′)×XAn)/GL(n,A),
we have shown (see Proposition 5.5.1, Corollary 5.5.2 and the ensuing com-
ments) that there are isomorphisms R : Ẽ �−→ E� and R′ : Ẽ ′ �−→ E� ′, obtained
by gluing, respectively, the local isomorphisms

Rα := ψ−1
α ◦ Φα : Ẽ |UαUU

�−−→ E�−− UαUU ,

R′
α := (ψ′

α)−1 ◦ Φ′
α : Ẽ ′|UαUU

�−−→ E�−− ′
UαUU ,

for all α ∈ I, where ψα : E|UαUU → Am|UαUU and Φα : Ẽ |UαUU → Am|UαUU are
the respective coordinates of E and Ẽ over UαUU . Analogously we have the
coordinates ψ′

α : E ′|UαUU → An|UαUU and Φ′
α : Ẽ ′|UαUU → An|UαUU giving R′

α.
Specializing Proposition 5.6.2 to the case of sheaves of frames as in Co-

rollary 5.6.3, we see that (f, φ, φ, idX) and � induce a morphism of vector
sheaves, say F̃ : Ẽ → Ẽ ′, generated by the local morphisms

F̃UFF :
(
P(E)(U) ×Am(U)

)/
GL(m,A)(U) −→

(
P(E ′)(U) ×An(U)

)/
GL(n,A)(U),

for all U ∈ TX , defined, in turn, by

F̃UFF ([(σ, s)]U ) := [(f(σ), �(s))]U ,

where f and � now denote the induced morphisms of sections. The desired
morphism F is clearly given by F = (R′)−1 ◦ F̃ ◦ R, as pictured in the
following diagram.

P(E) ×X Am f × ��� P(E ′) ×X An

Ẽ

κ

�
F̃ �� Ẽ ′

κ′

�

E

Rα

� F �� E ′

R′
α

�

Diagram 7.5
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(Compare with Diagrams 5.8, 5.9, where F is actually identified with F̃ .)
Therefore, by (5.1.8) and the definition of Rα, R′

α, we see that

hα := ψ′
α ◦ F ◦ ψ−1

α = Φ′
α ◦ F̃ ◦ Φ−1

α .

We determine the matrix hα of the morphism hα by computing the
induced morphism of sections on the natural basis of Am(UαUU ). To prepare
for this, let us find hα(s), for an arbitrary section s ∈ Am(UαUU ). Taking into
account that s = s̃ (after the identification of Am with the sheaf of germs
of its sections), convention (1.1.3), Diagram 1.7, equality (1.2.17), and the
definition of Φα, Φ′

α, we see that

hα(s) ≡ (hα)UαUU (s) = (Φ′
α ◦ F̃ ◦ Φ−1

α )UαUU ( )̃

= (Φ′
α ◦ F̃ )UαUU

( ˜Φ−1
α,UαUU (s)

)
=
(
(Φ′

α,UαUU ◦ F̃UFF αUU ◦ Φ−1
α,UαUU )(s)

)̃
≡ (Φ′

α,UαUU ◦ F̃UFF αUU ◦ Φ−1
α,UαUU )(s).

Therefore, if (σα) and (σ′
α) are the natural sections of P(E) and P(E ′),

respectively, the definition of Φα,UαUU , Φ′
α,UαUU (see Theorem 5.3.2) implies that

hα(s) =
(
Φ′

α,UαUU ◦ F̃UFF αUU

)(
[(σα, s)]UαUU

)
= Φ′

α,UαUU

(
[(f(σα), �(s))]UαUU

)
.

But f(σα) = σ′
α · gα, for a unique gα ∈ GL(n,A)(UαUU ); hence,

hα(s) = Φ′
α,UαUU ([(σα · gα, �(s))]UαUU )

= Φ′
α,UαUU ([(σα, gα · �(s))]UαUU )

= gα · �(s),

or, identifying gα with an element of AutA|Uα
(An|UαUU ) (after (5.1.14); see also

the discussion following Diagram 5.5),

hα(s) = (gα ◦ �)(s),

thus obtaining hα = gα ◦ �. The last equality leads to its matrix analog

(7.2.11) hα = gα · �α,

where gα is the matrix of gα, and �α is the matrix of the restriction of � to
the subsheaf Am|UαUU .
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Now assume that D and D′ are (f, φ, φ, idX)-related. Then, by Theorem
6.4.2, their local connection forms satisfy (6.4.3), which, under the present
data, reads

(7.2.12) (1 ⊗ φ)(ωα) = Ad(g−1
α ).ω′

α + ∂(gα), α ∈ I.

Let ωα (resp. �ωα) be the matrix corresponding to ωα (resp. ω′
α) by (3.1.6).

Then, localizing Diagram 7.4 (over UαUU ) and working as in the proof of The-
orem 7.1.6 (especially applying Diagram 3.2 and equality (3.2.17)), we trans-
form (7.2.12) into the equivalent equality

gα · φ(ωα) = �ωα · gα + dgα.

Multiplying both members of the preceding by �α (from the right), and
taking into account (7.2.9) and (7.2.10), we obtain

gα · �α · ωα = gα · φ(ωα) · �α =
�ωα · gα · �α + (dgα) · �α = �ωα · gα · �α + d(gα · �α),

or, by (7.2.11),
hα · ωα = �ωα · hα + dhα, α ∈ I.

This is exactly (7.2.3), which, in virtue of Theorem 7.2.2, shows that ∇ and
∇′ are F -related.

Conversely, assume that ∇ and ∇′ are F -related. Then, reversing the
previous arguments concerning the local connection forms and matrices, we
have that (7.2.3) implies (7.2.12); thus, by Theorem 6.4.5, D and D′ are
(f, φ, φ, idX)-related.

The fiber bundle analog of the previous result is proved in Vassiliou [126,
Theorem 4.3].

Conversely to the Theorem 7.2.5, we examine related connections start-
ing with an isomorphism between vector sheaves and then applying the
isomorphism between the corresponding sheaves of frames. More precisely,
we state the following:

7.2.6 Theorem. Let F : E → E ′ be an A-isomorphism of vector sheaves and
let f ≡ (f, idGL(n,A), idMn(A), idX) be the GL(n,A)-isomorphism between the
corresponding principal sheaves of frames determined by Proposition 5.6.5.
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If ∇, ∇′ are A-connections on E and E ′, respectively, and D, D′ the corres-
ponding connections on the sheaves of frames, then the following conditions
are equivalent:

i) ∇ and ∇′ are F -conjugate.
ii) D and D′ are f-conjugate.

Proof. We can reproduce the proof of Theorem 7.2.5, since, according to
Proposition 5.6.5, f is the unique morphism inducing F . Note that in the
present case, � = id|An .

We close this section with the classification of vector sheaves of rank 1
equipped with connections, by combining the previous theorems with Co-
rollary 6.7.3. First we introduce the following convenient terminology.

7.2.7 Definition. A line sheaf is a vector sheaf of rank 1. A pair (E ,∇),
where E is a line sheaf and ∇ an A-connection on it, is called a Maxwell
field.

Line sheaves are classified by Φ1
A(X) ∼= H1(X,A·), as a consequence of

Theorem 5.1.8. However, due to their particular rank, their classification
can be strengthened by including connections.

In analogy to Definition 6.7.1, we have:

7.2.8 Definition. Two Maxwell fields (E ,∇) and (E ′,∇′) are said to be
equivalent if there is an isomorphism of line sheaves F : E → E ′ such that
∇ and ∇′ are F -conjugate. The set of the resulting equivalence classes is
denoted by

Φ1
A(X)∇.

7.2.9 Theorem. Maxwell fields are classified by

Φ1
A(X)∇ ∼= Ȟ

1(
X,A· ∂̃−→ Ω

)
.

Proof. The result will follow from Corollary 6.7.3 and the bijection

χ : Φ1
A(X)∇ −→ PAP ·(X)D : [(E ,∇)] �→ [(P(E), D)],

if P(E) ≡ (P(E),GL(1,A) = A·, X, π̃) is the sheaf of frames of E and D the
connection corresponding bijectively to ∇ (see Theorem 7.1.6).

The map χ is well defined, since [(E ,∇)] = [(E ′,∇′)] implies the existence
of a line sheaf isomorphism F : E → E ′ so that ∇ and ∇′ be F -conjugate.
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Then, by Theorem 7.2.6, there is an isomorphism f ≡ (f, idA· , idA, idX) of
P(E) onto P(E ′) such that D and D′ are f -conjugate. Hence, by Definition
6.7.1, [(P(E), D)] = [(P(E ′), D′)].

Furthermore, χ is 1–1. Indeed, if

[(P(E), D)] = χ([(E ,∇)]) = χ([(E ′,∇′)]) = [(P(E ′), D′)],

there exists an A·-isomorphism f : P(E) → P(E ′) such that D and D′ are
f -conjugate. Then, by Theorem 7.2.5, there is an isomorphism F : E → E ′

such that ∇ and ∇′ are F -conjugate; thus, [(E ,∇)] = [(E ′,∇′)].
Finally, let [(P, D)] be any class in the range of χ, where P is an arbitrary

principal sheaf of the form P ≡ (P,A·, X, π). In virtue of Proposition 5.2.5,
there exists a line sheaf such that P ∼= P(E). If f ≡ (f, idA· , idA, idX) real-
izes the previous equivalence and D′ is the unique connection on P(E) which
is f -conjugate with D (see Corollary 6.4.6), then [(P, D)] = [(P(E), D′)]. On
the other hand, D′ determines bijectively a connection ∇ on E . As a result,
χ([(E ,∇)]) = [(P(E), D′)] = [(P, D)], which proves that χ is onto. This
completes the proof.

Note. A direct proof of the previous theorem (without recurrence to prin-
cipal sheaves) is given in Mallios [62, Vol. II, p. 175]. In the latter treatise,
line sheaves are denoted by L, a notation reserved here for the sheaves of Lie
algebras L attached to Lie sheaves of groups, as used systematically from
Chapter 3 onwards.

7.3. Associated connections

This section deals with connections induced on certain associated sheaves
studied in Chapter 5. The sheaves under consideration carry the structure of
either a principal or a vector sheaf, so they can be provided with connections.

In what follows, we fix a principal sheaf P ≡ (P,G, X, π), where G ≡
(G, ρG ,LG , ∂G∂∂ ). Since more than one Lie sheaves of groups will occur, the
particular components of each one of them are marked by an appropriate
index.

The first case of interest is that of Section 5.4(a). More explicitly, we
assume that H ≡ (H, ρH,LH, ∂H∂∂ ) is a second Lie sheaf of groups and (φ, φ)
a morphism of G into H. As we have seen in Proposition 5.4.1,

φ(P) ≡ (φ(P),H, X, π̄), with φ(P) ∼= P ×G
X H,
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is a principal sheaf associated with P by (φ, φ). Moreover, P and φ(P) are
linked together by a canonical morphism

(ε, φ, φ, idX) : (P,G, X, π) −→ (φ(P),H, X, π̄).

We recall that in the construction of φ(P) only (the morphism of sheaves
of groups) φ : P → H is involved. However, φ is now indispensable in
order to provide φ(P) with connections derived from (and related with) the
connections of P.

Before inducing connections on φ(P), for convenience, we restate Lemma
6.4.3 in the following section-wise version.

7.3.1 Lemma. If U is any open subset of X, then equality

(7.3.1) (1 ⊗ φ)
(
ρG(g).θ

)
= ρH(φ(g)).(1 ⊗ φ)(θ)

holds for every g ∈ G(U) and θ ∈ Ω(LG)(U) = (Ω ⊗A LG)(U).

Proof. For every x ∈ U , based on the interplay between morphisms and
the induced morphisms of sections (see convention (1.1.3)), equality (3.3.10)
and Lemma 6.4.3 imply that(

(1 ⊗ φ)(ρG(g).θ)
)
(x) = (1 ⊗ φ)

(
ρG(g(x)).θ(x)

)
= ρH

(
φ(g(x))

)
.(1 ⊗ φ)(θ(x))

= ρH
(
φ(g)(x)

)
.
(
(1 ⊗ φ)(θ)

)
(x)

=
(
ρH(φ(g)).(1 ⊗ φ)(θ)

)
(x).

7.3.2 Proposition. Each connection DP on P induces a unique connection
Dφ(P) on φ(P) such that DP and Dφ(P) are (ε, φ, φ, idX)-related; that is,

Dφ(P) ◦ ε = (1 ⊗ φ) ◦ DP ,

as pictured in the commutative Diagram 7.6 on the next page.

Proof. If (ωα) are the local connection forms of DP , we set

(7.3.2) ω
φ(P)

α := (1 ⊗ φ)(ωα), α ∈ I.

Using the compatibility condition (6.1.5), Lemma 7.3.1, and equalities (3.4.2)
and (5.4.7), we check that

ω
φ(P)

β = (1 ⊗ φ)
(
ρG(g−1

αβ ).ωα + ∂G∂∂ (gαβ)
)

= ρH
(
φ(g−1

αβ )
)
.(1 ⊗ φ)(ωα) + ∂H∂∂ (φ(gαβ))

= ρH
((

g
φ(P)

αβ

)−1)
.ω

φ(P)

α + ∂H∂∂
(
g

φ(P)

αβ

)
.
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P ε �� φ(P)

Ω ⊗A LG

DP

� 1 ⊗ φ �� Ω ⊗A LH

Dφ(P)

�

Diagram 7.6

Thus the local forms
(
ω

φ(P)

α

)
satisfy the compatibility condition (6.1.5) and

determine a connection Dφ(P) on φ(P).
To prove that DP and Dφ(P) are (ε, φ, φ, idX)-related, we apply Theorem

6.4.2, in particular equality (6.4.3). The latter now takes the form

(7.3.2′) (1 ⊗ φ)(ωα) = ρH(h−1
α ).ω

φ(P)

α + ∂H∂∂ (hα); α ∈ I,

where each section hα ∈ H(UαUU ) is determined by ε(sα) = s
φ(P)

α · hα (: the
analog of (4.4.1)). However, (5.4.6) implies that hα = 1H|UαUU , thus (7.3.2′)
reduces to (7.3.2), and the connections are related as desired.

The uniqueness of a connection Dφ(P) with the property of the statement
is guaranteed by Corollary 6.4.6.

The second case we consider is related with the construction of Section
5.4(c). Here, instead of the morphism (φ, φ) from G into H, we consider a
morphism of Lie sheaves of groups of the particular form

(7.3.3) (ϕ, ϕ) : (G, ρ,L, ∂) −→
(
GL(n,A),Ad,Mn(A), ∂ ≡ ∂̃

)
.

Note the use of the typefaces ϕ, ϕ to distinguish the morphism of the present
case from that of the arbitrary (φ, φ) treated before.

Since ϕ is a representation of G in An, we obtain the vector sheaf

(7.3.4) Eϕ := ϕ(P) ∼= P ×G
X An,

associated with P by ϕ, and the natural morphism of principal sheaves

(FPFF , ϕ, ϕ, idX) : (P,G, X, π) −→ (P(EϕE ),GL(n,A), X, π̃),

determined by Lemma 5.5.3. We would like to recall that in the construction
of Lemma 5.5.3 we have only used the morphism of sheaves of groups ϕ.

The previous considerations lead to:
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7.3.3 Proposition. Let DP be any connection on P. Then there is a unique
connection DP(Eϕ) on the sheaf of frames P(Eϕ), which is (FPFF , ϕ, ϕ, idX)-
related with DP ; that is,

DP(Eϕ) ◦ FPFF = (1 ⊗ ϕ) ◦ DP .

Proof. If (ωα) are the local connection forms of DP , we set

(7.3.5) ω
P(Eϕ)
α := (1 ⊗ φ)(ωα), α ∈ I.

Working as in Proposition 7.3.2 and taking into account equality (5.5.9), we
verify that the local forms (7.3.5) determine a connection DP(Eϕ) as in the
statement.

The previous result is illustrated in the following commutative diagram.

P FPFF �� P(Eϕ)

Ω ⊗A L

DP

� 1 ⊗ ϕ �� Ω ⊗A Mn(A)

DP(Eϕ)

�

Diagram 7.7

As in the first part of the present section, the same morphism (7.3.3)
also determines the principal sheaf (see (5.5.3))

Pϕ ≡ (Pϕ,GL(n,A), X, πϕ), with Pϕ = P ×G
X GL(n,A),

and the GL(n,A)-isomorphism of principal sheaves (see Theorem 5.5.5)

θ ≡ (θ, idGL(n,A), idMn(A), idX) : Pϕ −→ P(Eϕ)

satisfying equality (5.5.12), i.e., θ ◦ ε = FPFF .
As a consequence, we obtain:

7.3.4 Proposition. Let DP be any connection on a principal sheaf P. We
denote by Dϕ and DP(Eϕ) the connections induced on Pϕ and P(Eϕ), re-
spectively, in virtue of Propositions 7.3.2 and 7.3.3. Then Dϕ and DP(Eϕ)

are θ-conjugate; that is,
Dϕ = DP(Eϕ) ◦ θ.
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Equivalently, we have the commutative diagram:

PϕPP θ �� P(EϕE )

Ω(Mn(A))

�

DP(Eϕ)
DP ��

Diagram 7.8

Proof. In virtue of Theorem 6.4.5, Dϕ and DP(Eϕ) are θ-conjugate if and
only if their local connection forms satisfy equality

(7.3.6) ω
Pϕ
α = Ad(h−1

α ).ωP(Eϕ)
α + ∂(hα); α ∈ I,

where the local sections hα ∈ GL(n,A)(UαUU ) are determined by the analog
of (4.4.6), namely

θ(sPϕ
α ) = s

P(Eϕ)
α · hα.

However, the preceding equality, combined with (5.5.15), implies that
hα = 1GL(n,A)|UαUU , thus (7.3.6) turns into

(7.3.7) ω
Pϕ
α = ω

P(Eϕ)
α , α ∈ I.

Therefore, the θ-conjugation of the statement reduces to the verification of
the last equality. This is indeed true, since both sides of (7.3.7) coincide with
(1 ⊗ ϕ)(ωα), according to (7.3.2) (for φ = ϕ, φ(P) = PϕP ) and (7.3.5).





Chapter 8

Curvature

Curvature is the simplest local meas-
ure of geometric properties. Curvatu-
re is therefore a good first step toward
a more comprehensive picture of the
space-time in question.

C. Misner–K. Thorne–J. Wheeler
[76, § 14.1: “Curvature as a tool for un-
derstanding physics”, p. 334]

C urvature is another fundamental geometric notion. This chapter deals
first with the curvature of connections on principal sheaves and then

moves on to the particular cases of connections on vector and associated
sheaves. In the language of physics, the curvature is the field strength of a
gauge potential (viz. connection). It is precisely the former which manifests
the presence of the latter, henceforth the importance of the curvature, both
in geometry and physics.

279
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In our abstract approach, the curvature of a connection can be defined if
we assume the existence of a differential (of order 1) on Ω(L), extending –in a
sense– the Maurer-Cartan differential of the structure sheaf. An appropriate
differential (of order 2) on Ω2(L) implies Bianchi’s identity.

A considerable part of the chapter is devoted to the study of flat connec-
tions (i.e., connections of zero curvature). In particular, we show that this
notion of flatness is equivalent to the relevant notions of (complete) paral-
lelism and integrability of connections, and ∂-flatness of a principal sheaf,
under an appropriate Frobenius integrability condition. We also examine
flat principal sheaves, namely, principal sheaves whose cocycles have coeffi-
cients in a constant sheaf, thus the transition sections are locally constant.
Unlike the case of connections on ordinary smooth bundles, the last notion
of flatness is not equivalent to flat connections and the other related notions
mentioned above.

The case of flat connections on GL(n,A)-principal sheaves, discussed in
the final section, is an illuminating example clarifying many technicalities
of the general theory.

8.1. Preliminaries

Throughout this chapter we fix a differential triad (A, d, Ω) over a topological
space X ≡ (X, TX).

In Section 2.5 we defined the p-th exterior power of Ω

Ωp := Ω1
∧

A · · ·
∧

AΩ1︸ ︷︷︷ ︸︸
p−factors

≡
∧pΩ1; p ≥ 0,

where Ω0 = A and
∧1Ω = Ω1 = Ω, along with the differentials

dpdd : Ωp −→ Ωp+1; p ≥ 0,

where d0 := d.
We also defined the exterior product

∧ : Ωp × Ωq −→ Ωp
∧

AΩq ≡ Ωp+q.

Since the exterior power Ωp may be confused with the fiber product of
p factors all equal to Ω, in what follows, according to the concluding
comment of Subsection 1.3.2, Ωp will exclusively denote the exterior
power, whereas the fiber product will be denoted by Ω(p).
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Given a Lie sheaf of groups G ≡ (G, ρ,L, ∂), analogously to (3.3.4), we
define the L-valued p-th exterior power of Ω

(8.1.1) Ωp(L) := Ωp ⊗A L

and the exterior algebra

(8.1.2) Ω·(L) ≡
∧

(Ω(L)) :=
∞⊕

p=0

Ωp(L).

Referring also to the remarks of Subsection 1.3.6, we recall that the sheaf
(8.1.1) is generated by the presheaf U �−→��

∧p(Ω1(U)) ⊗ L(U).
We shall define an exterior product on Ω·(L), denoted by

(8.1.3) ∧ : Ωp(L) ×X Ωq(L) −→ Ωp+q(L),

which extends the exterior product (2.5.6). The reader might have noticed
the typographical difference –made for the sake of distinction– between the
wedge ∧ of (2.5.6) and the (bigger and bolder) ∧ of (8.1.3).

To this end, for an open U ⊆ X, we define the (local) exterior product

∧U :
(∧p(Ω1(U)) ⊗A(U) L(U)

)
×
(∧q(Ω1(U)) ⊗A(U) L(U)

)
−→∧p+q(Ω1(U)) ⊗A(U) L(U),

by requiring that

(8.1.4) (ω ⊗ u, θ ⊗ v) �−→�� (ω ⊗ u)∧U (θ ⊗ v) := (ω ∧U θ) ⊗ [u, v].

The definition is extended to arbitrary tensors by A(U)-linearity.
Being clear that the operators ∧U (U ∈ TX) figuring in ω∧U θ of (8.1.4)

generate the exterior product (2.5.6) on Ω·, it is straightforward to show
that the assignment U �→ ∧U is a presheaf morphism, whose sheafification
is –by definition– the exterior product (8.1.3).

Since, classically, ∧ is denoted by [ ], in certain cases we follow the
same trend, although the plethora of brackets used in this work may lead to
some confusion. Thus we also set

(8.1.3′) a∧b ≡ [a, b], (a, b) ∈ Ωp(L) ×X Ωq(L).

For details concerning the analogous case of differential forms with values
in a Lie algebra, we refer, for instance, to Bleecker [10, p. 36], Naber [81,
p. 234], Pham Mau Quan [101, p. 211].
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By a routine application of (8.1.4), we establish the following funda-
mental properties:

(a + a′)∧b = a∧b + a′∧b,

α · (a∧b) = (α · a)∧b = a∧(α · b),

for every a, a′, b ∈ Ω·(L)x =
(∧

(Ω(L))
)
x
∼=
∧

(Ω(L))x, α ∈ Ax, and x ∈ X;

a∧b = (−1)pq+1b∧a

(−1)pr(a∧b)∧c + (−1)qp(b∧c)∧a + (−1)rq(c∧a)∧b = 0,( ∗ )

for every a ∈ Ωp(L)x, b ∈ Ωq(L)x, c ∈ Ωr(L)x, and every x ∈ X.

As a consequence of the preceding, we see that ∧ is not associative,
and the product a∧a, (a ∈ Ω·(L)) is not necessarily identical to zero (in
contrast to the case of the forms a ∈ Ω·). For later reference we record two
obvious equalities:

a∧b = b∧a; (a, b) ∈ Ω1(L) ×X Ω1(L),(8.1.5a)

(a∧a)∧a = 0; a ∈ Ω1(L).(8.1.5b)

As we have seen in (3.3.5) – (3.3.7), a representation ρ : G → Aut(L)
induces a natural action of G on Ω(L) ≡ Ω1(L). An analogous action of G
on Ωp(L), p ≥ 2, is generated by the local actions (for all U ∈ TX)

G(U) ×
(∧p(Ω1(U)) ⊗A(U) L(U)

)
−→
∧p(Ω1(U)) ⊗A(U) L(U),

given by

(8.1.6) (s, ω ⊗ u) �−→�� ω ⊗ ρ(s)(u).

In conformity with the notations of Section 3.3, we still write

(8.1.7) ρ(g).w

in order to denote the result of the action of g ∈ Gx on w ∈ (Ωn(L))x
∼=

(Ωn)x ⊗Ax Lx, for any x ∈ X. For g and w as before, there are sections
s ∈ G(U) and t ∈

∧p(Ω1(U)) ⊗A(U) L(U) such that g = s̃(x) ≡ s(x) and
w = t̃(x), for some U ∈ N (x). Therefore, as in (3.3.7′),

(8.1.8) ρ(g).w =
(
(1 ⊗ ρ(s))(t)

)̃
(x).
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The previous action is also extended, in an obvious way, to an action on
the exterior algebra Ω·(L) and is related with the exterior product ∧ in the
following manner:

8.1.1 Proposition. The exterior product ∧ is G-equivariant in the sense
that equality

(8.1.9) ρ(g).(a∧b) = (ρ(g).a)∧(ρ(g).b),

holds for every g ∈ Gx, a ∈ Ωp(L)x, b ∈ Ωq(L)x, x ∈ X, and for any p, q.

Proof. As in (8.1.8), let

s ∈ G(U), t ∈
∧p(Ω1(U)) ⊗A(U) L(U), r ∈

∧q(Ω1(U)) ⊗A(U) L(U)

be sections such that g = s(x), a = t̃(x) and b = r̃(x), with U ∈ N (x).
We further assume that t = ω ⊗ u, r = θ ⊗ v (the general case of non-
decomposable tensors is handled by linear extension). Then, by (8.1.3) and
(8.1.4),

a∧b =
(
(ω ⊗ u)∧U (θ ⊗ v)

)̃
(x) =

(
(ω ∧U θ) ⊗ [u, v]

)̃
(x).

Hence, taking into account (8.1.8), we have that

(8.1.10) ρ(g).(a∧b) =
((

1 ⊗ ρ(s)
)(

(ω ∧U θ) ⊗ [u, v]
))̃

(x).

On the other hand,(
1 ⊗ ρ(s)

)(
(ω ∧U θ) ⊗ [u, v]

)
= (ω ∧U θ) ⊗ [ρ(s)(u), ρ(s)(v)]

=
(
ω ⊗ ρ(s)(u)

)∧U

(
θ ⊗ ρ(s)(v)

)
=
(
1 ⊗ ρ(s)

)
(ω ⊗ u)∧U

(
1 ⊗ ρ(s)

)
(θ ⊗ v)

=
(
1 ⊗ ρ(s)

)
(t)∧U

(
1 ⊗ ρ(s)

)
(r).

Therefore, (8.1.10) transforms into

ρ(g).(a∧b) =
((

1 ⊗ ρ(s)
)
(t)∧U

(
1 ⊗ ρ(s)

)
(r)
)
) ˜(x)

=
((

1 ⊗ ρ(s)
)
(t)
)̃

(x)∧((1 ⊗ ρ(s)
)
(r)
)̃

(x)

= (ρ(g).a)∧(ρ(g).b),

as stated.
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8.1.2 Examples. In anticipation of later applications, we focus our consid-
erations on the following two basic cases:
(a) The exterior product of Ω1(C∞

X (G))
The module Ω1(C∞

X (G)) := Ω1⊗C∞
X
C∞

X (G), already encountered in many in-
stances, has been defined in Example 3.3.6(a). We shall connect its exterior
product in the sense of (8.1.3) with the usual exterior product of Lie algebra
valued differential forms. For simplicity we restrict ourselves to 1-forms.

Given two ordinary forms ω, θ ∈ Λ1(U, G), their bracket [ω, θ] ∈ Λ2(U, G)
(in other words, their exterior product with respect to the Lie algebra struc-
ture of G), is defined by

(8.1.11) [ω, θ]x(u, v) := [ωx(u), θx(v)] − [ωx(v), θx(u)],

for every x ∈ U and u, v ∈ TxTT X (the formula extends analogously to arbit-
rary forms; see, e.g., Bleecker [10, p. 35], Naber [81, p. 234]). Since

ω =
n∑

i=1

ωiE
U
iE , θ =

n∑
i=1

θiE
U
iE , [EU

iE , EU
jE ] =

n∑
k=1

ck
ij EU

k ,

the definition of the ordinary exterior product of R-valued forms leads to
(see the notations of Example 3.3.6(a))

(8.1.12) [ω, θ] =
n∑

k=1

( n∑
i,j=1

ck
ij ωi ∧ θj

)
EU

k .

If we define the 2-form analog of (3.3.13), namely

λ2
U : Λ2(U, G) �−−→ Λ2(U, R) ⊗C∞(U,R) C∞(U, G),

by a formula similar to (3.3.13a), then (8.1.12) yields the element

(8.1.13) λ2
U ([ω, θ]) =

n∑
k=1

( n∑
i,j=1

ck
ij ωi ∧ θj

)
⊗ EU

k .

On the other hand, the definition of ∧U and (3.3.13a) imply that

(8.1.14)

λ1
U (ω)∧Uλ1

U (θ) =
( n∑

i=1

ωi ⊗ EU
iE
)∧U

( n∑
j=1

θj ⊗ EU
jE
)

=
n∑

i,j=1

(ωi ∧ θj) ⊗ [EU
iE , EU

jE ]

=
n∑

k=1

( n∑
i,j=1

ck
ij ωi ∧ θj

)
⊗ EU

k .
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Note that, in the present case, the entities Ω1 and ∧U involved in the
general formula (8.1.4) are replaced by Λ1(U, R) and ∧, respectively. Thus,
equalities (8.1.13) and (8.1.14) give

(8.1.15) λ2
U ([ω, θ]) = λ1

U (ω)∧Uλ1
U (θ); ω, θ ∈ Λ1(U, G),

for every open U ⊆ X. As a result, using (8.1.3′) and the inverse of λ1,
namely

µ1 : Ω1(C∞
X (G)) = Ω1 ⊗C∞

X
C∞

X (G) �−−→ Ω1
X(G)

(see (3.3.14)), we find the following (global) formula

(8.1.16) a∧b ≡ [a, b] = λ2([µ1(a), µ1(b)]),

for every (a, b) ∈ Ω1(C∞
X (G)) ×X Ω1(C∞

X (G)).
Here λ2 is the sheafification of (λ2

U ), and the bracket, in the last term
of (8.1.16), is the sheafification of the individual brackets of (8.1.12), for all
open U ⊆ X. (Typically, we should have written [ω, θ]U and ωi ∧U θj in
(8.1.12), but we omitted this detail as being easily understood).

Formula (8.1.16) establishes the relationship mentioned in the beginning
of the example.
(b) The exterior product of Ω1(Mn(A))
For the module in title we refer to equalities (3.1.3) and (3.1.4), as well as
to the general discussion of Section 3.3.

Thinking of the matrix sheaf Mn(A) as the Lie algebra sheaf of GL(n,A),
according to (3.1.7) and its analog for 2nd order forms, we have the identi-
fications

µ1 : Ω1(Mn(A)) := Ω1 ⊗A Mn(A)
∼=−−→ M=

n(Ω1),

µ2 : Ω2(Mn(A)) := Ω2 ⊗A Mn(A)
∼=−−→ M=

n(Ω2),

induced by the corresponding local isomorphisms (µ1
U ) and (µ2

U ). The in-
verse of µ2 is denoted by λ2.

We intend to connect the exterior product

(8.1.17) ∧ : Ω1(Mn(A)) ×X Ω1(Mn(A)) −→ Ω2(Mn(A))

with the exterior product of matrices

(8.1.18) ∧ : Mn(Ω1) ×X Mn(Ω1) → Mn(Ω2)
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(same symbol as ∧ : Ω1 ×X Ω1 → Ω2), generated by

(8.1.19) (ωij) ∧U (θij) :=
( n∑

k=1

ωik ∧U θkj

)
,

if (ωij), (θij) ∈ MnMM (Ω1(U)) ∼= Mn(Ω1)(U), for any open U ⊆ X. Recall that
the products (∧U ) on the right-hand side of (8.1.19) generate the original
∧ : Ω1 ×X Ω1 → Ω2.

Let ω, θ ∈ Ω1(U) ⊗A(U) MnMM (A(U)) ∼= Ω1(Mn(A))(U) be two arbitrary
1-forms (viz. sections). Since, by the notations following (3.1.6a), the forms
ω, θ can be written as

ω =
n∑

i,j=1

ωij ⊗ EU
ijE , θ =

n∑
i,j=1

θij ⊗ EU
ijE ,

taking into account the Lie algebra structure of MnMM (A(U)), and applying a
direct calculation (as in the first example), we see that

(8.1.20)

ω∧Uθ =
( n∑

i,j=1

ωij ⊗ EU
ijE
)∧U

( n∑
i,j=1

θij ⊗ EU
ijE
)

=
n∑

i,j,k,l=1

(ωij ∧U θkl) ⊗ [EU
ijE , EU

kl]

=
n∑

i,j=1

( n∑
k=1

(ωik ∧ θkj + θik ∧ ωkj)
)
⊗ EU

ijE .

Hence, (3.1.6b) and (8.1.19) transform (8.1.20) into

(8.1.21) µ2
U (ω∧Uθ) = µ1

U (ω) ∧U µ1
U (θ) + µ1

U (θ) ∧U µ1
U (ω),

for every ω, θ ∈ Ω1(U) ⊗A(U) MnMM (A(U)). Note that the definition of the
product (8.1.19) does not allow a simplification of the second member of
(8.1.21) as in the case of forms. Therefore, by sheafification,

(8.1.22) µ2(a∧b) ≡ µ2([a, b]) = µ1(a) ∧ µ1(b) + µ1(b) ∧ µ1(a),

for every (a, b) ∈ Ω1(Mn(A)) ×X Ω1(Mn(A)), where the exterior product
∧ on the right-hand side of (8.1.22) is the sheafification of the products ∧U

of (8.1.19), when U is varying in the topology of X.
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In particular,

µ2
U (ω∧Uω) = 2 µ1

U (ω) ∧U µ1
U (ω),(8.1.21′)

µ2(a∧a) ≡ µ2([a, a]) = 2µ1(a) ∧ µ1(a),(8.1.22′)

for every ω ∈ Ω1(U) ⊗A(U) MnMM (A(U)) and a ∈ Ω1(Mn(A)).

To prepare the definition of the curvature of a connection, given in the
next section, we first need the following notion:

8.1.3 Definition. Let (X,A) be an algebraized space and the differential
triad (A, d, Ω1) over it. A precurvature datum on X is a quintuple

(8.1.23) (A, d, Ω1, d1, Ω2),

where d1 : Ω1 → Ω2 is the 1st exterior derivation extending d = d0 and
satisfying (2.5.8), (2.5.9).

In Mallios [62, Vol. II, p. 188], (8.1.23) is called a “curvature” datum
since it is sufficient for the definition of the curvature of A-connections (on
vector sheaves). However, to define the curvature of connections on principal
sheaves, we need a different sequence of sheaves and morphisms, for which
we reserve the term curvature datum (see Definition 8.1.4). Such a datum
involves, unavoidably, the structure of the Lie sheaf of groups.

More precisely, given a Lie sheaf of groups G ≡ (G, ρ,L, ∂), we assume
the existence of a K-linear morphism

(8.1.24) d1 : Ω1(L) −→ Ω2(L),

satisfying the following conditions:

(d1 ◦ ∂)(g) = −1
2

∂(g)∧∂(g),(8.1.25)

d1(ρ(g).w) = ρ(g).
(
d1w + ∂(g)∧w

)
,(8.1.26)

for every g ∈ G, and every (g, w) ∈ G ×X Ω1(L), respectively.

Condition (8.1.26) will be mainly used in its equivalent form

(8.1.26′) d1(ρ(g−1).w) = ρ(g−1).d1w − ∂(g)∧ρ(g−1).w,
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which is a direct consequence of Propositions 3.3.5 and 8.1.1. Both (8.1.26)
and (8.1.26′) describe the behavior of d1 regarding the action of G on Ω1(L).
Therefore, d1 is not G-equivariant.

Conditions (8.1.25) and (8.1.26) are crucial for the development of
a notion of curvature with the properties of its classical counter-
part. Although both are inherent in the ordinary smooth context
(see also Examples 8.1.6 below), they are never used in the study of
the classical curvature because other approaches prevail. In partic-
ular, (8.1.26) and (8.1.26′) are rarely mentioned (and proved) in the
literature.

With the previous notations, we introduce the next important K-linear
morphism

(8.1.27) D : Ω1(L) −→ Ω2(L),

defined by (see also (8.1.3′))

(8.1.28) D(w) := d1w +
1
2

w∧w ≡ d1w +
1
2

[w,w], w ∈ Ω1(L).

The morphism D is called a Cartan (second) structure operator. It
depends, of course, on the construction of a morphism d1. Accordingly,
condition (8.1.28) is called the Cartan (second) structure equation.

8.1.4 Definition. A curvature datum is a pair (G,D), where G is a Lie
sheaf of groups and D a Cartan structure operator.

8.1.5 Proposition. The operator D has the following properties:

D ◦ ∂ = 0,(8.1.29)

D(w + w′) = D(w) + D(w′) + w∧w′,(8.1.30)

D
(
ρ(g−1).w + ∂(g)

)
= ρ(g−1).D(w),(8.1.31)

for every (w, w′) ∈ Ω1(L) ×X Ω1(L) and (g, w) ∈ G ×X Ω1(L).

Proof. The first property is an obvious consequence of (8.1.25). The second
is a result of the additivity of d1 and ∧, combined with equality (8.1.5a).

For the last property, (8.1.29) and (8.1.30) yield

D
(
ρ(g−1).w + ∂(g)

)
= D(ρ(g−1).w) + (ρ(g−1).w)∧∂(g).
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Thus, (8.1.28) implies that

D
(
ρ(g−1).w + ∂(g)

)
= d1
(
ρ(g−1).w

)
+

1
2

(ρ(g−1).w)∧ρ(g−1).w

+ (ρ(g−1).w)∧∂(g)

= ρ(g−1).d1w − ∂(g)∧ρ(g−1).w(see (8.1.26′))

+
1
2

ρ(g−1).(w∧w) + (ρ(g−1).w)∧∂(g)(see (8.1.9))

= ρ(g−1).d1w +
1
2

ρ(g−1).(w∧w)(see (8.1.5a))

= ρ(g−1).D(w).

Equality (8.1.29) is also called the Maurer-Cartan equation, with
respect to (G,D). The reason for this terminology is explained in the note
at the end of Example 8.1.6(a).

8.1.6 Examples. We continue the discussion of Examples 8.1.2 by describ-
ing their differential d1 and the corresponding curvature data.

(a) The curvature datum of C∞
X (G)

We consider C∞
X (G) with the structure of the Lie sheaf of groups induced

by an ordinary Lie group G, as in Example 3.3.6(a). Then we define the
differential

d1 : Ω1(C∞
X (G)) −→ Ω2(C∞

X (G))

to be the sheafification of the operators

d1
U : Λ1(U, R) ⊗C∞(U,R) C∞(U, G) −→ Λ2(U, R) ⊗C∞(U,R) C∞(U, G),

given by d1
U := λ2

U ◦ d1 ◦ µ1
U
, as shown in the diagram

Λ1(U, G)
d1

�� Λ2(U, G)

Λ1(U, R) ⊗C∞(U,R) C∞(U, G)

µ1
U

�

d1
U � Λ2(U, R) ⊗C∞(U,R) C∞(U, G)

λ2
U

�

Diagram 8.1
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where d1 is in fact the (restriction to U of the) ordinary differential of G-
valued 1-forms.

In particular, if we consider an 1-form of the type ω =
∑n

i=1 ωi ⊗ EiEE ∈
Λ1(U, R) ⊗C∞(U,R) C∞(U, G), then it follows at once that

(8.1.32) d1
Uω =

n∑
i=1

(d1ωi) ⊗ EiEE

(see also the notations and analogous computations in Example 8.1.2(a), in
conjunction with (3.3.13b) and the 2nd order analog of (3.3.13a)).

It is worth noticing that the identification Λp(U, G) ∼= Λp(U, R)⊗R G im-
plies that the ordinary differential (of order p) of G-valued forms is identified
with dpdd ⊗ 1 : Λp(U, G)⊗R G → Λp+1(U, G)⊗R G (see, e.g., Greub-Halperin-
Vanstone [35, Vol. I, p. 150], Pham Mau Quan [101, p. 211]). Though
(8.1.32) is quite close to the previous tensor product (for p = 1), here we
cannot write d1

U = d1 ⊗ 1, since now this tensor product should be taken
over C∞(U, R), whereas d1 is not linear with respect to the latter algebra.

We show that d1 satisfies (8.1.25): For an open U ⊆ X and any g ∈
C∞(U, G), (3.3.17) implies that

d1
U (∂U (g)) = (λ2

U ◦ d1 ◦ µ1
U
)(∂U (g))

= (λ2
U ◦ d1 ◦ µ1

U
)
(
λ1

U (g−1.dg)
)

= λ2
U

(
d1(g−1.dg)

)
,

where d = d0 is the usual differential of smooth functions. But, if α denotes
the left Maurer-Cartan form of G, the ordinary Maurer-Cartan equation
gives

d1(g−1.dg) +
1
2

[g−1.dg, g−1.dg] = g∗
(
d1α +

1
2

[α, α]
)

= 0,

with g∗ denoting the ordinary pull-back of forms by g. Hence,

d1
U (∂U (g)) = λ2

U

(
d1(g−1.dg)

)
= −1

2
λ2

U

(
[g−1.dg, g−1.dg]

)
= −1

2
λ2

U

([
µ1

U

(
∂U (g)

)
, µ1

U

(
∂U (g)

)])
(see (3.3.17))

= −1
2

∂U (g)∧U∂U (g).(see (8.1.15))
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Varying U in the topology of X, we get (8.1.25).
We now verify (8.1.26′). Since in the present context it reads

d1
(
Ad(g−1).w

)
= Ad(g−1).d1w − ∂(g)∧Ad(g−1).w,

for every (g, w) ∈ C∞
X (G) ×X Ω1(C∞

X (G)), it suffices to verify its analog on
the level of the generating presheaves and morphisms (see also the definition
of Ad in the same Example 3.3.6(a)); that is,

(8.1.33)
d1

U

((
1 ⊗ Ad(g−1)

)
(ω ⊗ f)

)
=(

1 ⊗ Ad(g−1)
)(

d1
U (ω ⊗ f)

)
− ∂U (g)∧U

(
1 ⊗ Ad(g−1)

)
(ω ⊗ f),

for every (g, ω ⊗ f) ∈ C∞(U, G) ×
(
Ω1(U) ⊗C∞(U,R) C∞(U, G)

)
and every

open U ⊆ X.
Indeed, taking into account (3.3.15) and (3.3.16), as well as equality (�)

on p. 108, namely

(8.1.34) µ1
U
◦ δ′U = δU ◦ (1 × µ1

U
),

we have that

(8.1.35)

d1
U

(
(1 ⊗ Ad(g−1))(ω ⊗ f)

)
= (λ2

U ◦ d1 ◦ µ1
U
)
(
δ′U (g−1, ω ⊗ f)

)
= (λ2

U ◦ d1 ◦ δU )
(
g−1, µ1

U
(ω ⊗ f)

)
= (λ2

U ◦ d1 ◦ δU )(g−1, ωf)

= (λ2
U ◦ d1)

(
Ad(g−1).(ωf)

)
,

where the meaning of ωf is explained in the equality following (3.3.13b).
However, by standard (though tedious) calculations on ordinary forms,

(8.1.36) d1
(
Ad(g−1).(ωf)

)
= Ad(g−1).d1(ωf) − [g−1.dg, Ad(g−1).(ωf)].

(A very detailed proof of this can be found, e.g., in Krĕın -Yatskin [51,˘
Chap. 3, Proposition 1.2], under an appropriate change of notations.) There-
fore, applying (8.1.36), (3.3.17), the analog of (3.3.15) for 2-forms, (8.1.34)
and its analog for 2-forms, as well as (3.3.13b), (3.3.16′) and (8.1.15), we
transform (8.1.35) as follows:

d1
U

(
(1 ⊗ Ad(g−1))(ω ⊗ f)

)
= λ2

U

(
Ad(g−1).d1(ωf)

)
− λ2

U

(
[g−1.dg, Ad(g−1)(ωf)]

)
= λ2

U

(
δU (g−1, d1(ωf))

)
− λ2

U

(
[µ1

U
(∂(g)), δU (g−1, ωf)]

)
= δ′U
(
g−1, λ2

U (d1(ωf))
)
− λ2

U

(
[µ1

U
(∂(g)), µ1

U
(δ′U (g−1, 1 ⊗ ωf))]

)
=
(
1 ⊗ Ad(g−1)

)(
d1

U (ω ⊗ f)
)
− ∂(g)∧U

(
1 ⊗ Ad(g−1)

)
(ω ⊗ f),
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which is precisely the desired equality (8.1.33).

Having defined d1, we obtain the corresponding operator D and the
curvature datum (C∞

X ,D). In summary:

The Lie sheaf of groups C∞
X (G), obtained from a Lie group G (along

with a smooth manifold X), is provided with a curvature datum de-
rived from the usual differentials and the bracket (exterior product) of
ordinary G-valued forms. The curvature datum is essentially obtained
from the precurvature datum (C∞

X , d, Ω1, d1, Ω2), where (C∞
X , d, Ω1) is

the differential triad of X (see Example 2.1.4(a)), Ω2 the sheaf of germs
of (R-valued) differential 2-forms on X, and d1 the sheafification of the
ordinary differential of 1st order.

Note. Let us now explain the terminology applied to (8.1.29). For this
purpose we observe that the operator D of the present example can also be
defined by the sheafification of the local morphisms

DU : Λ1(U, R) ⊗C∞(U,R) C∞(U, G) −→ Λ2(U, R) ⊗C∞(U,R) C∞(U, G)

given by

DU (ω) := d1
Uω +

1
2

ω∧Uω.

Therefore, working as in the verification of (8.1.25) by d1, we have that

DU (∂U (g)) = d1
U (∂U (g)) +

1
2

∂U (g)∧U∂U (g)

= (λ2
U ◦ d1 ◦ µ1

U
)(λ1

U (g−1.dg))

+
1
2

λ1
U (g−1.dg)∧Uλ1

U (g−1.dg)

= λ2
U

(
d1(g−1.dg) +

1
2

[g−1.dg, g−1.dg]
)

= λ2
U

(
g∗
(
d1α +

1
2

[α, α]
))

= 0.

This shows that D ◦ ∂ is ultimately related with the usual Maurer-Cartan
equation of a Lie group and (as expected) verifies (8.1.29).

(b) The curvature datum of GL(n,A)

We think of GL(n,A) as the Lie sheaf of groups described in Example
3.3.6(b).
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In Example 8.1.2(b) we defined the identifications

(8.1.37) λp : Mn(Ωp) �−−→ Ωp ⊗A Mn(A) =: Ωp(Mn(A)); (p = 1, 2),

whose inverses are denoted by µp. They are generated by the corresponding
local isomorphisms

λp
U : MnMM (Ωp(U)) → Ωp(U) ⊗A(U) MnMM (A(U))

and µp
U = (λp

U )−1, given respectively by

λp
U

(
(θij)
)

:=
n∑

i,j=1

θij ⊗ EU
ijE ,(8.1.37a)

µp
U

(
θ ⊗ (aij)

)
:= (θ · aij) = (aij · θ).(8.1.37b)

We have already defined the matrix differential d0 : Mn(A) → Mn(Ω)
(see (3.1.11)) generated by the morphisms

(8.1.38) d0
U : MnMM (A(U)) −→ MnMM (Ω1(U)) : (aij) �→ (d0aij),

(U ∈ TX) where d0 in the target is the differential of the given differential
triad.

Hence, if there exists a precurvature datum (A, d = d0, Ω, d1, Ω2), we can
also define the differential (same symbol as before) d1 : Mn(Ω1) → Mn(Ω2),
generated, similarly, by the local morphisms

(8.1.39) d1
U : MnMM (Ω1(U)) −→ MnMM (Ω2(U)) : (ωij) �→ (d1ωij).

The last matrix differentials extend to the morphisms

d1
U := λ2

U ◦ d1
U ◦ µ1

U : Ω1(U) ⊗A(U) MnMM (A(U)) −→ Ω2(U) ⊗A(U) MnMM (A(U)),

for all U ∈ TX , which in turn generate the differential

d1 : Ω1(Mn(A)) −→ Ω2(Mn(A)).

To prove that the latter verifies (8.1.25), it suffices to work locally. Thus,
for any open U ⊆ X and g ∈ Gl(n,A(U)) ∼= GL(n,A)(U), the above defini-
tion of d1

U , the local analog of (3.2.17), and the definition of ∂̃ (see (3.2.9),
(3.2.10)), yield

(8.1.40) (d1
U ◦ ∂U )(g) = (λ2

U ◦ d1
U ◦ µ1

U )(λ1
U (∂̃(g))) = (λ2

U ◦ d1
U )(g−1 · d0g),
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where d0 = d is now the matrix extension of the differential of the given
differential triad (see also (3.1.10) and (3.1.11)).

Applying now (8.1.39), (2.5.8) and (2.5.9), we find that

d1
U (g−1 · d0g) = d0(g−1) ∧U d0g.

But an elementary calculation shows that

d0(g · g−1) = 0 =⇒== d0(g−1) = −g−1 · (d0g) · g−1;

hence,

d1
U (g−1 · d0g) = −

(
g−1 · (d0g) · g−1

)
∧U d0g =

= −(g−1 · d0g) ∧U (g−1 · d0g).

As a result, using the last equality, along with (8.1.22′), we transform
(8.1.40) into

(d1
U ◦ ∂U )(g) = −λ2

U

(
(g−1 · d0g) ∧U (g−1 · d0g)

)
= −λ2

U

(
∂̃U (g) ∧U ∂U (g)

)
= −λ2

U

(
µ1

U (∂U (g)) ∧U µ1
U (∂U (g))

)
= −1

2
(λ2

U ◦ µ2
U )
(
∂U (g)∧U∂U (g)

)
= −1

2
∂U (g)∧U∂U (g),

from which we get (8.1.25).
We shall now prove the analog of (8.1.26′). First observe that, for every

g ∈ Gl(n,A(U)) and ω ∈ MnMM (Ω1(U)), a typical application of (2.5.8) as
before, together with the exterior product of matrices (8.1.19), implies that

(8.1.41)
d1
(
AdU (g−1)(ω)

)
= d1(g−1 · ω · g) =(

d0(g−1) ∧U ω
)
· g + g−1 · (d1ω) · g − g−1 · (ω ∧U d0g).

The first summand of (8.1.41) is transformed into

(8.1.42)

(
d0(g−1) ∧U ω

)
· g = −

(
(g−1 · (d0g) · g−1) ∧U ω

)
· g

= −
(
(∂̃U (g) · g−1) ∧U ω

)
· g

= −∂̃U (g) ∧U (g−1 · ω · g)

= −∂̃U (g) ∧U AdU (g−1)(ω).
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Similarly, for the third summand we have that

(8.1.43)

g−1 · (ω ∧U d0g) = g−1 ·
(
(ω · g) ∧U (g−1 · d0g)

)
= (g−1 · ω · g) ∧U ∂̃U (g)

= AdU (g−1)(ω) ∧U ∂̃U (g).

Consequently, substituting (8.1.42) and (8.1.43) in (8.1.41), we obtain

d1
(
AdU (g−1)(ω)

)
=(8.1.44)

AdU (g−1)(d1ω) − ∂̃U (g) ∧U AdU (g−1)(ω) − AdU (g−1)(ω) ∧U ∂̃U (g).

As earlier, let us notice that the last two terms cannot unified since the
exterior product is the particular product of matrices (8.1.19).

Now, for the proof of (8.1.26′), we work locally by taking into account
the action (3.2.13′). This means it suffices to show equality

(8.1.45)
d1

U

(
(1 ⊗ AdU (g−1))(θ)

)
=(

1 ⊗ AdU (g−1)
)(

d1
Uθ
)
− ∂U (g)∧U

(
1 ⊗ AdU (g−1)

)
(θ),

for every g ∈ GL(n,A(U)), θ ∈ Ω1(U) ⊗A(U) MnMM (A(U)), and every open
U ⊆ X. We notice that the action (3.2.13′) is generated by the local actions
(3.2.14′), the latter being given (for arbitrary tensors) by

δ′n,U (g, θ) = (1 ⊗ AdU (g−1))(θ).

Indeed, for g and θ as before, the first member of (8.1.45) is transformed
as follows:

d1
U

(
(1 ⊗ AdU (g−1))(θ)

)
= (λ2

U ◦ d1
U ◦ µ1

U )
(
(1 ⊗ AdU (g−1))(θ)

)
= (λ2

U ◦ d1
U ◦ µ1

U )(δ′n,U (g−1, θ))

= (λ2
U ◦ d1

U )
(
δn,U (g−1, µ1

U (θ))
)

(see Diagram 3.2)

= (λ2
U ◦ d1

U )
(
AdU (g−1)(µ1

U (θ))
)
.(see (3.2.14))

Thus, applying (8.1.44) for ω = µ1
U (θ), we find that

d1
U

(
(1 ⊗ AdU (g−1))(θ)

)
= λ2

U

(
AdU (g−1)(d1

U (µ1
U (θ))

)
− λ2

U

(
∂̃U (g)∧UAdU (g−1)(µ1

U (θ))
)

− λ2
U

(
AdU (g−1)(µ1

U (θ))∧U ∂̃U (g)
)

:= λ2
U (A) − λ2

U (B) − λ2
U (C),(�)



296 Chapter 8. Curvature

where the terms represented by A, B, C are clear.
But the analog of Diagram 3.2 for 2-forms implies that

λ2
U (A) = λ2

U

(
AdU (g−1)(d1

U (µ1
U (θ))

)
= (λ2

U ◦ δn,U )
(
g−1, d1

U (µ1
U (θ))

)
=
(
δ′n,U ◦ (1 × λ2

U )
)(

g−1, d1
U (µ1

U (θ))
)

= δ′n,U

(
g−1, (λ2

U ◦ d1
U ◦ µ1

U )(θ)
)

=
(
1 ⊗ AdU (g−1

)
(d1

Uθ)
)
.

On the other hand, using (3.2.17) and Diagram 3.2,

∂̃U (g)∧UAdU (g−1)(µ1
U (θ)) = µ1

U (∂U (θ))∧Uδn,U (g−1, µ1
U (θ))

= µ1
U (∂U (θ))∧U (µ1

U ◦ δ′n,U )(g−1, θ)

= µ1
U (∂U (θ))∧Uµ1

U

(
(1 ⊗ AdU (g−1))(θ)

)
.

Similarly,

AdU (g−1)(µ1
U (θ))∧U ∂̃U (g) = µ1

U

(
(1 ⊗ AdU (g−1))(θ)

)∧Uµ1
U (∂U (g)).

Therefore, applying (8.1.21), we see that

−λ2
U (B) − λ2

U (C) = −∂U (g)∧U

(
1 ⊗ AdU (g−1)

)
(θ).

As a result, if we substitute the expressions of λ2
U (A) and −λ2

U (B)− λ2
U (C)

in (�), we obtain (8.1.45), as required.
Taking into account (3.2.15′), the sheafification of (8.1.45) leads to

d1
(
Ad(g−1).w

)
= Ad(g−1).d1w − ∂(g)∧Ad(g−1).w,

for every (g, w) ∈ GL(n,A) ×X Ω1(Mn(A)), which is formula (8.1.26′) in
the context of the present example.

The previous d1 determines an operator D and the corresponding curva-
ture datum (GL(n,A),D). In conclusion:

The Lie sheaf of groups GL(n,A) has a natural curvature datum pro-
vided that the original differential triad (A, d, Ω) extends to a pre-
curvature datum (A, d, Ω1, d1, Ω2).
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Note. As a complement to the comments following Definition 8.1.2, let us
remark that the conclusions of both of the previous examples show that the
curvature data of them have been naturally constructed from an appropriate
precurvature datum (A, d, Ω1, d1, Ω2).

Thus, although the curvature of a connection on an arbitrary G-principal
sheaf is generally determined by a curvature datum (see the next section),
in the particular case of connections on the C∞

X (G)-principal sheaf of germs
of sections of a smooth principal bundle (see Example 4.1.9(a)), and that
of connections on a GL(n,A)-principal sheaf, the curvature is ultimately
constructed from the aforementioned precurvature datum.

For the above reason, and only within the context of the aforementioned
particular cases, (A, d, Ω1, d1, Ω2) may legitimately be called a curvature
datum, as in Mallios [62, Vol. II, p. 188].

8.2. The curvature in general

Let P ≡ (P,G, X, π) be a given principal sheaf admitting connections. We
also assume the existence of a curvature datum (G,D). With this assumption
in mind, we come to the following fundamental notion.

8.2.1 Definition. The curvature of a connection D on P is the morphism
(of sheaves of sets) R ≡ RD : P −→ Ω2(L) defined by R := D ◦ D, as
pictured in the next diagram.

P D �� Ω1(L)

Ω2(L)

�

DR
�

Diagram 8.2

8.2.2 Proposition. The curvature R of a connection D on the principal
sheaf (P,G, X, π) is G-equivariant with respect to the actions of G on P and
Ω2(L); that is,

R(p.g) = ρ(g−1).R(p),

for every (p, g) ∈ P ×X G.
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Proof. In virtue of (6.1.1) and (8.1.31), we have

R(p · g) = D
(
ρ(g−1).D(p) + ∂(g)

)
= ρ(g−1).D(D(p)) = ρ(g−1).R(p).

In the terminology of Definition 5.3.8, the previous result shows that R
is a tensorial morphism. Hence, if we denote by

(8.2.1) HomG(P, Ω2(L))

the sheaf of germs of tensorial morphisms of P into Ω2(L) (see (5.3.19)),
Proposition 8.2.2 implies the following:

8.2.3 Corollary. Up to an isomorphism, R can be considered as a global
section of the sheaf of germs of tensorial morphisms (8.2.1); that is,

R ∈ HomG(P, Ω2(L)) ∼= HomG(P, Ω2(L))(X).

Proof. Recall that (8.2.1) is generated by the complete presheaf of tensorial
morphisms

U �−→�� HomG|U (P|U , Ω2(L)|U ).

As usual, we denote the morphism of sections induced by R by the same
symbol. Thus, evaluating R at the natural sections (sα) of P (with respect
to a fixed local frame U of P), we obtain the local sections

(8.2.2) Ωα := RD(sα) ≡ R(sα) ∈ Ω2(L)(UαUU ), α ∈ I.

Inspired by the classical case of connections on principal bundles, we
give the following definition.

8.2.4 Definition. The local sections (Ωα) are called the local curvature
forms of the curvature R ≡ RD, with respect to a local frame U of P.

8.2.5 Proposition. Let R be the curvature of a connection D with local
connection forms (ωα). Then the local curvature forms satisfy:

i) The local Cartan (second) structure equations

(8.2.3) Ωα = d1ωα +
1
2

ωα∧ωα ≡ d1ωα +
1
2

[ωα, ωα]; α ∈ I.

ii) The compatibility condition

(8.2.4) Ωβ = ρ(g−1
αβ ).Ωα,

on every UαβUU �=�� ∅.
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Clearly, d1 and ∧ in (8.2.3) are now the induced operators on the cor-
responding local sections.

Proof. For any x ∈ UαUU , we check that

Ωα(x) = R(sα)(x) = R(sα(x)) = D
(
D(sα(x))

)
= D
(
D(sα)(x)

)
= D(ωα(x)) = D(ωα)(x)

= (d1ωα +
1
2

ωα∧ωα)(x),

from which (8.2.3) follows.
Finally, equality (4.3.3) and Proposition 8.2.2 imply that

Ωβ = R(sβ) = R(sα · gαβ) = ρ(g−1
αβ ).R(sα) = ρ(g−1

αβ ).Ωα,

which is the desired compatibility condition.

8.2.6 Theorem. The curvature R of a connection D ≡ (ωα) is com-
pletely determined by the 0-cochain of its local curvature forms (Ωα) ∈
C0(U , Ω2(L)).

Proof. For an arbitrary open U ⊆ X, we define the mapping

R′
U : P(U) −→ Ω2(L)(U)

as follows: for any section s ∈ P(U), we set

(8.2.5) R′
U (s)|U∩UαUU := ρ(g−1

α ).Ωα|U∩UαUU ,

where gα ∈ G(U ∩ UαUU ) is uniquely determined by the equality s|U∩UαUU =
sα|U∩UαUU · gα. Since gα = gαβ · gβ over U ∩ UαβUU , (8.2.4) implies that

ρ(g−1
β ).Ωβ = ρ(g−1

α · gαβ).
(
ρ(g−1

αβ ).Ωα

)
= ρ(g−1

α ).Ωα,

where, for simplicity, we have omitted the notation of restrictions. This
proves that R′

U is well defined, taking, of course, into account that

U =
⋃
α∈I

(U ∩ UαUU ).

Therefore, the family (R′
U ), with U running in the topology of X, is a

presheaf morphism generating a morphism of sheaves R′ : P → Ω2(L).
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By the definition of (Ωα) and R′, we have that R(sα) = Ωα = R′(sα).
Hence, for any s ∈ P(U) and α ∈ I, Proposition 8.2.2 and equality (8.2.5)
imply that

R(s)|U∩UαUU = R(s|U∩UαUU ) = R(sα|U∩UαUU · gα)

= ρ(g−1
α ).R(sα)|U∩UαUU = R′(s)|U∩UαUU ,

from which we conclude that R(s) = R′(s), for every s ∈ P(U) and every
open U ⊆ X. Therefore, R = R′ and the statement is proved.

We shall show that R induces another global object, related with the
adjoint sheaf ρ(P). Here we identify ρ(P) with P ×G

X L, whose coordinates
are Φ̃α : ρ(P)|UαUU → L|UαUU . The change of coordinates, computed on local
sections, gives

(Φ̃α ◦ Φ̃−1
β )(�) = ρ(g−1

αβ )(�), � ∈ L(UαβUU )

(see Subsection 5.4(d) and its concluding comments).
We consider the sheaf (actually A-module) Ω2(ρ(P)) = Ω2 ⊗A ρ(P).

Working as in the discussion preceding the proof of Corollary 6.3.4, we
see that the previous sheaf is locally of type Ω2(L) by means of the local
coordinates

1⊗Φ̃α : Ω2(ρ(P))|UαUU = Ω2|UαUU ⊗A|Uα
ρ(P)|UαUU → Ω2|UαUU ⊗A|Uα

L|UαUU = Ω2(L)|UαUU ,

(α ∈ I), where 1 is the identity of Ω2 restricted to UαUU . Their change

(1 ⊗ Φ̃α) ◦ (1 ⊗ Φ̃−1
β ) = 1 ⊗ (Φ̃α ◦ Φ̃−1

β ),

over UαβUU , is given (section-wise) by the following analog of (6.3.11)

(8.2.6)
(
1 ⊗ (Φ̃α ◦ Φ̃−1

β )
)
(θ) = ρ(gαβ).θ, θ ∈ Ω2(L)(U).

8.2.7 Proposition. The curvature R determines a global section of the
A-module Ω2(ρ(P)).

Proof. Setting Θα := (1 ⊗ Φ̃−1
α )(Ωα), (8.2.4) and (8.2.6) imply

Θβ = (1 ⊗ Φ̃−1
β )(Ωβ) = (1 ⊗ Φ̃−1

β )
(
ρ(g−1

αβ ).Ωα

)
=(

(1 ⊗ Φ̃−1
β ) ◦

(
1 ⊗ (Φ̃β ◦ Φ̃−1

α )
))

(Ωα) = (1 ⊗ Φ̃−1
α )(Ωα) = Θα,

over UαβUU �=�� ∅. Therefore, gluing the Θα’s we get a global section (in classical
terms: a global 2-form) Θ ∈ Ω2(P)(X), as stated.
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8.3. The Bianchi identity

In order to derive the abstract analog of the classical Bianchi identity, we
need to assume that the curvature datum (G,D) can be extended to a triplet,
called henceforth Bianchi datum,

(8.3.1) (G,D, d2),

where d2 : Ω2(L) → Ω3(L) is a K-linear morphism satisfying the following
conditions:

d2 ◦ d1 = 0,(8.3.2)

d2(a∧b) = (d1a)∧b − a∧d1b,(8.3.3)

for every (a, b) ∈ Ω1(L) ×X Ω1(L).

Note. Working as in Example 8.1.6(a), we easily see that the 2nd order
exterior differential of ordinary (Lie algebra) G-valued forms determines an
operator d2 : Ω2(C∞

X (G)) → Ω3(C∞
X (G)) satisfying the above properties.

Similarly, an operator d2 : Ω2(Mn(A)) → Ω2(Mn(A)) is constructed
within the context of Example 8.1.6(b), if we are given a K-linear morphism
d2 : Ω2 −→ Ω3 satisfying the conditions

d2 ◦ d1 = 0,

d2(a ∧ b) = (d1a) ∧ b − a ∧ d1b,

for every (a, b) ∈ Ω1 ×X Ω1.
Thus, in both cases, the Bianchi datum is essentially determined by

the collection (A, d, Ω, d1, Ω2, d2, Ω3) extending the (pre)curvature datum
(A, d, Ω, d1, Ω2). For this reason, in these two cases, one may call the former
collection itself a Bianchi datum (see also the final note of Section 8.1 and
Mallios [62, Vol. II, p. 220]).

The 2nd exterior differential d2 induces the K-linear morphism

(8.3.4) d2
H : Hom(P, Ω2(L)) −→ Hom(P, Ω3(L)),

defined by

(8.3.5) d2
H(f) := d2 ◦ f,
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for every f ∈ Hom(P, Ω2(L)). For convenience, we also set

(8.3.6) d2
H ≡ d2.

The distinction between d2 ≡ d2
H and d2 : Ω1(L) → Ω2(L) is understood

either by the context or by mentioning their domains.
In the same way, the exterior product ∧ (see (8.1.3)) induces the K-

linear morphism

(8.3.7) ∧H : Hom(P, Ωp(L)) × Hom(P, Ωq(L))−→Hom(P, Ωp+q(L)),

determined by

(8.3.8) (f∧Hg)(p) := f(p)∧g(p),

for every (f, g) in the domain of (8.3.7) and p ∈ P. Again, for the sake of
simplicity, we set

(8.3.9) ∧H ≡ ∧.

Since, by Corollary 8.2.3, R ∈ HomG(P, Ω2(L)) ⊆ Hom(P, Ω2(L)), we
prove the analog of the classical Bianchi identity.

8.3.1 Theorem. Let D be a connection on P with curvature R. If there
exists a Bianchi datum, then the Bianchi (second) identity

(8.3.10) d2R = R∧D ≡ [R, D]

holds true.

Clearly, the bracket appearing in (8.3.10) extends to Hom(P, Ω2(L)) the
bracket of (8.1.3′).

Proof. For every p ∈ P, (8.3.6) and (8.3.9) imply that

(d2R)(p) ≡ (d2
HR)(p) := d2(R(p))

= d2
(
d1(D(p)) +

1
2

D(p)∧D(p)
)

=
1
2

d2
(
D(p)∧D(p)

)
(see (8.3.2))

= d1 (D(p))∧D(p)(see (8.3.3))

= D(D(p))∧D(p) − 1
2

(D(p)∧D(p))∧D(p)(see (8.1.28))

= R(p)∧D(p) := (R∧HD)(p)(see (8.1.5b))

≡ (R∧D)(p),
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from which the Bianchi identity follows.

8.3.2 Remark. Following the custom of the classical literature, we may
omit the order of the differential and write identity (8.3.10) as

(8.3.10′) dR = [R, D].

We shall give a variant of the Bianchi identity, which reminds us of
another familiar version of its classical counterpart. To this end, given a
fixed connection D, we introduce the covariant exterior differential

(8.3.11) D ≡ DD : Hom(P, Ω2(L)) −→ Hom(P, Ω3(L)),

defined by

D(f) = d2
H(f) + D∧Hf ; f ∈ Hom(P, Ω2(L)),

or, in virtue of (8.3.5) and (8.3.8),

(8.3.12) (D(f)) (p) = d2(f(p)) + D(p)∧f(p), p ∈ P.

Therefore, the preceding definition and the properties of ∧ (see the begin-
ning of Section 8.1) prove at once:

8.3.3 Corollary. The Bianchi (second) identity takes the form D(R) = 0.

Furthermore, from Theorem 8.3.1 we obtain:

8.3.4 Corollary. The local Bianchi (second) identities

(8.3.13) d2Ωα = Ωα∧ωα = (d1ωα)∧ωα; α ∈ I,

are valid. Equivalently, by (8.1.3 ′) and (8.3.10 ′),

(8.3.13′) d2Ωα = [Ωα, ωα] = [d1ωα, ωα], α ∈ I.

In the previous statement, all the operators are now the ones induced on
the corresponding modules of sections over UαUU .

Proof. Based on (8.2.2), (8.3.10), and the interplay between sheaf morph-
isms and the induced morphisms of sections, we have:

d2(Ωα)(x) = d2(Ωα(x)) = d2(R(sα(x)))

= R(sα(x))∧D(sα(x))

= Ωα(x)∧ωα(x)

= (Ωα∧ωα)(x),
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for every x ∈ UαUU . This proves the first equality of (8.3.13).
For the second, we differentiate the local structure equation (8.2.3):

d2(Ωα) = d2(d1ωα +
1
2

ωα∧ωα)

=
1
2

d2(ωα∧ωα)(see (8.3.2))

= (d1ωα)∧ωα,(see (8.3.3))

which completes the proof.

Conversely, we shall prove:

8.3.5 Theorem. The local Bianchi identities (8.3.13) imply the Bianchi
identity (8.3.10).

For the proof we need the following auxiliary result.

8.3.6 Lemma. If D ≡ (ωα) is a connection with curvature R ≡ (Ωα), then

(8.3.14) d2
(
ρ(g−1

α ).Ωα

)
= ρ(g−1

α ).d2Ωα − ∂(gα)∧ρ(g−1
α ).Ωα,

for every gα ∈ G(UαUU ).

Proof. By the structure equation (8.2.3) and Proposition 8.1.1,

(8.3.15)

d2
(
ρ(g−1

α ).Ωα

)
= d2
(
ρ(g−1

α ).(d1ωα +
1
2

ωα∧ωα)
)

= d2
(
ρ(g−1

α ).d1ωα

)
+

1
2

d2
(
ρ(g−1

α ).ωα∧ρ(g−1
α ).ωα

)
.

Also, by (8.1.26′),

ρ(g−1
α ).d1ωα = d1

(
ρ(g−1

α ).ωα

)
+ ∂(gα)∧ρ(g−1

α ).ωα.

Thus, by the preceding equality and (8.3.2), (8.3.3), we successively trans-
form the first summand in the last term of (8.3.15) to

d2
(
ρ(g−1

α ).d1ωα

)
= d2
(
∂(gα)∧ρ(g−1

α ).ωα

)
= d1(∂(gα))∧ρ(g−1

α ).ωα − ∂(gα)∧d1
(
ρ(g−1

α ).ωα

)
,
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or, by applying (8.1.25),

(8.3.16)
d2
(
ρ(g−1

α ).d1ωα

)
= −1

2
(
∂(gα)∧∂(gα)

)∧ρ(g−1
α ).ωα

− ∂(gα)∧d1
(
ρ(g−1

α ).ωα

)
.

Since, in virtue of (8.1.26′), the second summand on the right-hand side of
(8.3.16) becomes

∂(gα)∧d1
(
ρ(g−1

α ).ωα

)
= ∂(gα)∧ρ(g−1

α ).d1ωα−∂(gα)∧(∂(gα)∧ρ(g−1
α ).ωα

)
,

equality (8.3.16) turns into

(8.3.17)

d2
(
ρ(g−1

α ).d1ωα

)
= −1

2
(
∂(gα)∧∂(gα)

)∧ρ(g−1
α ).ωα

− ∂(gα)∧ρ(g−1
α ).d1ωα

+ ∂(gα)∧(∂(gα)∧ρ(g−1
α ).ωα

)
.

On the other hand, applying (8.3.3) and (8.1.26′) to the second summand
of the last term of (8.3.15), we get

1
2

d2
(
ρ(g−1

α ).ωα∧ρ(g−1
α ).ωα

)
= d1
(
ρ(g−1

α ).ωα

)∧ρ(g−1
α ).ωα

= ρ(g−1
α ).(d1ωα)∧ρ(g−1

α ).ωα(8.3.18)

−
(
∂(gα)∧ρ(g−1

α ).ωα

)∧ρ(g−1
α ).ωα.

Therefore, by (8.3.17) and (8.3.18), (8.3.15) takes the form

(8.3.19)

d2
(
ρ(g−1

α ).Ωα

)
= −1

2
(
∂(gα)∧∂(gα)

)∧ρ(g−1
α ).ωα

− ∂(gα)∧ρ(g−1
α ).d1ωα

+ ∂(gα)∧(∂(gα)∧ρ(g−1
α ).ωα

)
+ ρ(g−1

α ).(d1ωα)∧ρ(g−1
α ).ωα

−
(
∂(gα)∧ρ(g−1

α ).ωα

)∧ρ(g−1
α ).ωα.

Now we work out the right-hand side of (8.3.14). First, using similar
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arguments, together with (8.1.9), we check that

(8.3.20)

ρ(g−1
α ).d2Ωα = ρ(g−1

α ).d2
(
d1ωα +

1
2

ωα∧ωα

)
= ρ(g−1

α ).
(
(d1ωα)∧ωα

)
= ρ(g−1

α ).(d1ωα)∧ρ(g−1
α ).ωα.

Analogously,

(8.3.21)
∂(gα)∧ρ(g−1

α ).Ωα = ∂(gα)∧ρ(g−1
α ).(d1ωα)

+
1
2

∂(gα)∧(ρ(g−1
α ).ωα∧ρ(g−1

α ).ωα

)
.

Combining (8.3.20) and (8.3.21), we see that the right-hand side of (8.3.14)
turns into

ρ(g−1
α ).d2Ωα − ∂(gα)∧ρ(g−1

α ).Ωα = ρ(g−1
α ).(d1ωα)∧ρ(g−1

α ).ωα

− ∂(gα)∧ρ(g−1
α ).(d1ωα)(8.3.22)

− 1
2

∂(gα)∧(ρ(g−1
α ).ωα∧ρ(g−1

α ).ωα

)
.

If we compare (8.3.19) with (8.3.22), we conclude that (8.3.14) is satisfied
if and only if

−1
2
(
∂(gα)∧∂(gα)

)∧ρ(g−1
α ).ωα + ∂(gα)∧(∂(gα)∧ρ(g−1

α ).ωα

)
−
(
∂(gα)∧ρ(g−1

α ).ωα

)∧ρ(g−1
α ).ωα = −1

2
∂(gα)∧(ρ(g−1

α ).ωα∧ρ(g−1
α ).ωα

)
.

Setting a = ∂(gα) and b = ρ(g−1
α ).ωα, after a few elementary calculations

we see that the last equality amounts to

(a∧a)∧b + (b∧b)∧a = −2(a∧b)∧a − 2(a∧b)∧b.

But this is always true, as it follows at once by applying the section analog
of the identity ( ∗ ) of the exterior product ∧, firstly to the triplet (a, a, b)
and secondly to (b, b, a).

Proof of Theorem 8.3.5. Let p ∈ P be an arbitrary element and assume
that π(p) = x ∈ UαUU . Then there is a (unique) gα(x) ∈ Gx such that p =
sα(x) · gα(x), thus we have the equalities:

R(p) = R(sα(x) · gα(x)) = ρ(gα(x)−1).Ωα(x),
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D(p) = D(sα(x) · gα(x)) = ρ(gα(x)−1).ωα + ∂(gα(x)).

Applying (8.3.14) and the local Bianchi identities, evaluated at x, we
find that

(d2R)(p) = d2(R(p)) = d2(ρ(gα(x)−1).Ωα(x))

= ρ(gα(x)−1).d2(Ωα(x)) − ∂(gα(x))∧ρ(gα(x)−1).Ωα(x)

= ρ(gα(x)−1).(Ωα(x)∧ωα(x)) − ∂(gα(x))∧ρ(gα(x)−1).Ωα(x)

= ρ(gα(x)−1).Ωα(x)∧ρ(gα(x)−1).ωα(x)

+ ρ(gα(x)−1).Ωα(x)∧∂(gα(x))

= ρ(gα(x)−1).Ωα(x)∧(ρ(gα(x)−1).ωα + ∂(gα(x))
)

= R(p)∧D(p) = (R∧D)(p),

which proves the assertion of the theorem.

The results of this section, combined together, also lead to:

8.3.7 Corollary. The Bianchi (second) identity (8.3.10) (or its variant in
Corollary 8.3.3) is equivalent to the local Bianchi identities (8.3.13).

8.4. The sheaf of curvatures

For the sake of completeness we shall describe the curvature as a global
section of the sheaf of curvatures, in analogy to the sheaf of connections
C(P), whose global sections correspond to the connections of P (see Theorem
6.2.4).

Let P be a principal sheaf with local frame U and natural sections (sα). If
D ≡ (ωα) is a connection on P, then the corresponding section S ∈ C(P)(X)
satisfies equality

(8.4.1) S(x) = [(sα(x), D(sα(x)))] = [(sα(x), ωα(x))]; x ∈ UαUU ,

as a result of (6.6.14) discussed in the proof of Lemma 6.6.4 (see also the
second part of the proof of Theorem 5.3.9 (“ontoness”)). By the same token,
we have that the definition of the equivalence relation involved yields

S(x) = [(sα(x), ωα(x))] = [(sβ(x), ωβ(x))], x ∈ UαβUU .
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8.4.1 Definition. The sheaf of curvatures of a principal sheaf P is the
sheaf

R(P) := P ×G
X Ω2(L)

defined by the following equivalence relation:

(p, w) ∼ (q, w′) ⇐⇒ ∃| g ∈ G : (q, w′) = (p, w).g := (p.g, ρ(g−1).w).

The previous terminology is justified by the following direct consequence
of Theorem 5.3.9:

8.4.2 Proposition. Global sections T of R(P) correspond bijectively to
morphisms R ∈ HomG(P, Ω2(L)), so that

(8.4.2) T (x) = [(sα(x), R(sα(x)))], x ∈ UαUU .

In particular, if R is the curvature of a connection and T the corresponding
section of R(P), then

(8.4.2′) T (x) = [(sα(x),Ωα(x))], x ∈ UαUU .

To connect the sections S and T (corresponding, respectively, to a con-
nection and its curvature), we define the morphism D : C(P) → R(P) by

(8.4.3) D([(p, w)]) := [(p,D(w))]; [(p, w)] ∈ C(P),

where D is the Cartan structure operator (8.1.27).

8.4.3 Theorem. Let D be a connection on P, corresponding to the global
section S ∈ C(P)(X) of the sheaf of connections. Then the global section
T ∈ R(P)(X), corresponding to RD, satisfies equality

(8.4.4) T = D(S),

if D : C(P)(X) → R(P)(X) is the induced morphism of global sections.
Conversely, a section T ∈ R(P)(X) satisfying (8.4.4) determines (in a

unique way) the curvature RD of the connection D corresponding to S.

Proof. Let T be the section determined by RD. Then (8.4.1) – (8.4.3)
imply that

T (x) =
[(

sα(x), RD(x)
)]

=
[(

sα(x), (D ◦ D)(sα(x))
)]

= D([(sα(x), D(sα(x)))]
)

= D(S(x)) = D(S)(x),
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for every x ∈ UαUU . Hence, T |UαUU = D(S)|UαUU , for every UαUU ∈ U , and the first
part of the statement is proved.

For the converse part, let us denote by R′ the morphism corresponding
to a section T . Then, in virtue of our assumptions, we obtain[(

sα(x), R′(sα(x))
)]

= T (x) = D(S(x)) =

D([(sα(x), D(sα(x))]
)

=
[(

sα(x), RD(sα(x))
)]

;

that is, R′(sα) = RD(sα), for all the natural sections (sα) of P. Since R′ and
RD are both tensorial, arguing as in the last part of the proof of Theorem
8.2.6, we conclude that R′ = RD.

8.5. The curvature of various connections

After some typical examples, we describe the curvature of related and asso-
ciated connections, the curvature of the pull-back connection, as well as the
curvature of A-connections on vector sheaves.

8.5.1. Some typical examples

(a) Thinking of the Maurer-Cartan differential ∂ as a connection (see Ex-
ample 6.1.2(a)), the Maurer-Cartan equation (8.1.29) implies that

R∂ = D ◦ ∂ = 0.

(b) Similarly, the curvature of each canonical local connection Dα (see Ex-
ample 6.1.2(b)) is given by

RDα = D ◦ Dα = D ◦ ∂ ◦ φα = 0.

The previous connections are also typical examples of flat connections,
treated in detail in Section 8.6.

(c) Let (P, G, X, πP ) be a principal bundle and (P,G, X, π) the sheaf of
germs of smooth sections of P . As we have already seen in Example 6.2(a),
a connection on P , say ω, amounting to the family of its local connection
forms ωα ∈ Λ1(UαUU , G), α ∈ I, corresponds bijectively to a connection D
on P with local connection forms (viz. sections) ω α ∈ Ω(C∞

X (G))(UαUU ). The
curvature of the principal bundle connection ω is fully determined by the
local curvature forms

Ωα = d1ωα +
1
2

[ωα, ωα] ∈ Λ2(UαUU , G); α ∈ I,
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satisfying the compatibility condition Ωβ = Ad(g−1
αβ ).Ωα on UαβUU .

To find the curvature RD we start with the local connection forms (ω α)
and then we define the curvature forms (Ωα) by the structure equations
(8.2.3), i.e.,

Ωα = d1ω α +
1
2

ω α∧ω α,

where ∧ is the exterior product (8.1.16) of Example 8.1.2(a) and d1 the
differential defined in Example 8.1.6(a). Therefore, by Theorem 8.2.6, we
determine the curvature RD.

Another way to obtain RD is the following: By the 2-form analogs of
(3.3.13) and (6.2.2), we have the isomorphisms

Λ2(UαUU , G)
λ2

Uα−−−−−− →−− Λ2(UαUU , R) ⊗C∞(UαUU ,R) C∞(UαUU , G)
∼= Ω2(UαUU ) ⊗A(UαUU ) L(UαUU )
∼= (Ω2 ⊗A L)(UαUU ),

where L = C∞
X (G) and A = C∞

X ((R). We set Θα := λ2
UαUU (Ωα). Then,

applying (8.1.15) and the definition of d1, we check that

Θα := λ2
UαUU (Ωα) = λ2

UαUU

(
d1ωα +

1
2

[ωα, ωα]
)

= (λ2
UαUU ◦ d1 ◦ µ1

UαUU
)
(
λ1

UαUU (ωα)
)

+
1
2

λ1
UαUU (ωα)∧UαUU λ1

UαUU (ωα)

= d1
UαUU ω α +

1
2

ω α∧UαUU ω α.

Therefore, by the above identification and (1.2.17), the form Ω′
α = Θ̃α ∈

Ω2(L)(UαUU ) satisfies

Ω′
α = Θ̃α =

(
d1

UαUU ω α +
1
2

ω α∧UαUU ω α

)̃
≡ d1ω α +

1
2

ω α∧ω α

= Ωα;

that is, we obtain the 2-forms (Ωα) which determine RD as in the previous
approach.

For the sake of completeness, let us notice that the compatibility condi-
tion Ωβ = Ad(g−1

αβ ).Ωα implies the analogous condition Ωβ = Ad(g̃−1
αβ ).Ωα.

This is easily proved by working as in the proof of (6.2.1′).
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8.5.2. The curvature of related connections

Following the notations and terminology of Definition 6.4.1, we consider
two (f, φ, φ, idX)-related connections D and D′ on the principal sheaves
(P,G, X, π) and (P ′,G′, X, π′), respectively.

We assume that Ω1(L) and Ω1(L′) are endowed with 1st order differen-
tials d1 (same symbol for both) such that

(8.5.1) (1Ω2 ⊗ φ) ◦ d1 = d1 ◦ (1Ω1 ⊗ φ).

Ω1(L)
1Ω1 ⊗ φ �� Ω1(L′)

Ω2(L)

d1

� 1Ω2 ⊗ φ �� Ω2(L′)

d1

�

Diagram 8.3

Then the curvature data (G,D) and (G′,D′) determine the curvatures
R ≡ RD and R′ ≡ RD′

. We claim that

(8.5.2) R′ ◦ f = (1Ω2 ⊗ φ) ◦ R.

The proof is a consequence of the commutativity of the sub-diagrams of
the next diagram illustrating the present situation.

P f �� P ′

Ω1(L)
1Ω1 ⊗ φ ��

D

��

Ω1(L′)

�

D′

Ω2(L)

D
� 1Ω2 ⊗ φ ��

R

��

Ω2(L′)

D′

��

R′

Diagram 8.4
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Indeed, the upper (trapezoid) sub-diagram is commutative by (6.4.1),
while the left and right triangles are commutative by the definition of the
curvature.

It remains to show the commutativity of the lower (square) sub-diagram.
In accordance with (8.5.1), it is sufficient to prove the general equality

(8.5.3) (1Ω1 ⊗ φ)(a)∧(1Ω1 ⊗ φ)(b) = (1Ω1 ⊗ φ)(a∧b),

for every (a, b) ∈ Ω1(L) ×X Ω1(L). We still use the same symbol for the
exterior products defined with respect to L and L′.

For the proof of (8.5.3) we work locally, by taking decomposable tensors.
More precisely, for any open U ⊆ X, we consider the local exterior products
∧U (generating ∧), given by (8.1.4). Then, for any

ω ⊗ u, θ ⊗ v ∈ Ω1(U) ⊗A(U) L(U),

we check that

(1Ω1 ⊗ φ)(ω ⊗ u)∧U (1Ω1 ⊗ φ)(θ ⊗ v) = (ω ⊗ φ(u))∧U (θ ⊗ φ(v)) =

(ω ∧ θ) ⊗ [ φ(u), φ(v)] = (ω ∧ θ) ⊗ φ([u, v]) =

(1Ω2 ⊗ φ)
(
(ω ∧ θ) ⊗ [u, v]

)
= (1Ω2 ⊗ φ)

(
(ω ⊗ u)∧U (θ ⊗ v)

)
.

Hence, by linear extension, we obtain (8.5.3) and, consequently, (8.5.2).

For the sake of completeness let us find the relationship between the
local curvature forms (Ωα) and (Ω′

α) of R and R′, respectively, defined over
local frames with a common open covering U = (UαUU ) of X. We denote by
(sα) and (s′α) the natural sections of P and P ′.

For every sα, we have that

(R′ ◦ f)(sα) = R′(f(sα)) = R′(s′α · hα) =

ρ′(h−1
α ).R′(s′α) = ρ′(h−1

α ).Ω′
α,

as well as (
(1Ω2 ⊗ φ) ◦ R

)
(sα) = (1Ω2 ⊗ φ)(Ωα),

where hα ∈ G′(UαUU ) with f(sα) = s′α · hα (see also Theorem 4.4.1). Thus
(8.5.2) implies

(8.5.4) ρ′(h−1
α ).Ω′

α = (1Ω2 ⊗ φ)(Ωα), α ∈ I.
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Another way to obtain the previous equality is to use the local structure
equation (8.2.3) and equality (6.4.3) of Theorem 6.4.2. In fact, together
with (8.5.1), (8.5.3), the equivariance of ∧ (see (8.1.9)), conditions (8.1.25),
(8.1.26′), and the structure equation (8.1.31), we see that

(1Ω2 ⊗ φ)(Ωα) = (1Ω2 ⊗ φ)(d1ωα +
1
2

ωα∧ωα)

= d1
(
(1Ω1 ⊗ φ)(ωα)

)
+

1
2

(1Ω1 ⊗ φ)(ωα)∧(1Ω1 ⊗ φ)(ωα)

= d1
(
ρ′(h−1

α ).ω′
α + ∂′(hα)

)
+

1
2
(
ρ′(h−1

α ).ω′
α + ∂′(hα)

)∧ (ρ′(h−1
α ).ω′

α + ∂′(hα)
)

= ρ′(h−1
α ).d1ω′

α + d1(∂′(hα))

+
1
2

ρ′(h−1
α ).(ω′

α∧ω′
α) +

1
2

∂′(hα)∧∂′(hα)

= ρ′(h−1
α ).
(
d1ω′

α +
1
2

ω′
α∧ω′

α

)
= ρ′(h−1

α ).Ω′
α.

We can also check that the conditions (8.5.2) and (8.5.4) are equivalent.
We have already seen that (8.5.2) implies (8.5.4). The converse is obtained
by applying the 2-form analog of Lemma 6.4.3: For any p ∈ P with π(p) =
x ∈ UαUU , there is a unique gα ∈ Gx with p = sα(x) · gα; hence,

f(p) = f(sα(x) · gα) = f(sα(x)) · φ(gα) = s′α(x) · hα(x) · φ(gα),

from which it follows that

(R′ ◦ f)(p) = R′(s′α(x) · hα(x) · φ(gα)
)

= ρ′(φ(gα)−1).
(
ρ′(h−1

α (x)).Ω′
α(x)
)

= ρ′(φ(gα)−1).
(
(1Ω2 ⊗ φ)(Ωα(x))

)
(see (8.5.4))

= (1Ω2 ⊗ φ)
(
ρ(g−1

α ).Ωα(x)
)

= (1Ω2 ⊗ φ)(R(p))

=
(
(1Ω2 ⊗ φ) ◦ R

)
(p),

thus proving the assertion.
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In particular, if we consider two G-principal sheaves and a G-isomorphism
f ≡ (f, idG , idL, idX) between them, equalities (8.5.2) and (8.5.4) reduce to

R′ ◦ f = R,(8.5.2′)

ρ(h−1
α ).Ω′

α = Ωα,(8.5.4′)

respectively, for every α ∈ I.

8.5.3. The curvature of associated connections

We apply the results of the preceding subsection to the associated connec-
tions discussed in Section 7.3.

(a) First we work out the case of the connection Dφ(P) on φ(P), induced by
a morphism of Lie sheaves of groups (φ, φ). We assume that the principal
sheaf P is endowed with a connection D ≡ DP with curvature R ≡ RD. If
(8.5.1) is satisfied, then, in virtue of Proposition 7.3.2 and equality (8.5.2),
we obtain

(8.5.5) RDφ(P) ◦ ε = (1Ω2 ⊗ φ) ◦ R.

On the other hand, if (for simplicity) we denote by (Ω′
α) the local

curvature forms of RDφ(P) , equality (8.5.4) reduces to

(8.5.6) Ω′
α = (1Ω2 ⊗ φ)(Ωα); α ∈ I,

since (5.4.6) implies that hα = 1H|UαUU . Note that, as in the general case of
the preceding subsection, (8.5.6) is also derived from (7.3.2) and (8.2.3).

(b) The second case refers to a representation (ϕ, ϕ) of the form (7.3.3).
Such a representation induces a vector sheaf Eϕ associated with a given
G-principal sheaf P, a morphism

(FPFF , ϕ, ϕ, idX) : (P,G, X, π) −→ (P(Eϕ),GL(n,A), X, π′),

and a connection DP(Eϕ) which is (FPFF , ϕ, ϕ, idX)-related with a given con-
nection D ≡ DP on P. Then (8.5.1) and Proposition 7.3.3 yield

(8.5.7) RDP(Eϕ) ◦ FPFF = (1Ω2 ⊗ ϕ) ◦ R.

The respective formula for the local curvature forms is given again by (8.5.6),
as a result of (5.5.9). It is also obtained from (7.3.5) and (8.2.3).
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(c) The final case is concerned with the connections Dϕ and DP(Eϕ) of
Proposition 7.3.4. Then

RDϕ = RDP(Eϕ) ◦ θ.

Moreover, if RDϕ ≡ (Ω′
α) and RDP(Eϕ) ≡ (Ωα), (7.3.7) shows that

Ω′
α = Ωα, α ∈ I.

8.5.4. The curvature of the pull-back connection

Let P ≡ (P,G, X, π) be a principal sheaf equipped with a connection D. We
assume that (G,D) is a curvature datum, thus the curvature R ≡ RD of D
is defined.

By Proposition 6.5.1, a continuous map f : Y → X induces the connec-
tion D∗ := τ ◦ f∗(D) on the pull-back principal sheaf f∗(P). For a reason
which will immediately become clear, we set τ 1 := τ . We recall that τ 1 is
the isomorphism of f∗(A)-modules (see Lemma 3.5.1)

(8.5.8) τ 1 : f∗(Ω1(L)) �−−→ f∗(Ω1)(f∗(L)).

Analogously, we define the 2-form f∗(A)-isomorphism

(8.5.9) τ 2 : f∗(Ω2(L)) �−−→ f∗(Ω2)(f∗(L)),

thus we may define the exterior differential

(8.5.10) d1
∗ := τ 2 ◦ f∗(d1) ◦ τ−1

1 ,

also shown in the next diagram.

f∗(Ω1(L))
f∗(d1) �� f∗(Ω2(L))

f∗(Ω1)(f∗(L))

τ 1

�
d1
∗ � f∗(Ω2)(f∗(L))

τ 2

�

Diagram 8.5
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Similarly, applying the obvious identification

(8.5.11) f∗(Ω1(L) ×X Ω1(L)
) ∼= f∗(Ω1(L)) ×X f∗(Ω1(L)),

we define the exterior product

∧∗∧∧ := τ 2 ◦ f∗(∧) ◦ (τ 1 × τ 1)−1,(8.5.12)

where

f∗(∧) :
(
(y, a), (y, b)

)
�−→�� (y, a∧b).

Equality (8.5.12) is illustrated in the following diagram.

f∗(Ω1(L)) ×X f∗(Ω1(L))
f∗(∧) �� f∗(Ω2(L))

f∗(Ω1)(f∗(L)) ×X f∗(Ω1)(f∗(L))

τ 1 × τ 1

� ∧∗∧∧ � f∗(Ω2)(f∗(L))

τ 2

�

Diagram 8.6

We shall prove that d1
∗ verifies the analogs of (8.1.25) and (8.1.26). Be-

fore the proof of (8.1.25) we note that equalities (1.4.5) and (8.5.12), in
conjunction with (8.5.11), imply

(8.5.13) τ 2(y, θ∧ω) = τ 1(y, θ)∧∗∧∧ τ 1(y, ω),

for every (y, θ), (y, ω) ∈ f∗(Ω1(L)). Therefore, for every (y, g) ∈ f∗(G)y
∼=

{y} × Gf(y), (3.5.7) implies that(
d1
∗ ◦ ∂∗)(y, g) = d1

∗
(
τ 1(y, ∂(g)

)
=
(
τ 2 ◦ f∗(d1)

)
(y, ∂(g))

= τ 2

(
y, d1(∂(g))

)
= −1

2
τ 2

(
y, ∂(g)∧∂(g)

)
(see (8.1.25))

= −1
2

τ 1(y, ∂(g))∧∗∧∧ τ 1(y, ∂(g))(see (8.5.13))

= −1
2

∂∗(y, g)∧∗∧∧ ∂∗(y, g),
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which is the analog of (8.1.25) in our context.
For the proof of the analog of (8.1.26), we recall that the action ∆∗ of

f∗(G) on f∗(Ω1)(f∗(L)) satisfies

∆∗((y, g), τ 1(y, w)
)

= τ 1

(
y, ∆(g, ω)

)
,

for every (y, g) ∈ f∗(G)y and (y, w) ∈ f∗(Ω1(L))y (see Lemma 3.5.3), from
which, together with (3.3.7), it follows that

(8.5.14) ρ∗(y, g).τ 1(y, w) = τ 1(y, ρ(g).w),

for (y, g) and (y, w) as before.
The 2-form analog of (8.5.14) is

(8.5.15) ρ∗(y, g).τ 2(y, θ) = τ 2(y, ρ(g).θ),

for every (y, g) ∈ f∗(G)y and (y, θ) ∈ f∗(Ω2(L))y, resulting from the action
of G on Ω2(L) and that of f∗(G) on f∗(Ω2(L)).

Now, let any (y, g) ∈ f∗(G)y and u ∈
(
f∗(Ω1)(f∗(L))

)
y
. There exists a

(unique) (y, w) ∈ f∗(Ω1(L))y such that τ 1(y, w) = u. Therefore, (8.5.14),
(8.1.26) and (8.5.15) yield

(8.5.16)

d1
∗
(
ρ∗(y, g).u

)
=
(
τ 2 ◦ f∗(d1) ◦ τ−1

1

)(
ρ∗(y, g).τ 1(y, w)

)
=
(
τ 2 ◦ f∗(d1) ◦ τ−1

1

)(
τ 1(y, ρ(g).w)

)
=
(
τ 2 ◦ f∗(d1)

)
(y, ρ(g).w)

= τ 2

(
y, d1(ρ(g).w)

)
= τ 2

(
y, ρ(g).(d1w + ∂(g)∧w)

)
= ρ∗(y, g).τ 2

(
y, d1w + ∂(g)∧w

)
.

However (see also (8.5.13)),

d1
∗u =

(
τ 2 ◦ f∗(d1) ◦ τ−1

1

)
(τ 1(y, w)) = τ 2(y,d1w),(8.5.17)

∂∗(y, g)∧∗∧∧ u = τ 1(y, ∂(g))∧∗∧∧ τ 1(y, w) = τ 2

(
y, ∂(g)∧w

)
.(8.5.18)

Thus, substituting (8.5.17) and (8.5.18) in (8.5.16), we obtain

d1
∗
(
ρ∗(y, g).u

)
= ρ∗(y, g).τ 2

(
y, d1w + ∂(g)∧w

)
= ρ∗(y, g).

(
τ 2(y,d1w) + τ 2(y, ∂(g)∧w)

)
= ρ∗(y, g).

(
d1
∗u + ∂∗(y, g)∧∗∧∧ u

)
,
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which is the analog of (8.5.26) for d1
∗.

Now, using ∧∗∧∧ and d1
∗, we define the structure operator D∗ by

D∗(u) := d1
∗u +

1
2

u∧∗∧∧ u,

for every u ∈ f∗(Ω1)(f∗(L)). As one expects,

(8.5.19) D∗(u) =
(
τ 2 ◦ f∗(D) ◦ τ−1

1

)
(u).

Indeed, for every u as before (: u = τ 1(y, w)), we have that

D∗(u) = d1
∗
(
τ 1(y, w)

)
+

1
2

τ 1(y, w)∧∗∧∧ τ 1(y, w)

=
(
τ 2 ◦ f∗(d1)

)
(y, w) +

1
2
(
τ 2 ◦ f∗(∧)

)(
(y, w), (y, w)

)
= τ 2(y,d1w) +

1
2

τ 2(y, w∧w)

= τ 2

(
y, d1w +

1
2

w∧w
)

= τ 2

(
y,D(w)

)
=
(
τ 2 ◦ f∗(D)

)
(y, w)

=
(
τ 2 ◦ f∗(D) ◦ τ−1

1

)
(u);

that is, we obtain (8.5.19).

With the previous constructions we get a curvature datum (f∗(G),D∗)
which determines the curvature R∗ := RD∗

of D∗. We now see that

(8.5.20) R∗ = τ 2 ◦ f∗(R),

since, by (8.5.19) and the definition of the pull-back connection D∗,

R∗ = D∗ ◦ D∗ =
(
τ 2 ◦ f∗(D) ◦ τ−1

1ττ
)
◦
(
τ 1 ◦ f∗(D)

)
= τ 2 ◦ f∗(D ◦ D) = τ 2 ◦ f∗(R).

In a more informative way, showing all the morphisms involved so far,
one can equivalently write that

(8.5.20′) RD∗
= Rτ 1◦f∗(D) = τ 2 ◦ f∗(RD),

for every connection D on P.
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Omitting the isomorphism τ 2, (8.5.20) reduces to

(8.5.20′′) R∗(y, p) ≡ f∗(R)(y, p) = (y, R(p)), (y, p) ∈ Y ×X P

(compare with (6.5.2)).

For the sake of completeness, let us find the relationship between the local
curvature forms (Ωα) of R, over a local frame U = (UαUU ) of P, and the local
curvature forms (Ω∗

α) of R∗, over the local frame V = {f−1(UαUU ) |UαUU ∈ U} of
f∗(P). Let us denote by

f∗
Uff

αUU : Ω2(L)(UαUU ) −→ f∗ (Ω2(L)
)
(f−1(UαUU ))

the adjunction map over UαUU , given by f∗
Uff

αUU (θ)(y) :=
(
y, θ(f(y))

)
, for every

θ ∈ Ω2(L)(UαUU ) and y ∈ f−1(UαUU ). Then equality (4.1.11) –relating the
natural sections (sα) of P with those of f∗(P)– implies that

Ω∗
α(y) = R∗(s∗α)(y) = R∗(s∗α(y)) = (τ 2 ◦ f∗(R))

(
y, sα(f(y))

)
= τ 2

(
y, R(sα(f(y)))

)
= τ 2

(
y, Ωα(f(y))

)
=
(
τ 2 ◦ f∗

Uff
αUU (Ωα)

)
(y),

for every y ∈ f−1(UαUU ); that is,

(8.5.21) Ω∗
α = τ 2 ◦ f∗

Uff
αUU (Ωα); α ∈ I,

or, omitting again τ 2,

(8.5.21′) Ω∗
α(y) ≡

(
y, Ωα(f(y))

)
, y ∈ f−1(UαUU ).

We note that the same formula can be obtained from the structure equa-
tion of D∗, which now has the form Ω∗

α = d1
∗ω

∗
α + 1

2 ω∗
α∧∗∧∧ ω∗

α, where ω∗
α is

given by (6.5.3). This is a matter of routine checking requiring no further
elaboration.

8.5.5. The curvature of an A-connection

In the first place we define the curvature of an A-connection ∇ on a vector
sheaf E ≡ (E , π, X) in a direct way, as expounded in Mallios [62, Chap. VIII].
Later on, it will be connected with the curvature of the corresponding con-
nection on the sheaf of frames P(E) of E .

For our purpose, we assume the existence of a (pre)curvature datum
(A, d = d0, Ω1, d1, Ω2) and set Ωi(E) := E ⊗A Ωi ∼= Ωi ⊗A E , i = 1, 2.
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Then the 1st prolongation of an A-connection ∇ : E −→ Ω1(E) is the
K-morphism

∇1 : Ω1(E) −→ Ω2(E),

satisfying the property

∇1(e ⊗ w) = e ⊗ d1w − w ∧∇e = e ⊗ d1w + (∇e) ∧ w,

for every (e, w) ∈ E ×X Ω1.

It is easily proved that

∇1(a · (e ⊗ w)) = a · ∇1(e ⊗ w) + (da) ∧ (e ⊗ w),

∇1(a · ∇e) = a · ∇1(∇e) − (∇e) ∧ da,

for every (e, w) ∈ E ×X Ω1 and a ∈ A on stalks over the same base point
(for more details we refer to Mallios op. cit., p. 190, under an appropriate
change of notations).

The curvature of an A-connection ∇ is defined to be the morphism

R∇ := ∇1 ◦ ∇,

also shown in the diagram:

E ∇ �� Ω1(E)

Ω2(E)

�

∇1R∇
�

Diagram 8.7

A straightforward calculation shows that R∇ is an A-morphism; that is,

R∇ ∈ HomA(E , Ω2(E)) ∼= HomA(E , Ω2(E))(X).

If U = (UαUU ) is a local frame of E , we have already proved that ∇ is
completely determined by its local connection matrices

ωα :=
(
ωα

ij

)
∈ MnMM (Ω(UαUU )); α ∈ I,
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(see equality (7.1.4) and Theorem 7.1.4). Similarly, if we evaluate R∇ (viz.
the induced morphism on sections) at the elements of the natural basis eα,
then, in virtue of (7.1.3) and the preceding properties of ∇1, we find that

R∇(eα
j ) = ∇1(∇(eα

j )) = ∇1
( n∑

i=1

eα
i ⊗ ωα

ij

)
=

n∑
i=1

(
eα
i ⊗ d1ωα

ij − ωα
ij ∧∇(eα

i )
)

=
n∑

i=1

(
eα
i ⊗ d1ωα

ij

)
+

n∑
i=1

( n∑
k=1

(
eα
k ⊗ ωα

ki

)
∧ ωα

ij

)
,

or, by a suitable change of indices,

R∇(eα
j ) =

n∑
i=1

eα
i ⊗
(
d1ωα

ij +
n∑

k=1

ωα
ik ∧ ωα

kj

)
.

Setting

(8.5.22) Rα
ij := d1ωα

ij +
n∑

k=1

ωα
ik ∧ ωα

kj ,

we obtain the n × n matrix

(8.5.23) Rα =
(
Rα

ij

)
∈ MnMM (Ω2(UαUU )) ∼= Mn(Ω2)(UαUU ),

called the curvature matrix of ∇ over UαUU .
Taking into account the definition of the differential d1 of matrices (see

(8.1.39)) and the definition of the product ∧ of matrices (see (8.1.18) and
(8.1.19)), we check that (8.5.22) leads to the matrix equalities

(8.5.24) Rα = d1ωα + ωα ∧ ωα; α ∈ I,

known as the local Cartan (second) structure equations of ∇.
Working as in the proof of Lemma 7.1.2, we obtain the compatibility

condition

(8.5.25) Rβ = Ad(ψ−1
αβ ) (Rα) = ψ−1

αβ · Rα · ψαβ,

over UαβUU �=�� ∅. Here the transition sections ψ−1
αβ ∈ GL(n,A)(UαUU ) are viewed

as elements of GL(n,A(UαUU )), in virtue of (3.2.7).
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In analogy to Theorem 8.2.6, we verify that R∇ is completely determined
by the local matrices (8.5.23). This is a consequence of (8.5.25) and the
following calculations (see a similar argumentation in the proof of Lemma
7.1.3): If s ∈ E(U) is any section of E over an arbitrary open U ⊆ X, then
the restriction s|U∩UαUU can be written in the form

s|U∩UαUU =
n∑

i=1

sα
i · eα

i |U∩UαUU ,

with coefficients sα
i ∈ A(U ∩ UαUU ). Therefore, omitting –for simplicity– the

restrictions, we have that

R∇(s) = R∇
( n∑

i=1

sα
i · eα

i

)
=

n∑
i=1

sα
i · R∇(eα

i )

=
n∑

i=1

sα
i

( n∑
k=1

eα
k ⊗
(
d1ωα

ki +
n∑

l=1

ωα
kl ∧ ωα

li

))
=

n∑
k=1

eα
k ⊗
( n∑

i=1

sα
i ·
(
d1ωα

ki +
n∑

l=1

ωα
kl ∧ ωα

li

))
=

n∑
k=1

eα
k ⊗
( n∑

i=1

sα
i · Rα

ki

)
=

n∑
k=1

eα
k ⊗ (s · Rα),

where the second factor in the last tensor product denotes the (matrix)
multiplication of s ≡ (s1, . . . , sn) by Rα.

Now let us interpret the foregoing in terms of the sheaf of frames P(E).
As we already know (see Theorem 7.1.6), an A-connection ∇ ≡ (ωα) on E
corresponds bijectively to a connection D ≡ (ωα) on P(E). In particular
(see also (3.1.8) and (3.1.9)),

ωα = λ1
UαUU (ωα) ∈ Ω1(Mn(A))(UαUU ) =

(Ω1 ⊗A Mn(A))(UαUU ) ∼= Ω1(UαUU ) ⊗A(UαUU ) Mn(A)(UαUU )

for all α ∈ I. Also, each local curvature form over UαUU ,

Ωα ∈ Ω2(Mn(A))(UαUU ) =

(Ω2 ⊗A Mn(A))(UαUU ) ∼= Ω2(UαUU ) ⊗A(UαUU ) Mn(A)(UαUU ),
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is determined by the structure equation (8.2.3), where now d1 and ∧ are
defined in Example 8.1.6(b). Thus, taking into account (1.2.17),

Ωα = d1ωα +
1
2

ωα∧ωα ≡
(
d1

UαUU ωα +
1
2

ωα∧UαUU ωα

)̃
.

Applying the definitions of d1, ∧, equality (8.1.21′) and the structure equa-
tion (8.5.24), we have that

d1
UαUU ωα +

1
2

ωα∧UαUU ωα = (λ2
UαUU ◦ d1 ◦ µ1

UαUU )(λ1
UαUU (ωα))

+
1
2

λ1
UαUU (ωα) ∧UαUU λ1

UαUU (ωα)

= λ2
UαUU (d1ωα + ωα ∧ ωα)

= λ2
UαUU (Rα).

Therefore, the 2-form equivalent of (3.1.8) and (3.1.9) imply that

Ωα ≡
(
λ2

UαUU (Rα)
)̃

≡ λ2
UαUU (Rα),

in other words, up to an isomorphism, Ωα = Rα.

8.5.6. Some particular cases

(a) Assume that the structure group of P is abelian. If D ≡ (ωα) is a
connection on P with curvature RD ≡ (Ωα), then (by Definition 3.3.4) the
compatibility condition (8.2.4) reduces to

Ωβ = Ωα on UαβUU �=�� ∅.

As a consequence, RD is equivalent to a global section, say Ω ∈ Ω2(L)(X).

(b) An interesting example of a principal sheaf with an abelian structure
sheaf is (P,A·, X, π). In this case L = A and Ω1(A) = Ω1 ⊗A A ∼= Ω1.
Hence,

ω∧ω = 0, ω ∈ Ω1(A) ∼= Ω1.

Moreover, we take d1 = d1. Thus D = d1 and the curvature of a connection
D is now given by RD = d1 ◦ D. As in the previous example, Ωβ = Ωα on
UαβUU and RD is equivalent to a global section Ω ∈ Ω2(X).

(c) A combination of the previous case (b) with the general discussion of
Subsection 8.5.5 (especially its concluding comments) allows us to establish
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an analogous interplay between the curvature of a Maxwell field (E ,∇) (see
definition 7.2.7) and the curvature of the corresponding connection D on
(P(E),A·, X, π).

8.6. Flat connections

In this section we deal with connections of zero curvature. Integrable con-
nections, complete parallelism, and other relevant notions are related with
flat connections. Their equivalence, partially established here, will be com-
pleted in the next section.

Let P ≡ (P,G, X, π) be a principal sheaf equipped with a curvature
datum; hence, the curvature of connections on P can be defined.

8.6.1 Definition. A connection D on P is said to be flat if R ≡ RD = 0.

As a consequence of Theorem 8.2.6, we obtain the following immediate
local criterion of flatness.

8.6.2 Proposition. A connection D is flat if and only if the local curvature
forms of R vanish, i.e.,

Ωα = 0, α ∈ I.

Likewise, an A-connection ∇ on a vector sheaf E is said to be flat if
R∇ = 0. Hence, Proposition 8.6.2, combined with the results of Subsection
8.5.5, also implies:

8.6.3 Proposition. Let ∇ be an A-connection with curvature R∇. Then
the following conditions are equivalent:

i) ∇ is flat.
ii) The curvature matrices Rα (α ∈ I) vanish.
iii) The corresponding connection D on P(E) is flat.

Two elementary examples of flat connections are provided by the Maurer-
Cartan differential ∂ and the canonical local (or Maurer-Cartan) connections
(Dα), as alluded to in the comments following Example 8.5.1(b).

We shall relate flat connections with the notions of complete parallelism
and integrability, which are also significant for the geometry of the principal
sheaf. They are defined relative to a connection D, but, unlike the flatness,
they are independent of the curvature RD. First we give the following:
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8.6.4 Definition. We say that a connection D on P induces a complete
parallelism if there exists a local frame U of P, whose corresponding natural
sections (sα) are parallel or horizontal; that is,

D(sα) = 0, α ∈ I.

In this case, it is customary to call the cochain of sections (sα) ∈ C0(UαUU ,P)
a horizontal frame (of sections).

The second relevant notion is given in the next definition.

8.6.5 Definition. A connection D on P is called integrable if there is a
local frame U ≡ ((UαUU ), (φα)) of P, over which D coincides with the canonical
local connections (6.1.2); that is,

(8.6.1) D|Pα = Dα := ∂ ◦ φα,

where PαPP := P|UαUU .

We show that there is no essential difference between complete parallel-
ism and integrability.

8.6.6 Proposition. Let D be a connection on P. Then the following con-
ditions are equivalent:

i) D induces a complete parallelism.
ii) D is integrable.
iii) The local connection forms (ωα) of D annihilate.

Proof. First observe that the natural local sections (sα) satisfy

(8.6.2) Dα(sα) = ∂(1|UαUU ) = 0; α ∈ I,

as a result of (6.1.2), (4.1.7′), and Proposition 3.3.5.
Now assume that D induces a complete parallelism. Then D(sα) = 0 =

Dα(sα). Since, for any p ∈ P|UαUU with π(p) = x, there exists a g ∈ Gx such
that p = sα(x) · g, we see that

D(p) = ρ(g−1).D(sα) + ∂(g) = ∂(g) = Dα(p),

which implies that D|Pα = Dα. Hence i) ⇒ ii).
Conversely, assume that D is integrable. Then, by (8.6.2),

D(sα) = D|Pα(sα) = Dα(sα) = 0; α ∈ I,

which shows that (sα) is a horizontal frame; thus ii) ⇒ i).
Finally, ωα := D(sα) = 0 if and only if D induces a complete parallelism.

This terminates the proof.
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8.6.7 Corollary. All the conditions of Proposition 8.6.6 are equivalent to

Dα = Dβ on P|UαβUU ,

for every α, β ∈ I with UαβUU �=�� ∅. In other words, (Dα) is a 0-cocycle, or
(Dα) ∈ Z0

(
U ,Hom(P, Ω1(L))

)
.

Proof. If P has an integrable connection D, then, by definition, Dα = D =
Dβ on P|UαβUU . Conversely, if the equality of the statement holds, then, by
gluing together the Dα’s, we define an integrable connection D.

8.6.8 Corollary. Any one of the equivalent conditions of Proposition 8.6.6
and Corollary 8.6.7 implies that D is a flat connection.

Proof. Since, in all cases, ωα = 0, the structure equation (8.2.3) implies
that Ωα = 0, for every α ∈ I. Thus, by Proposition 8.6.2, D is flat.

The next notion of flatness, ultimately related with flat connections,
depends only on ∂ and the local structure of P, and not on any connection.
More precisely, we have:

8.6.9 Definition. A principal sheaf P is said to be ∂-flat if there is a local
frame U with corresponding transition sections gαβ ∈ G(UαβUU ) such that

∂(gαβ) = 0; α, β ∈ I.

8.6.10 Proposition. P is ∂-flat if and only if it has an integrable connec-
tion.

Proof. Let U be a local frame of P. Any p ∈ P|UαβUU , with π(p) = x, is
written as p = sβ(x) · g, for a (unique) g ∈ Gx. Thus, taking into account
(4.3.3) and (8.6.2), we obtain

(8.6.3) (Dα − Dβ)(p) = ρ(g−1).Dα(sβ(x)) = ρ(g−1).∂(gαβ(x)).

If P is ∂-flat, (8.6.3) implies that Dα = Dβ on P|UαβUU , for all α, β ∈ I.
Therefore, by Corollary 8.6.7, the 0-cocycle (Dα) determines an integrable
connection D.

Conversely, assume that P admits an integrable connection. Again, by
Corollary 8.6.7, we have that Dα = Dβ on P|UαβUU . Hence, (8.6.3) implies
that ∂(gαβ) = 0; that is, P is ∂-flat.

The preceding result and Corollary 8.6.8 also yield:
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8.6.11 Corollary. Every ∂-flat principal sheaf admits a flat connection.

The relationship between the flatness of connections and the relative
notions studied so far is summarized in the next statement.

8.6.12 Theorem. Let P be a principal sheaf and consider the following
conditions:
(F. 1) P admits a flat connection.
(F. 2) P admits a connection inducing a complete parallelism.
(F. 3) P admits an integrable connection.
(F. 4) P is ∂-flat.
(F. 5) P admits a connection with vanishing local connection forms.
Then (F. 2) – (F. 5) are equivalent and all of them imply (F. 1).

The statement is depicted as follows:

(F. 2) ⇐⇒ (F. 3) ⇐⇒ (F. 4) ⇐⇒ (F. 5)

(F. 1)
⇐
)

===
===

===
===

===

⇐⇐⇐
==

==
==

==

⇐⇐

========⇒==

===============⇒
(

==

Diagram 8.8

The equivalence of (F. 1) with the other conditions will be discussed in
Section 8.7.

Let now P and P ′ be two G-principal sheaves over the same base X, and
let f ≡ (f, idG , idL, idX) be a G-(iso)morphism between them. Assume that
D and D′ are connections on P and P ′, respectively, with curvatures R and
R′. If the connections are f -conjugate (see Definition 6.4.1), then equality
(8.5.2′) implies that:

D is flat if and only if the same is true for D′. Hence, conjugation
preserves flatness (of connections).

A similar assertion is not necessarily true for integrability, parallelism
and ∂-flatness. However, under suitable conditions, a given non integrable
connection can be transformed to an integrable one, as in the following:
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8.6.13 Proposition. Let P ≡ (P,G, X, π) be a principal sheaf with a local
frame U ≡ ((UαUU ), (φα)). Let D be a connection on P whose connection
forms (ωα) satisfy the condition

(8.6.4) ωα = ∂(hα),

for a 0-cochain hα ∈ C0(U ,G). Then there exists a principal sheaf P ′ ≡
(P ′,G, X, π′), an integrable connection D′ on P ′ (with respect to a local
frame over the same open covering (UαUU ) of X), and a G-isomorphism of P
onto P ′ such that D and D′ are f-conjugate.

Conversely, let P be equipped with an arbitrary connection D ≡ (ωα). If
there is a pair (P ′, D′) such that P and P ′ are f-isomorphic and D and D′

are f-conjugate, then (ωα) necessarily satisfy (8.6.4).

Proof. The assumption (8.6.4), along with (3.3.8), turns the compatibility
condition (6.1.5) into

∂(hβ) = ρ(g−1
αβ ).∂(hα) + ∂(gαβ) = ∂(hα · gαβ);

hence, in virtue of Proposition 3.3.5, ∂(hα · gαβ · h−1
β ) = 0. Setting

(8.6.5) g′αβ := hα · gαβ · h−1
β ,

we obtain a cocycle (g′αβ) ∈ Z1(U ,G) which determines a G-principal sheaf
P ′ (Theorem 4.5.1).

Since ∂(g′αβ) = 0, for all α, β ∈ I, P ′ is ∂-flat. By Propositions 8.6.6
and 8.6.10, P ′ admits an integrable connection, say D′, with corresponding
local connection forms ω′

α = 0, α ∈ I. Therefore, (8.6.4) amounts to (6.4.5)
which, together with (8.6.5), proves that D and D′ are f -conjugate (see
Theorem 6.4.5). Here f is the isomorphism determined by the 0-cochain
(hα), in virtue of Theorem 4.4.2.

The proof of the converse follows a similar argumentation.

8.6.14 Remarks. 1) A connection D satisfying (8.6.4) is called trivial.
Clearly, any integrable connection D ≡ (ωα) is trivial, since ωα = 0 is also
written as ωα = ∂(1|UαUU ).

2) Using Proposition 8.1.5, we see that a trivial connection is necessarily
flat, since

Ωα = D(ωα) = (D ◦ ∂)(hα) = 0.
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3) Condition (8.6.4) means that equation ∂x = ωα has a global solution
hα ∈ G(UαUU ) (cf. also Definition 8.7.2). Hence, (8.6.4) is a strong integrability
condition implying that a trivial connection is flat.

Conversely, as we shall see in the next section, the flatness of an ar-
bitrary connection, together with a Frobenius condition, implies the local
integrability of the aforementioned equation and, in turn, the equivalence of
all the conditions of Theorem 8.6.12.

Using Definition 6.7.1 and notation (6.7.4), referring to the equivalence
of pairs of the form (P, D), Proposition 8.6.13 implies the following:

8.6.15 Corollary. Let D be a trivial connection on P. Then, for every
(P ′, D′) ∈ [(P, D)], the connection D′ is trivial.

Proof. Since D is trivial, in virtue of the direct part of Proposition 8.6.13,
there is a pair (P̄, D̄) such that (P̄, D̄) ∼ (P, D), with D̄ integrable. Then,
for any (P ′, D′) ∈ [(P, D)], we have that (P ′, D′) ∼ (P, D) ∼ (P̄, D̄). There-
fore, by the converse part of the same proposition, we get the result.

The proof of Proposition 8.6.13 suggests that, under an appropriate
change of the local frame, D itself is integrable, with respect to the new
frame. As a matter of fact, we have:

8.6.16 Proposition. If D is a trivial connection on P, then D is integrable;
hence, P is ∂-flat.

Proof. As in the proof of Proposition 8.6.13, we consider the isomorphism
f : P → P ′ defined by an appropriate 0-cochain (hα) ∈ C0(U ,G), if U ≡
((UαUU ), (φα)) is a local frame of P. Setting σα := sα · h−1

α and ψα := φ′
α ◦ f ,

α ∈ I, where (φ′
α) are the local coordinates of P ′ over U , we see that each

ψα : P|UαUU → G|UαUU is a G-equivariant coordinate mapping.
Moreover, by (4.1.7′) and (4.4.6),

ψ−1
α (1|UαUU ) = f−1(s′α) = sα · h−1

α = σα,

which means that U ′ ≡ ((UαUU ), (ψα)) is a local frame of P with corresponding
natural sections (σα). Hence, in virtue of our assumption and Proposition
3.3.5,

D(σα) = ρ(hα).D(sα) + ∂(h−1
α ) = ρ(hα).ωα − ρ(hα).∂(hα) = 0,

i.e., D induces a complete parallelism. Therefore, D is integrable and P is
∂-flat, with respect to U ′.
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We close with one more notion of flatness, inspired by an analogous
situation encountered in the context of ordinary fiber bundles. Towards this
end, in the remainder of this section we assume that

(8.6.6) G contains the constant sheaf GX ≡ X × G,

where G is a given group. We denote by ε : GX ↪→ G↪↪ the natural inclusion,
also induced by the inclusions εU : G ∼= GX(U) ↪→ G↪↪ (U), for every open
U ⊆ X.

8.6.17 Definition. A G-principal sheaf P, with G as in (8.6.6), is called
flat if it has a cocycle (gαβ) ∈ Z1(U , GX).

To be more precise, in the preceding definition we should have written
(gαβ) ∈ Z1(U , ε(GX)). However, for the sake of simplicity, we omit an
explicit mention of ε, whenever its use is obviously understood.

In a different manner (see, e.g., Gunning [38, p. 96], Mallios [62, p. 370]),
one says that

P ≡ [P] ∈ H1(X,G) is flat (or admits a flat representative) if
and only if P ∈ ε∗(H1(X, GX)),

where ε∗ is the induced morphism of cohomology groups.
From the previous definitions, we see that the transition sections are

locally constant . Thus, we have a situation analogous to the classical flat
principal bundles, both within the topological and smooth context (in this
respect see also Dupont [24], Kamber -Tondeur [46]). We note that in the
smooth case, by a flat bundle we usually mean a bundle equipped with a
flat connection, a fact which amounts to the existence of constant transition
functions. However, in view of the non equivalence of the various notions
of flatness given in our abstract setting, we are obliged to adhere to the
distinctive terminology applied to each notion.

8.6.18 Proposition. If GX ≡ ε(GX) ⊆ ker(∂), then any flat G-principal
sheaf satisfies all the conditions (F. 1) – (F. 5) of Theorem 8.6.12.

Conversely, if ker(∂) ⊆ GX , then a G-principal sheaf, satisfying any one
of the (equivalent) conditions (F. 2) – (F. 5) of the same theorem, is flat.

Proof. By our assumptions, ∂(gαβ) = 0, thus P is ∂-flat, i.e., we obtain
Condition (F. 4) of Theorem 8.6.12. This proves the direct part of the
statement.
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Conversely, the ∂-flatness of P implies that

gαβ ∈ ker(∂)(UαβUU ) ⊆ (GX)(UαβUU ) ≡ ε(GX)(UαβUU ),

which completes the proof.

8.6.19 Corollary. If the sequence of sheaves

(8.6.7) 1 −→ GX
ε

↪→ Gε
↪↪

∂−→ Ω(L)

is exact, then the flatness of P (in the sense of Definition 8.6.18) is equi-
valent with all the conditions (F. 2) – (F. 5) of Theorem 8.6.12. Thus we
get the following diagram of implications completing Diagram 8.8:

[P is flat ]%#%
[ (F. 2) ⇐⇒ (F. 3) ⇐⇒ (F. 4) ⇐⇒ (F. 5) ]$#$$

(F. 1)

Diagram 8.9

The discussion on flat sheaves will be completed in Section 8.8, where
we examine flat GL(n,A)-principal sheaves. They provide an interesting
example, illuminating the general considerations of the present section.

8.7. A Frobenius condition

In this section we intend to establish the equivalence of all the conditions of
Theorem 8.6.12.

Reverting to the standard case of smooth bundles and connections, one
may recall that the aforementioned equivalence is always valid there, as
a consequence of the fundamental integrability theorem of Frobenius for
equations with total (logarithmic) differential.

More precisely, let X be a smooth manifold and G a Lie group with Lie
algebra G. If θ is a G-valued differential 1-form on X, i.e., θ ∈ Λ1(X, G),
then locally θ = f−1 · df , for a smooth map f : U → G, U ∈ TX , if and
only if θ is integrable; that is, the (integrability) condition dθ + 1

2 θ ∧ θ = 0
is satisfied.
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In other words, the integrability condition ensures the existence of (local)
solutions of the equation x−1·dx = θ. In particular, if X is simply connected,
then there are global solutions. For details we refer to Bourbaki [15, p. 179],
Krĕın -Yatskin [51, p. 57], Kriegl -Michor [52, p. 427], Onǐ˘ šcik [86, p. 76].ˇ

Using the terminology and notations of Example 3.3.6(a), the previous
classical result is stated in the following form:

Frobenius theorem (restated). Let θ ∈ Ω1(C∞
X (G)). Then the equation

∂x = θ admits (local) solutions if and only if D(θ) = 0.

It would be too much, of course, to expect an immediate extension of this
result within the present framework. To achieve our purpose, we axiomatize
the ordinary (smooth) situation. Apart from the classical case, this point of
view is further supported by other examples given in Section 8.8.

In this respect, we consider the sequence of sheaves of sets (in fact a
complex, in virtue of the Maurer-Cartan equation (8.1.29) and Proposition
3.3.5)

(8.7.1) 1 −→ ker ∂
i

↪→ Gi
↪↪

∂−−→ Ω1(L) D−−→ Ω2(L),

and, throughout the present section, we assume that

(8.7.2)
the (abstract) Frobenius condition holds true, namely the
sequence (8.7.1) is exact.

Clearly (8.7.2) reverses the inclusion im ∂ ⊂ kerD.

8.7.1 Lemma. Let θ ∈ (kerD)(U) be a 1-form (viz. section) over any open
U ⊆ X. Then, for each x ∈ U , there exists an open neighborhood V ⊆ U of
x and a section g ∈ G(V ) such that

(8.7.3) ∂(g) = θ|V .

Proof. Condition (8.7.2) implies that

θ(x) ∈ (im ∂)x = im
(
∂x∂ : Gx → Ω1(L)x

)
.

Hence, there is a local section h ∈ G(W ), with W ∈ N (x), so that

θ(x) = ∂x∂ (h(x)) = ∂(h(x)) = ∂(h)(x).

As a result, there exists an open V such that x ∈ V ⊆ U ∩W and ∂(h)|V =
∂(h|V ) = θ|V . The desired g is precisely h|V .
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8.7.2 Definition. Following the standard terminology, a section g satisfying
(8.7.3) is called a (local) solution of the equation ∂x = θ or, even, a
solution of the equation (8.7.3).

For the sake of completeness we also prove:

8.7.3 Corollary. Let θ ∈ (kerD)(U) and let (xo, go) be a pair with xo ∈ U
and go ∈ Gxo. Then the following conditions are equivalent:

i) There exists a solution g ∈ G(V ) of (8.7.3) such that g(xo) = go.
ii) For every solution ḡ ∈ G(V̄ ), V̄ ∈ N (xo), it follows that

go · ḡ(xo)−1 ∈ ker ∂x∂ .

Proof. Let ḡ ∈ G(V̄ ), V̄ ∈ N (xo), be any solution and g ∈ G(V ) one
with g(xo) = go. Since ∂(ḡ(xo)) = θ(xo) = ∂(go), Proposition 3.3.5 implies
condition ii).

Conversely, assuming ii), we can find a local section s ∈ (ker ∂)(W ) with
s(xo) = go · ḡ(xo)−1 and W ∈ N (xo). Setting V := V̄ ∩ W and g := s · ḡ|V ,
we check that g(xo) = go and

∂(g) = ∂(s · ḡ|V ) = ρ
(
(ḡ|V )−1

)
.∂(s) + ∂(ḡ|V ) = θ|V ;

that is, g is a solution satisfying condition i).

Note. Obviously, in virtue of the standard properties of the local sections of
a sheaf, two solutions of (8.7.3) with the same initial condition coincide on
an open subset of their common domain.

We now come to the main result of this section, which completes The-
orem 8.6.12.

8.7.4 Theorem. Under the Frobenius condition (8.7.2), all the conditions
of Theorem 8.6.12 are equivalent.

Proof. Let D be a connection with curvature R ≡ RD = 0. We denote by
(ωα) the local connection forms and by (Ωα) the local curvature forms, with
respect to a local frame U and the corresponding natural sections (sα).

If all the ωα’s vanish identically, then the result is trivially verified, since
D(sα) = ωα = 0, for every α ∈ I, implies that (sα) is a horizontal frame;
hence, D induces a complete parallelism.

Now assume that not all the local connection forms vanish identically.
We shall construct a new local frame V whose natural sections induce a
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complete parallelism. Indeed, for an arbitrary x ∈ X, there is some UαUU ∈ U
with x ∈ UαUU . By the assumption, D(ωα) = Ωα = 0; that is, ωα ∈ (kerD)(UαUU )
and (by Lemma 8.7.1) there exists an open neighborhood VxVV ⊆ UαUU of x and
a section gx ∈ G(VxVV ) such that ∂(gx) = ωα|VxVV . Running x in the entire X,
we obtain an open refinement V = {VjVV ⊆ X | j ∈ J} of U and a 0-cochain
(gjg ) ∈ C0(V,G) satisfying

(8.7.4) ∂(gjg ) = ωτ(j)|VjVV ,

where τ : J → I is a refining map with VjVV ⊆ UτUU (j), for every j ∈ J .
The morphisms ψj := φτ(j)|PjP · (gjg ◦ π|PjP ), with PjP := P|VjVV , determine a

family of local coordinates with respect to V. In fact, a simple calculation
shows that ψ−1

j =
(
φτ(j)|PjP

)−1 · (g−1
jg ◦ πG |Gj ), where πG is the projection of

G, GjG := G|VjVV , and g−1
jg is the inverse section of gjg (see (1.1.4)). Hence, the

new natural sections (σjσ )j∈J of P, with respect to V, are given by

σjσ (x) := (ψ−1
j ◦ 1|VjVV )(x) = φ−1

τ(j)(ex) · g−1
jg (x) = sτ(j)(x) · g−1

jg (x),

for every x ∈ VjVV , i.e., σjσ = sτ(j)|VjVV · g−1
jg . Therefore, (8.7.4) and Proposition

3.3.5 imply that

D(σjσ ) = D(sτ(j)|VjVV · g−1
jg ) = ρ(gjg ).D(sτ(j)|VjVV ) + ∂(g−1

jg )

= ρ(gjg ).ωτ(j)|VjVV − ρ(gjg ).∂(gjg ) = 0,

which closes the proof.

In particular, Corollary 8.6.19 is completed as follows:

8.7.5 Corollary. Let P be any G-principal sheaf admitting a flat connection
with G containing a constant sheaf of groups GX . If the sequence (8.6.7) is
exact, then the Frobenius condition implies that P is flat. Hence, all the
conditions shown in Diagram 8.9 are equivalent.

The Frobenius condition (8.7.2) leads to an interesting exact sequence
of cohomology groups. First, observe that the same condition results in the
(short) exact sequence of sheaves

(8.7.5) 0 −→ ker ∂
i

↪→ Gi
↪↪

∂−−→ kerD −→ 0.
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Thus, also motivated by Asada [2], [3] and Onǐšcik [86] (all dealing with cer-ˇ
tain aspects of non-abelian cohomology related with connections), we derive
the cohomology sequence

(8.7.6)
0 −→ H0(X, ker ∂) i∗−−→H0(X,G) ∂∗

−−→ H0(X, kerD) δ−→

−→ H1(X, ker ∂) i∗−−→ H1(X,G),

where the morphism δ is defined as follows: Let Θ ∈ (kerD)(X) be a given
(global) section. As in the proof of Theorem 8.7.4, we can find local solutions
hU ∈ G(U) of ∂x = Θ, i.e., ∂(hU ) = Θ|U , where U is running some open
covering U of X. We define δ(Θ) to be the 1-cochain given by

δ(Θ)UV := hU · h−1
V ; U, V ∈ U .

It is now clear that δ(Θ) is in fact a 1-cocycle, thus δ is well defined.

Note. In virtue of Definition 8.6.9, H1(X, ker ∂) represents the equivalence
classes of ∂-flat G-principal sheaves. Moreover, if (8.7.2) is in force, then the
same cohomology set represents classes of G-principal sheaves admitting flat
connections.

8.7.6 Theorem. Under the Frobenius condition, the sequence (8.7.6) is
exact. Moreover, δ(Θ) = δ(Θ̄) if and only if Θ and Θ̄ are gauge equivalent;
that is, there exists g ∈ H0(X,G) ∼= G(X) such that

(8.7.7) Θ = ρ(g−1).Θ̄ + ∂(g).

Proof. The exactness of (8.7.6) is immediately verified (see also Subsection
1.6.4). For the direct part of the second assertion, we may assume that
both equations with “coefficients” Θ and Θ̄ (see Definition 8.7.2) admit the
respective local solutions (hU ) and (h̄U ) over the same open covering U
of X, otherwise we take a common refinement of the respective coverings.
Therefore, if δ(Θ) = δ(Θ̄), then the 1-cocycles (δ(Θ)UV ) and (δ(Θ̄)UV ) are
cohomologous, i.e., there exists a 0-cochain (λU ) ∈ C0(U , ker ∂) satisfying

(8.7.8) hU · h−1
V = λU · (h̄U · h̄−1

V ) · λ−1
V ,

on every U∩V �=�� ∅. Setting gU := h̄−1
U ·λ−1

U ·hU , (8.7.8) implies that gU = gV

on U ∩ V , thus we obtain a global section g ∈ G(X) with g|U := gU . Hence,
taking into account that ∂(λU ) = 0, we have that

Θ|U = ∂(hU ) = ∂(λU · h̄U · gU )

= ρ(g−1
U ).∂(h̄U ) + ∂(gU )

=
(
ρ(g−1).Θ̄ + ∂(g)

)
|U ,



336 Chapter 8. Curvature

for every U ∈ U . This proves (8.7.7).
Conversely, assume that Θ, Θ̄ ∈ (ker ∂)(X) are gauge equivalent by

means of a g ∈ G(X). Then, using an appropriate common open covering
and working as before (in a reverse way), we see that ∂(h̄U · g|U ) = ∂(hU )
or, by Proposition 3.3.5, ∂(h̄U · g|U · h−1

U ) = 0. Setting

(8.7.9) λ−1
U := h̄U · g|U · h−1

U ,

we have that ∂(λU ) = 0, for every U ∈ U , thus obtaining a 0-cochain
(λU ) ∈ C0(U , ker ∂). Comparing (8.7.9) for U and V , we get (8.7.8), thus
δ(Θ) = δ(Θ̄) which concludes the proof.

We close with the following immediate result:

8.7.7 Corollary. Assume that G contains the constant sheaf of groups GX .
If, in addition to the Frobenius condition, the sequence (8.6.7) is exact, then
the exact sequence (8.7.6) takes the form

0 −→ H0(X, GX) ε∗−−→H0(X,G) ∂∗
−−→ H0(X, kerD) δ−−→

−→ H1(X, GX) ε∗−−→ H1(X,G).

8.8. GL(n,A)-principal sheaves and flatness

The case of the sheaves in the title merits a particular treatment. On the
one hand, taking GL(n,A) as the structure sheaf allows one to reduce the
number of the axioms imposed at various stages of our approach. More
specifically:

1) As we have already seen in Example 3.3.6(b), in conjunction with
Proposition 3.2.1, GL(n,A) is a Lie sheaf of groups in a natural way: Its
Maurer-Cartan differential is derived directly from the differential of the
original differential triad (A, d ≡ d0, Ω ≡ Ω1) and automatically satisfies the
fundamental property (3.3.8) of Definition 3.3.2, with respect to the adjoint
representation of GL(n,A) on Mn(A).

2) If the differential triad extends to a precurvature datum (see Definition
8.1.2), then GL(n,A) is provided with a convenient curvature datum, already
constructed in Example 8.1.6(b).

On the other hand, the same group sheaf is the structure group of the
sheaf of frames P(E) of a vector sheaf E of rank n. Thus, according to Sub-
section 8.5.5, the results pertaining to the curvature of a GL(n,A)-principal
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sheaf imply analogous results concerning the curvature of A-connections.
Consequently, taking into account Theorem 7.1.6, we see that a consider-
able part of the geometry of vector sheaves derives from the general theory
of GL(n,A)-principal sheaves.

Furthermore, flat GL(n,A)-principal sheaves (see Definition 8.6.17) are
naturally defined by considering the constant sheaf

GL(n, K) := X × GL(n, K),

(K = R, C), and the morphism

ε : GL(n, K) ↪→ GL↪↪ (n,A),

induced by the obvious imbeddings of presheaves

GL(n, K)(U) ∼= GL(n, K)
ε

↪→↪↪ GL(n,A(U)) ∼= GL(n,A)(U),

for every open U ⊆ X. Therefore, in virtue of the discussion following
Definition 8.6.17, we conclude that

P ≡ [P] ∈ H1(X,GL(n,A)) is flat if it lies in im ε∗.

In analogy to (the first part of) Proposition 8.6.18, this conclusion leads to:

8.8.1 Proposition. A flat GL(n,A)-principal sheaf satisfies all the condi-
tions of Theorem 8.6.12.

Proof. Let P be any flat GL(n,A)-principal sheaf. Each transition section
gαβ ∈ GL(n,A(UαβUU )) of the cocycle of P can be identified, by means of ε,
with a matrix (gαβ

ij ) ∈ GL(n, K) (i, j = 1, . . . , n). Since d vanishes on con-
stants (see Proposition 2.1.3), the Maurer-Cartan differential (see (3.2.10))
yields

(8.8.1) ∂̃(gαβ) ≡ ∂̃UαβUU

(
(gαβ

ij )
)

=
(
gαβ
ij

)−1 ·d
(
(gαβ

ij )
)

=
(
gαβ
ij

)−1 ·
(
dgαβ

ij

)
= 0,

as a consequence of (1.2.17), (3.2.9),(8.1.38) and d = d0. Thus P is ∂̃-flat.
Theorem 8.6.12 now completes the proof.

The converse of the previous statement goes as follows (compare with
the converse part of Proposition 8.6.18 in conjunction with the sequence
(8.6.7)).
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8.8.2 Proposition. Let P be a GL(n,A)-principal sheaf satisfying any one
of the (equivalent) conditions (F. 2) – (F. 5) of Theorem 8.6.12. If the
sequence

(8.8.2) 0 −→ K ≡ KX
i

↪→ Ai
↪↪

d−→ Ω1

is exact, then P is flat.

Proof. By the ∂̃-flatness of P and equality (8.8.1),
(
d gij

αβ

)
= 0; that is,

d gij
αβ = 0. Hence, for each x ∈ UαβUU , the exactness of (8.8.2) and the identi-

fication (KX)x ≡ i((KX)x) ⊆ Ax, imply that gij
αβ(x) = i([ s ]x) ≡ [ s ]x , for

a locally constant section s of K. Consequently, there exists an open neigh-
borhood V ij

xVV ⊆ UαβUU of x such that gαβ
ij |

V ij
xVV

= i(cij) ≡ cij ∈ K (constant).
Therefore, on

VxVV :=
n⋂

i,j=1

V ij
xVV ,

we have that
gαβ |VxVV =

(
gαβ
ij

∣∣∣∣
VxVV

)
= ε
(
(cij)
)
,

which proves that each gαβ is a locally constant section.

A consequence of the above two results is:

8.8.3 Corollary. With the assumptions of Proposition 8.8.2, Diagram 8.9
holds true for every GL(n,A)-principal sheaf.

If, in addition, we take into account the Frobenius condition, we obtain
the analog of Corollary 8.7.5, namely:

8.8.4 Corollary. Assume that the Frobenius condition is satisfied and the
sequence (8.8.2) is exact. Then a GL(n,A)-principal sheaf P is flat if and
only if it has a flat connection. Therefore, all the conditions of Theorem
8.6.12 are equivalent and amount to the flatness of P; in other words, Dia-
gram 8.9 consists of equivalences everywhere.

The more specific case of GL(1,A) = A· is also of interest at this point
because, under suitable topological assumptions, it provides examples of
principal sheaves always verifying the Frobenius condition. As a matter of
fact, we prove the following analog of Lemma 8.7.1.
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8.8.5 Lemma. Let A be a sheaf of unital commutative and associative topo-
logical C-algebras which are, in addition, σ-complete and locally m-convex.
We further assume that the sequence of C-vector space sheaves

(8.8.3) 0 −→ dA i
↪→↪↪ Ω1 d1

−−→ d1Ω1 −→ 0

is exact. Then, for any open U ⊆ X and θ ∈ (d1Ω)(U), there is an open
V ⊆ U and a section g ∈ A·(V ) such that ∂̃(g) = θ|V , where the differential
∂̃ is given by (3.2.4).

The terminology of the Lemma is explained at the end of this section.

Proof. We essentially follow Mallios [62, Vol. II, Theorem 11.9.1]: For any
θ as in the statement, the exactness of (8.8.3) ensures the existence of a
section h ∈ A(V ), over an open V ⊆ U , such that

(8.8.4) dh = θ|V .

The topological properties of A guarantee the existence of an exponential
morphism

exp : A −→ A·
defined section-wise by

exp(s) :=
∞∑

n=0

1
n!

sn,

for every s ∈ A(U) and every open U ⊆ X. Applying (the continuous
morphism) d to the last expression, we check that

d(exp s) = (exp s) · ds;

therefore, in virtue of (3.2.4),

(8.8.5) ∂̃(exp s) = (exp s)−1 · d(exp s) = ds,

for every local section as before. Now combining equalities (8.8.4) and
(8.8.5), we obtain the result by setting g := exph.

8.8.6 Theorem. Let P be any A·-principal sheaf endowed with a flat con-
nection D. If A is a sheaf of topological algebras satisfying the assumptions
of Lemma 8.8.5, then the Frobenius condition is always satisfied, thus the
conclusion of Theorem 8.7.5 holds true; that is, (F. 1) – (F. 5) are all equi-
valent.
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Proof. Since, in the present case, D = d1, the Frobenius condition (8.7.2)
reduces to im ∂ = ker d1, which is true by Lemma 8.8.5. Hence, Theorem
8.7.4 implies the result.

8.8.7 Remarks. 1) The exponential morphism exp : A → A· is an import-
ant morphism in the geometry of line sheaves (see, e.g., Mallios [64]).

2) Regarding the exactness of (8.8.2) and (8.8.3), we note that this is
part of the exactness of the abstract de Rham complex

0 −→ C −→ A d−→ Ω d1

−→ Ω2 −→ · · ·

encountered at the end of Section 2.5 (see Definition 2.5.4 and the ensuing
comments). As we discussed there, in our abstract framework this exactness
is not always ensured. An interesting problem is to seek (topological) algebra
sheaves A and A-modules satisfying it.

8.8.8 Topological algebras jargon. We give a few definitions concerning
topological algebras. For full details we refer to Mallios [58]. For the gen-
eral theory of topological vector spaces one may consult, e.g., Horváth [45],
Schaefer [108].

A topological algebra A is a topological vector space (over C) with
an algebra multiplication A × A � (a, b) �→ a · b ∈ A, which is separately
continuous (i.e., continuous in each one of the variables).

A topological algebra A is said to be locally convex if it is a locally
convex topological space. By definition, there is a fundamental system of
convex neighborhoods of 0. In particular, a topological algebra is said to
be locally m-convex (: locally multiplicatively-convex), in brief lmc, if
the fundamental system of neighborhoods of 0 consists of multiplicative
(: U · U ⊆ U) convex sets.

Finally a topological algebra is σ-complete (: sequentially complete) if
every Cauchy sequence in A converges.



Chapter 9

Chern -Weil theory

On the other hand, the latter differen-
tial geometrical method describes the way
principal bundles are curved by differen-
tial forms using the concepts of a connec-
tion and the curvature. This is called the
Chern -Weil theory.

S. Morita [78, p. xi].

T he objective of this chapter is to give an abstract analog of the Chern -
Weil homomorphism, in the context of principal sheaves and their con-

nections. According to this, appropriate invariant symmetric multilinear
maps on the sheaf of Lie algebras L (attached to a Lie sheaf of groups G)
determine certain cohomology classes. The latter are defined over a de Rham
space X, completing the initial differential triad (A, d, Ω).

We follow a variation of the geometric approach due to S. S. Chern, based
on the curvature of an arbitrary connection defined on a G-principal sheaf

341
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P over X. Since the standard approach (within the context of principal
bundles), using horizontal distributions and the covariant exterior differ-
entiation (induced by a connection), is meaningless in our framework, we
proceed by considering appropriate “local” entities over X.

The classical theory is treated in many sources. Among them we cite, for
instance, Dupont [24], Greub -Halperin -Vanstone [35], Kobayashi -Nomizu
[49], Naber [81]. For a local approach, within the same classical framework,
the reader may consult, e.g., Nicolaescu [84] and Wells [142]. The sheaf-
theoretic analog of the Chern -Weil theory in the context of vector sheaves
is given in Mallios [62, Chapter IX].

9.1. Preliminaries

We fix throughout an algebraized space (X,A) endowed with the differential
triad (A, d, Ω) and a Lie sheaf of groups (G, ρ,L, ∂). From Section 2.5 we
recall that d = d0 and Ω ≡ Ω1.

(9.1.1)
We assume that the differential d of (A, d, Ω) extends to operators
of sufficiently higher orders, as the case may be. Furthermore, we
assume the existence of a Bianchi datum (G,D, d2).

At a later stage, the previous assumption about d will be strengthened by
demanding X to be a de Rham space. However, (9.1.1) is sufficient for the
development of the first three sections of the chapter.

From Subsection 1.3.2 we recall the notation

(9.1.2) S(k) := S ×X · · · ×X S︸ ︷︷︷ ︸︸
k−factors

,

applied in order to avoid confusion with the exterior power Sk = S ∧ · · · ∧S
(k times). However, to handle more complicated formulas, we shall also use
the notation

(9.1.2′)
∏k

S := S ×X · · · ×X S︸ ︷︷︷ ︸︸
k−factors

.

9.1.1 Definition. A morphism of A-modules f : L(k) → A is said to be a
k-morphism if it is a morphism of A-modules with respect to each variable.
Moreover, f is called symmetric if

f(uσ(1), . . . , uσ(n)) = f(u1, . . . , un),

for every (u1, . . . , uk) ∈ L(k) and every permutation σ of {1, . . . , k}.
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We know that a representation ρ : G → Aut(L) induces an action of G
on the left of L, whose result is denoted by g.u, for any (g, u) ∈ G ×X L (see
Proposition 3.3.1). Thus, we can give the next definition:

9.1.2 Definition. A k-morphism f : L(k) → A is said to be ρ-invariant if

f(g.u1, . . . , g.uk) = f(u1, . . . , uk),

for every (g; u1, . . . , uk) ∈ G ×X L(k).

We have already defined the algebra (see (8.1.1))

Ω·(L) :=
∞⊕

p=0

Ωp(L) =
∞⊕

p=0

Ωp ⊗A L.

According to Subsection 1.3.6, it can be equivalently obtained by the sheafi-
fication of the presheaf

U �−→��
∞⊕

p=0

(∧p(Ω1(U)) ⊗A(U) L(U)
)
.

Given a ρ-invariant k-morphism f : L(k) → A, for each open U ⊆ X we
define the k-linear (with respect to A(U)) map

(9.1.3) f̂Uff :
k∏( ∞⊕

p=0

(∧p(Ω1(U)) ⊗A(U) L(U)
))

−→
∞⊕

p=0

∧p(Ω1(U)),

by setting

(9.1.4) f̂Uff (θ1 ⊗ �1, . . . , θk ⊗ �k) := f(�1, . . . , �k) · θ1 ∧ · · · ∧ θk,

for every θi ⊗ �i ∈
∧pi(Ω1(U)) ⊗A(U) L(U). The product on the left-hand

side of (9.1.3) is the usual cartesian product, while the morphism f on the
right-hand side of (9.1.4) is, obviously, the induced morphism of sections.

Running U in the topology of X, the presheaf morphism (9.1.3) generates
the k-morphism

(9.1.5) f̂ := S
(
f̂Uff
)

:
∏k

Ω·(L) −→ Ω·.
The product in the domain of f̂ now is the fiber product.
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For later use, let us find the stalk-wise expression of f̂ for a particular
type of decomposable elements, namely f̂(w1 ⊗ u1, . . . , wk ⊗ uk), for any
x ∈ X and wi ⊗ui ∈ Ωpi

x ⊗Ax Lx
∼= Ωpi(L)x (i = 1, . . . , k). In this case there

are U ∈ TX , θi ∈
∧pi(Ω1(U)) and �i ∈ L(U), such that wi = [ θi ]x = θ̃i(x)

and ui = �i(x) ≡ �̃i(x). Hence,

wi ⊗ ui = θ̃i(x) ⊗ �i(x) ≡ θ̃i(x) ⊗ �̃i(x) = ˜(θi ⊗ �i)(x),

which leads to (see also Diagram 1.7)

f̂(w1 ⊗ u1, . . . , wk ⊗ uk) = f̂
( ˜(θ1 ⊗ �1)(x), . . . , ˜(θk ⊗ �k)(x)

)
=
(
f̂Uff (θ1 ⊗ �1, . . . , θk ⊗ �k)

)̃
(x)

=
(
f(�1, . . . , �k) · θ1 ∧ · · · ∧ θk

)̃
(x)

=
(
f(�1, . . . , �k)

)̃
(x) · (θ1 ∧ · · · ∧ θk )̃)) (x)

≡ f (�1(x), . . . , �k(x)) · θ̃1(x) ∧ · · · ∧ θ̃k(x)
= f(u1, . . . , uk) · w1 ∧ · · · ∧ wk;

that is, we obtain

(9.1.6) f̂(w1 ⊗ u1, . . . , wk ⊗ uk) = f(u1, . . . , uk) · w1 ∧ · · · ∧ wk,

for every wi ⊗ ui ∈ Ωpi(L)x.
The action of G on Ω1(L) and Ω2(L), defined earlier, obviously extends

to an action on Ωp(L) and Ω·(L). Thus we prove:

9.1.3 Lemma. Let f : L(k) → A be a ρ-invariant k-morphism. Then
f̂ :
∏k Ω·(L) → Ω·, defined by (9.1.5), is also a ρ-invariant k-morphism;

that is,
f̂
(
ρ(g).v1, . . . , ρ(g).vk

)
= f̂(v1, . . . , vk),

for every (g; v1, . . . , vk) ∈ G ×X

(∏k Ω·(L)
)
.

Proof. Because of the A-linearity of f̂ , with respect to each variable, it
suffices to prove the equality of the statement for elements of the form vi =
wi ⊗ ui ∈ Ωpi(L)x and any G ∈ Gx.

As in the proof of (9.1.6), there are sections s ∈ G(U), θi ∈
∧pi(Ω1(U))

and �i ∈ L(U), such that g = s(x) ≡ s̃(x), wi = θ̃i(x) and ui = �i(x) ≡ �̃i(x).
Hence, by the analog of (8.1.8) for decomposable tensors containing forms
of higher degree,

ρ(g).vi =
(
(1 ⊗ ρ(s))(θi ⊗ �i)

)̃
(x) =

(
θi ⊗ ρ(s)(�i)

)̃
(x).
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As a consequence,

f̂
(
ρ(g).v1, . . . , ρ(g).vk

)
= f̂
(
(θ1 ⊗ ρ(s)(�1))̃)) (x), . . . , (θk ⊗ ρ(s)(�k))̃)) (x)

)
=
(
f̂Uff
(
θ1 ⊗ ρ(s)(�1), . . . , θk ⊗ ρ(s)(�k)

))̃
(x)

= f
(
ρ(s)(�1), . . . , ρ(s)(�k)

)
(x) · (θ1 ∧ · · · ∧ θk )̃)) (x).

However, (3.3.1′) and the ρ-invariance of f yield

f
(
ρ(s)(�1), . . . , ρ(s)(�k)

)
(x) = f

(
ρ(s)(�1)(x), . . . , ρ(s)(�k)(x)

)
= f
(
(s.�1)(x), . . . , (s.�k)(x)

)
= f(s(x).�1(x), . . . , s(x).�k(x))
= f(�1(x), . . . , �k(x))
= f(�1, . . . , �k)(x).

Therefore, combining the preceding equalities, we have that

f̂
(
ρ(g).v1, . . . , ρ(g).vk

)
= f(�1, . . . , �k)(x) · (θ1 ∧ · · · ∧ θk )̃)) (x)
≡ f(�1, . . . , �k )̃)) (x) · (θ1 ∧ · · · ∧ θk )̃)) (x)

=
(
f̂Uff (θ1 ⊗ �1, . . . , θk ⊗ �k)

)̃
(x)

= f̂(v1, . . . , vk).

This completes the proof.

From the set of all k-morphisms f : L(k) → A we single out the ones
whose corresponding f̂ ’s have an appropriate behavior with respect to the
exterior product and the differential. Namely, we denote by

(9.1.7) Ik(G)

the set of ρ-invariant symmetric k-morphisms f : L(k) → A such that the
induced morphisms f̂ satisfy the following conditions:

d
(
f̂(v1, . . . , vk)

)
=

k∑
i=1

f̂(v1, . . . ,dvi, . . . , vk),(IN. 1)

for every (v1, . . . , vk) ∈
∏k Ω2(L), and

k∑
i=1

f̂(v1, . . . , vi∧v, . . . , vk) = 0,(IN. 2)
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for every (v; v1, . . . , vk) ∈ Ω1(L) ×X
∏k Ω2(L).

For simplicity, in (IN. 1) we have set d = d2k and d = d2. The exterior
product in (IN. 2) is defined in (8.1.3). We have restricted our considera-
tions to 2-forms since these are actually needed in what follows. Analogous
formulas for forms of higher degree presuppose the existence of higher order
differentials dpdd , p ≥ 2.

Clearly, Ik(G) is an A-module. The notation originates from the classical
case of Ad-invariant symmetric polynomials.

9.2. From Ik(G) to closed forms

In addition to the assumptions of the previous section, we consider a fixed
G-principal sheaf (P,G, X, π) endowed with a connection D. We denote by
R the curvature of D and by (Ωα) the local curvature forms defined over a
(fixed) local frame U = (UαUU ) of P.

Thinking of Ω2(L) as naturally imbedded in Ω·(L), for each α ∈ I, we
take the induced morphism of sections

f̂αff :=
(
f̂
)
UαUU

: Ω2(L)(UαUU ) × · · · × Ω2(L)(UαUU )︸ ︷︷︷ ︸︸
k−factors

−→ Ω2k(UαUU )

and define the local forms (viz. sections)

(9.2.1) f̂(Ωα) := f̂αff (Ωα, . . . ,Ωα) ∈ Ω2k(UαUU ), α ∈ I.

Therefore, evaluating (9.2.1) at any x ∈ UαUU , we see that

(9.2.2) f̂(Ωα)(x) = f̂αff (Ωα, . . . ,Ωα)(x) = f̂(Ωα(x), . . . ,Ωα(x)),

where
Ωα(x) ∈ Ω2(L)x =

(
Ω2 ⊗A L

)
x
∼= Ω2

x ⊗Ax Lx.

9.2.1 Lemma. The local 2k-forms given by (9.2.1) coincide on the over-
lappings; that is,

f̂(Ωα) = f̂(Ωβ) over UαβUU �=�� ∅.

As a result, the cochain
(
f̂(Ωα)

)
∈ C0(U , Ω2k) is a 0-cocycle which determ-

ines a global 2k-form, denoted by

(9.2.3) f(D) ∈ Ω2k(X).
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Proof. For every x ∈ UαβUU , the compatibility condition (8.2.4), along with
the ρ-invariance of f̂ and (9.2.2), implies that

f̂(Ωβ)(x) = f̂(Ωβ(x), . . . ,Ωβ(x))

= f̂
(
(ρ(g−1

αβ ) · Ωα)(x), . . . , (ρ(g−1
αβ ) · Ωα)(x)

)
= f̂(Ωα(x), . . . ,Ωα(x))

= f̂(Ωα)(x).

Note. The notation (9.2.3) reminds us that the form (section) at hand is
derived from the morphisms f and f̂ by means of the connection D (and its
curvature).

9.2.2 Proposition. The global form f(D) of Lemma 9.2.1 is closed, i.e.,

d
(
f(D)

)
= 0,

where d is now the induced morphism on sections

d ≡ (d2k)X : Ω2k(X) := (
∧2kΩ1)(X) −→ (

∧2k+1Ω1)(X) =: Ω2k+1(X).

Proof. Let x be any point of X. If, for instance, x ∈ UαUU , we check that

d
(
f(D)

)
(x) = d

(
f(D)(x)

)
= d
(
f̂(Ωα)(x)

)
= d
(
f̂(Ωα(x), . . . ,Ωα(x))

)
=

k∑
i=1

f̂
(
Ωα(x), . . . ,d(Ωα(x)), . . . ,Ωα(x)

)
,

where the summation is taken over the indices i = 1, . . . , k indicating the
i-th place that d(Ωα(x)) occupies each time. Hence, the local Bianchi iden-
tities (8.3.13) and the Properties (IN. 1) – (IN. 2) transform the last equality
into

d
(
f(D)

)
(x) =

k∑
i=1

f̂
(
Ωα(x), . . . ,Ωα(x)∧ωα(x), . . . ,Ωα(x)

)
= 0.

Stating the previous proposition in a different way, we have that

(9.2.4) f(D) ∈ (ker d)(X) ≡ (ker d2k)(X) ∼= ker (d2k)X ⊆ Ω2k(X).
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9.3. The effect of pull-back

This section deals with some technicalities needed in the sequel and paves
the way towards our main objective, namely the construction of certain
characteristic classes.

Let φ : Y → X be a continuous map, where X is the topological
space over which all the considerations of the previous sections apply. Our
aim is to compare the 2k-form f(D) (see (9.2.3)) with the analogous form
φ∗(f)(D∗) ≡ φ∗(f)(f∗(D)) obtained by pulling back, via φ, all the entities
involved in the construction of f(D). For the identification D∗ ≡ f∗(D) we
refer to (6.5.1) and (6.5.2).

To this end, we first observe that the pull-back of a k-morphism f ∈
Ik(G) by φ may be thought of as the k-morphism

(9.3.1) φ∗(f) :
∏k

φ∗(L) := φ∗(L) ×X · · · ×X φ∗(L)︸ ︷︷︷ ︸︸
k−factors

−→ φ∗(A),

which, after the obvious identification

(9.3.1′) Y ×X

(∏k
L
) ∼= ∏k

(Y ×X L) =
∏k

φ∗(L),

is stalk-wise given by

(9.3.1′′) φ∗(f)
(
(y, u1), . . . , (y, uk)

)
=
(
y, f(u1, . . . , uk)

)
,

for every (y, u1, . . . , uk) with πL(ui) = φ(y) (πL : the projection of L). Thus
φ∗(f) ∈ Ik(φ∗(G)). In analogy to (9.1.5), φ∗(f) induces the k-morphism

(9.3.2) φ̂∗(f) :
∏k

φ∗(Ω·)(φ∗(L)) −→ φ∗(Ω·).
By an obvious extension of Lemma 3.5.1 we have the identification (see

also (8.5.9))

φ∗(Ωp(L)
)

= φ∗(Ωp ⊗A L)
τpττ∼= φ∗(Ωp) ⊗φ∗(A) φ∗(L) = φ∗(Ωp)(φ∗(L)).

In particular, for any (y, w ⊗ u) ∈ {y} × Ωp
φ(y) ⊗Aφ(y)

Lφ(y), (3.5.5′) implies

(9.3.3) τpττ (y, w ⊗ u) =
(
f∗
Ωff ,y ⊗ f∗

Lf ,y

)
= (y, w) ⊗ (y, u),

for every w ∈ Ωp
φ(y) and u ∈ Lφ(y); or, identifying τpττ (y, w⊗u) with (y, w⊗u),

(9.3.3′) (y, w ⊗ u) ≡ (y, w) ⊗ (y, u).
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On the other hand, following an argumentation similar to that of Lemma
3.5.1, we obtain analogous results for the pull-back of the exterior powers of
Ω. Namely,

φ∗(Ωp
∧

AΩq) ∼= φ∗(Ωp)
∧

φ∗(A)φ
∗(Ωq)

resulting from the isomorphism

(9.3.4) (y, w ∧ w′) �−−→ (y, w) ∧ (y, w′),

for every y ∈ Y and w, w′ ∈ Ωφ(y). Thus we can write

(9.3.4′) (y, w ∧ w′) ≡ (y, w) ∧ (y, w′).

Therefore, working stalk-wise, as in the proof of (9.1.6), we check that

φ̂∗(f)
(
(y, w1) ⊗ (y, u1), . . . , (y, wk) ⊗ (y, uk)

)
=

= φ∗(f)
(
(y, u1), . . . , (y, uk)

)
· (y,w1) ∧ . . . ∧ (y, wk)

= φ∗(f)((y, u1, . . . , uk)) · (y,w1) ∧ . . . ∧ (y, wk)(see (9.3.1′′))
=
(
y, f(u1, . . . , uk)

)
· (y, w1 ∧ . . . ∧ wk)(see (9.3.4′))

=
(
y, f̂(w1 ⊗ u1, . . . , wk ⊗ uk)

)
= φ∗(f̂ )(y, w1 ⊗ u1, . . . , wk ⊗ uk)

= φ∗(f̂ )
(
(y, w1) ⊗ (y, u1), . . . , (y, wk) ⊗ (y, uk)

)
.(see (9.3.3′))

Hence, by A-linear extension, one infers that

(9.3.5) φ̂∗(f) = φ∗(f̂ ),

within the aforementioned identifications.
Now, given a connection D on the principal sheaf P, we already know

that φ∗(P) is a principal sheaf (see Example 4.1.9(c)), endowed with the
connection D∗ which can be identified with the morphism φ∗(D), i.e.,

D∗(y, p) = (τ ◦ φ∗(D))(y, p) ≡ φ∗(D)(y, p) = (y, D(p)), (y, p) ∈ Y ×X P

(see Proposition 6.5.1 and the ensuing comments).
By the same token, the curvature R∗ of D∗ identifies with the morphism

φ∗(R) (see (8.5.20) – (8.5.20′′)). The curvature forms (Ω∗
α), defined over the

local frame V = {φ−1(UαUU ) |UαUU ∈ U}, are given by (see (8.5.21) and (8.5.21′))

(9.3.6) Ω∗
α(y) ≡ φ∗

UαUU (Ωα)(y) =
(
y, Ωα(φ(y))

)
, y ∈ φ−1(UαUU ).
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As a result, using the previous identifications, we have in analogy to (9.2.1)
and (9.2.2):(

φ̂∗(f)(Ω∗
α)
)
(y) = φ̂∗(f)

(
Ω∗

α(y), . . . ,Ω∗
α(y)
)

= φ∗(f̂ )
(
(y, Ωα(φ(y))), . . . (y, Ωα(φ(y)))

)
= φ∗(f̂ )

(
y, Ωα(φ(y)), . . . ,Ωα(φ(y))

)
=
(
y, f̂
(
Ωα(φ(y)), . . . ,Ωα(φ(y))

))
=
(
y, f̂
(
Ωα(φ(y))

))
=
(
φ∗

UαUU (f̂(Ωα))
)
(y),

for every y ∈ φ−1(UαUU ). Thus, within appropriate isomorphisms,

(9.3.7) φ̂∗(f)(Ω∗
α) = φ̂∗(f)

(
φ∗

UαUU (Ωα)
)

= φ∗
UαUU

(
f̂(Ωα)

)
.

Moreover, for every y ∈ φ−1(UαβUU ), Lemma 9.2.1 and equality (9.3.7)
imply (

φ̂∗(f)(Ω∗
α)
)
(y) = φ∗

UαUU

(
f̂(Ωα)

)
(y) =

(
y, f̂(Ωα)(f(y))

)
=(

y, f̂(Ωβ)(f(y))
)

= φ∗
UβU

(
f̂(Ωβ)

)
(y) =

(
φ̂∗(f)(Ω∗

β)
)
(y);

in other words,
φ̂∗(f)(Ω∗

α) = φ̂∗(f)(Ω∗
β).

Hence, the forms (9.3.7), for all α ∈ I, define a global form denoted by

φ∗(f)(D∗) ≡ φ∗(f)(φ∗(D)) ∈ φ∗(Ω2k)(Y ) ∼= φ∗(Ω)2k(Y ).

This is actually the pull-back of f(D), i.e.,

(9.3.8) φ∗(f)(D∗) = φ∗(f(D)).

Indeed, for any y ∈ Y with, say y ∈ φ−1(UαUU ), it follows from (9.3.6),
(9.3.7), and the definition of f(D):(

φ∗(f)(D∗)
)
(y) =

(
φ̂∗(f)(Ω∗

α)
)
(y) =

(
φ∗

UαUU (f̂(Ωα))
)
(y) =(

y, f̂(Ωα)(φ(y))
)

=
(
y, f(D)(φ(y))

)
= φ∗(f(D)

)
(y).

Summarizing, we have proved the following:
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9.3.1 Theorem. Let P ≡ (P,G, X, π) be a principal sheaf, equipped with
a connection D, with curvature R and local curvature forms (Ωα), over a
local frame U . Also, let f ∈ Ik(G) be a k-morphism and f(D) ∈ Ω2k(X)
the 2k-form obtained from f and the 0-cocycle (f̂(Ωα)) ∈ Ž0(U , Ω2k). If
φ : Y → X is a continuous map, then the pull-back k-morphism φ∗(f) ∈
Ik(φ∗(G)) and the pull-back connection D∗ ≡ φ∗(D) on the principal sheaf
φ∗(P) ≡ (φ∗(P), φ∗(G), Y, π∗), with curvature R∗ and local curvature forms
{Ω∗

α ≡ φ∗
UαUU (Ωα) |α ∈ I}, determine a 2k-form

φ∗(f)(D∗) ≡ φ∗(f)(φ∗(D)) ∈ φ∗(Ω2k)(Y ) ∼= φ∗(Ω)2k(Y ),

which is obtained from the 0-cocycle φ̂∗(f)
(
φ∗

UαUU (Ωα)
)
∈ Ž0(V, φ∗(Ω2k)) and

coincides with the pull-back of f(D). Here V = {φ−1(UαUU ) |UαUU ∈ U}.

Proposition 9.2.2 and routine calculations now yield:

9.3.2 Corollary. The form φ∗(f)(φ∗(D)) ≡ φ∗(f)(D∗) ∈ φ∗(Ω2k)(Y ) is
closed with respect to the differential induced on global forms by the pull-
back differential φ∗(d) : φ∗(Ω2k) → φ∗(Ω2k+1); that is,

φ∗(d)
(
φ∗(f)(φ∗(D))

)
= 0.

Equivalently,

(9.3.9)
φ∗(f)(φ∗(D)) ∈

(
ker φ∗(d)

)
(Y ) =(

φ∗(ker d)
)
(Y ) =

(
Y ×X (ker d)

)
(Y ),

if, as in Proposition 9.2.2, d ≡ (d2k)X .

9.4. Cohomology classes from k-morphisms

In addition to the conditions of (9.1.1), we assume that X is a generalized
de Rham p-space; hence, by definition, we have the exact sequence (2.5.17),
repeated here for convenience, namely

(9.4.1) 0 −→ ker d0 ↪→ A↪↪
d0

−−→ Ω1 d1

−−→ Ω2 −→ · · · −→ Ωp dp

−−→ dpdd Ωp −→ 0.

Let ω ∈ Ωp(X) be a closed p-form, i.e., as in Proposition 9.2.2, dω ≡
(dpdd )Xω = 0. Then, the exactness of

(9.4.2) 0 −→ ker dpdd
i

↪→↪↪ Ωp dp

−−→ dpdd Ωp −→ 0,
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as part of (9.4.1), implies that

(9.4.3) ω ∈ (ker dpdd )(X) = (dpdd −1Ωp−1)(X).

Thus, ω may be regarded as a 0-zero cocycle, i.e., ω ∈ Ž0(U , dpdd −1Ωp−1), for
some open covering U of X.

We consider the order p − 1 analog of (9.4.2), i.e.

(9.4.4) 0 −→ ker dpdd −1 i
↪→↪↪ Ωp−1 dp−1

−−−−−− →−− dpdd −1Ωp−1 −→ 0

and the next diagram, consisting of commutative sub-diagrams (compare
with Diagram 1.15).

...
...

...

0 �� Č2(U , ker dp−1)

�

i�� Č2(U ,Ωp−1)

�

dp−1
�� dp−1

(
Č2(U ,Ωp−1)

)
�

�� 0

( I )

0 �� Č1(U , ker dp−1)

δ

�

i�� Č1(U ,Ωp−1)

δ

�

dp−1
�� dp−1

(
Č1(U ,Ωp−1)

)
δ

�

�� 0

( II ) ( III )

0 �� Č0(U , ker dp−1)

δ

�

i�� Č0(U ,Ωp−1)

δ

�

dp−1
�� dp−1

(
Č0(U ,Ωp−1)

)
δ

�

�� 0

...

�

...

�

...

�

Diagram 9.1.

For simplicity, the morphisms between cochains in the horizontal se-
quences of the diagram, induced by the morphisms i and dpdd −1 of (9.4.4),
are denoted by the same symbols, whereas all the coboundary operators in
the vertical sequences are denoted by δ. The symbol Č has been used to
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emphasize that we are dealing with Čech cochains and, later on, with Čech
cohomology.

The bijectivity of dpdd −1 in (9.4.4) and the paracompactness of X im-
ply that ω ∈ Ž0(U , dpdd −1Ωp−1) ⊆ Č0(U , dpdd −1Ωp−1), is refinement-liftable
(see Subsection 1.6.2). In other words, there exists a 0-cochain (θα) ∈
Č0(U , Ωp−1) such that dpdd −1((θα)) = (dpdd −1θα) = ω (see (1.6.31) and the
relevant definition).

It should be noted that (θα) is generally defined over a refinement, say
V, of the initial covering U , and ω is now thought of as a 0-cocycle over
the same refinement. In spite of this change, for notational convenience, we
retain the same symbol for the coverings, as similar changes will appear at
the successive steps of the procedure we are applying.

By the commutativity of sub-diagram (III), we have that

dpdd −1
(
δ((θα))

)
= δ(ω) = 0,

which means that the 1-cochain δ((θα)) ∈ Č1(U , Ωp−1) lies in the kernel of
dpdd −1, i.e.,

δ((θα)) ∈ ker
{
dpdd −1 : Č1(U , Ωp−1) −→ dpdd −1

(
Č1(U , Ωp−1)

) }
.

Therefore, in virtue of the exactness of the middle sequence, there exists a
1-cochain

(9.4.5) η = (ηαβ) ∈ Č1(U , ker dpdd −1)

such that

(9.4.6) i(η) = δ((θα)).

On the other hand, the commutative sub-diagram (I) yields

δ(i(η)) = i(δ(η))

or, by (9.4.6),
δ(i(η)) = i(δ(η)) = (δ ◦ δ)((θα)) = 0,

which implies that

(9.4.7)
i(η) ∈ ker

{
δ : Č1(U , Ωp−1) −→ Č2(U , Ωp−1)

}
= Ž1(U , Ωp−1) ⊆ Č1(U , Ωp−1).
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Consequently, (9.4.5) and (9.4.7), together with the exactness of (9.4.1),
show that

η ∈ Ž1(U , ker dpdd −1) = Ž1(U , im dpdd −2) = Ž1(U , dpdd −2Ωp−2).

In brief, we see that, from ω ∈ (dpdd −1Ωp−1)(X), identified with a cocycle
ω ∈ Ž0(U , dpdd −1ωp−1), we obtain a cochain (θα) ∈ Č0(U , Ωp−1) such that
dpdd −1((θα)) = ω and δ((θα)) = η ∈ Ž1(U , dpdd −2Ωp−2).

For η we apply the same procedure using the analog of (9.4.4) for dpdd −2

and the analog of Diagram 9.1, thus we obtain a cocycle

ζ ∈ Ž2(U , ker dpdd −2) = Ž2(U , dpdd −3Ωp−3).

Repeating the same method down to d = d0, we finally obtain a 1-cocycle

z(ω) ∈ Žp(U , ker d),

which determines the cohomology class

c(ω) := [z(ω)] ∈ Ȟp(X, ker d).

The notations z(ω) and c(ω) are introduced in order to remind us that
the cocycle and its class both originate from ω.

Regarding the previous construction, one more remark is appropriate
here: The 1-cocycle η = (ηαβ) is not uniquely determined by ω, since many
0-cochains (θα) can be mapped (by dpdd −1) to ω. However, η is uniquely
determined up to coboundary .

Indeed, let (θ′α) ∈ C0(U , Ωp−1) be another cochain with dpdd −1((θ′α)) = ω
and let η′ ∈ Z1(U , ker dpdd −1) be a cocycle with i(η′) = δ((θ′α)). The last
equality, together with (9.4.6), implies that

(9.4.8) i(η − η′) = δ((θα)) − δ((θ′α)) = δ
(
(θα − θ′α)

)
.

Since dpdd −1((θα)) = ω = dpdd −1((θ′α)) yields (θα) − (θ′α) ∈ ker dpdd −1, there is a
(λα) ∈ Č0(U , ker dpdd −1) such that

(9.4.9) i((λα)) = (θα − θ′α).

Hence, by (9.4.8), (9.4.9), and the commutativity of sub-diagram (II), we
have that

(i ◦ δ)((λα)) = (δ ◦ i)((λα)) = δ((θα − θ′α)) = i(η − η′),
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i.e., η − η′ = δ((λα)), which proves the claim. The same arguments apply
down to the last cocycle z = z(ω), so the class c(ω) = [z(ω)] is well defined .

Our discussion constitutes the proof of the following result, stated form-
ally for later reference.

9.4.1 Lemma. Let X be a generalized de Rham p-space. Then a closed
p-form ω ∈ Ωp(X) determines a (p(( -dimensional) cohomology class

c(ω) ∈ Ȟp(X, ker d) ∼= Hp(X, ker d).

9.4.2 Remarks. 1) The identification of the cohomology modules in the
previous statement is a consequence of the general property of cohomology
(1.6.21), since (by Definition 2.5.5) X is paracompact .

2) If, in addition, X is a de Rham p-space, then ker d = K, and the class
c(ω) is analogous to a class of the ordinary de Rham cohomology.

Returning to the 2k-form f(D) ∈ Ω2k(X), defined by Lemma 9.2.1, we
see that Proposition 9.2.2 and Lemma 9.4.1 directly lead to:

9.4.3 Corollary. If X is a generalized de Rham 2k-space, then the closed
2k-form f(D) ∈ Ω2k(X) determines a 2k-dimensional cohomology class

(9.4.10) c
(
f(D)

)
= [f(D)] ∈ Ȟ2k(X, ker d) ∼= H2k(X, ker d).

By its construction, f(D) is derived from a k-morphism f ∈ Ik(G), by
means of a connection D and its curvature, defined on a fixed G-principal
sheaf. Therefore, it is natural to ask whether the class (9.4.10) depends
on the choice of D. The answer is negative, according to Proposition 9.4.6
below. In preparation of its proof we need the following auxiliary result:

9.4.4 Lemma. Let D0 and D1 be two connections on a principal sheaf
P ≡ (P,G, X, π). Then their convex combination

D = tD0 + (1 − t)D1; t ∈ [0, 1] ⊆ R,

is also a connection on P.

Before the proof we explain that, for any λ ∈ R and any connection D,
the morphism λD : P → Ω1(L) is defined by (λD)(p) = λ · D(p), the right-
hand side denoting multiplication by scalars after the natural imbedding
ix : R ∼= {x}×R ↪→ A↪↪ x, x = π(p). Similar is the meaning of λ∂, also needed
in the proof.
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Proof. We first prove that

(9.4.11) t · (ρ(g).w) = ρ(g).(tw),

for every t ∈ R and (g, w) ∈ G ×X Ω(L). Indeed, since ρ(g).w = ∆(g, w)
(see (3.3.7)), it suffices to work with the local actions (∆U ), generating ∆,
and given by (3.3.6). Then, for any s ∈ G(U) and θ ∈ Ω1(U) ⊗A(U) L(U),

(t∆U )(s, θ) = t ·
(
(1 ⊗ ρ(s))(θ)

)
= (1 ⊗ ρ(s))(tθ) = ∆U (s, tθ).

The proof of the statement is now a routine verification of Definition
6.6.1 by taking into account (9.4.11).

For immediate use we also have the following, easy to prove, proposition
relating the cohomology class of f(D) with the class of φ∗(f)(f∗(D)) ≡
φ∗(f)(D∗). To this end, observe that, for a continuous map φ : Y → X
and any A-module S, the pull-back functor φ∗ induces the morphism of
cohomology modules

(9.4.12) φ# : Ȟ∗(X,S) −→ Ȟ∗(Y, φ∗(S)) : [ z ] �→ φ#([ z ]) := [φ∗(z)],

for every cocycle z ∈ Žp(U ,S), p ∈ Z+
0 , over an open covering U of X. More

precisely, for any (α0, . . . , αp) and y ∈ φ−1(UαUU 0 ∩ . . . ∩ UαUU p),

φ∗(z)α0···αp(y) :=
(
y, zα0···αp(φ(y))

)
;

that is, using the notation (1.4.3),

φ∗(z)α0···αp = φ∗
U (zα0···αp), U := UαUU 0 ∩ . . . ∩ UαUU p .

For further details one may consult, e.g., Godement [33, p. 199].

Note. Many authors use the symbol φ∗ in place of φ#. To avoid any
confusion with the pull-back functor, we adhere to the latter notation.

Combining the constructions of Section 9.3 with the previous considera-
tions, we obtain:

9.4.5 Proposition. Let P ≡ (P,S, X, π) be a principal sheaf endowed with
a connection D. If X is a generalized de Rham 2k-space and φ : Y → X a
continuous map, then

φ#
(
c(f(D))

)
= c
(
φ∗(f)(D∗)

)
≡ c
(
φ∗(f)(f∗(D))

)
,

for every k-morphism f ∈ Ik(G).
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Of course, one needs to prove that if X is a generalized de Rham 2k-
space, then so is Y . However, it is not hard to show that the exactness of
(9.4.1) implies the exactness of the sequence obtained by pulling back (via
φ) the modules and morphisms of the former.

We now return to the question raised after Corollary 9.4.3, namely the
proof of the following result.

9.4.6 Proposition. Let f ∈ Ik(G) and a principal sheaf P over a gen-
eralized de Rham 2k-space X. Then the class c(f(D)) ∈ H2k(X, ker d) is
independent of the choice of the connection D on P.

Proof. If D0 and D1 are two arbitrary connections on P, we shall show
that c(f(D0)) = c(f(D1)) by a homotopy argument.

More precisely, we consider the closed interval I = [0, 1] ⊆ R, the topo-
logical space X × I and the projection to the first factor

pX : X × I −→ X : (x, t) �→ x.

For each t ∈ I, we also consider the (continuous) inclusion map

ht : X −→ X × I : x �→ (x, t).

We have two immediate results: Firstly, equality

(9.4.13) pX ◦ ht = idX ,

is valid for every t ∈ I. Secondly,

(9.4.14) the maps h0 and h1 are homotopic by means of the homotopy
H := id : X × I −→ X × I.

The pull-back p∗
X

(P) of P ≡ (P,G, X, π) is a p∗
X

(G)-principal sheaf over
X × I, equipped with the pull-back connections D∗

0 ≡ p∗
X

(D0) and D∗
1 ≡

p∗
X

(D1) (see Section 6.5 and, in particular, the identification (6.5.2)). Hence,
in virtue of Lemma 9.4.4,

(9.4.15) D∗ := tD∗
0 + (1 − t)D∗

1,

is a connection on p∗
X

(P), which can be identified with

(9.4.15′) D∗ = tp∗
X

(D0) + (1 − t)p∗
X

(D1) = p∗
X

(
tD0 + (1 − t)D1

)
.
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Pulling back p∗X(P) by ht, we return (up to an isomorphism) to the
initial principal sheaf P, since (1.4.6) and (9.4.13) yield

h∗
t (p

∗
X

(P)) = (pX ◦ ht)∗(P) = id∗
X

(P) ∼= P,

for every t ∈ I. By the same token, the connections D∗, D∗
0, D∗

1 determine
the corresponding pull-back connections, which can be identified, respect-
ively, with

h∗
t (D

∗), h∗
t (D

∗
0) ≡ D0, h∗

t (D
∗
1) ≡ D1.

Hence, setting

(9.4.16) Dt := h∗
t (D

∗),

and pulling-back both sides of (9.4.15′) by ht, we have that

Dt = h∗
t (D

∗) ≡ (pX ◦ ht)∗
(
tD0 + (1 − t)D1

)
≡ tD0 + (1 − t)D1.

The new connection Dt on P determines, in turn, the class c(f(Dt)) ∈
H2k(X, ker d), for the given k-morphism f .

On the other hand, the pull-back connection D∗ ≡ p∗
X

(D) on p∗
X

(P) and
the k-morphism p∗

X
(f) ∈ Ik(p∗

X
(G)) determine the class

c
(
p∗

X
(f)(D∗)

)
∈ H2k

(
X × I, ker p∗

X
(d)
)

= H2k
(
X × I, p∗

X
(ker d)

)
,

where the equality concerning the kernels is routinely verified. Thus, by ap-
plying the cohomology functor h#

t , Proposition 9.4.5 and equalities (9.4.13),
(9.4.16) imply that

h#
t

(
c
(
p∗

X
(f)(D∗)

))
= c
(
h∗

t

(
p∗

X
(f)
)(

h∗
t (D

∗)
))

= c
(
f(Dt)

)
.

Therefore, for t = 0, 1, we obtain the equalities

c(f(D0)) = h#
0

(
c
(
p∗

X
(f)(D∗)

))
,(9.4.17)

c(f(D1)) = h#
1

(
c
(
p∗

X
(f)(D∗)

))
.(9.4.18)

Since, by (9.4.14), h0 and h1 are homotopic, the general theory of cohomo-
logy (see, e.g., Spanier [116, p. 240], Mallios [62, Vol. II, p. 161]) implies
that

h#
0

(
c
(
p∗

X
(f)(D∗)

))
= h#

1

(
c
(
p∗

X
(t)(D∗)

))
,

which, combined with (9.4.17) and (9.4.18), leads to

c
(
f(D0)

)
= c
(
f(D1)

)
.

This completes the proof.
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9.4.7 Remarks. 1) The vector sheaf and vector bundle analogs of Pro-
position 9.4.6 can be found in Mallios [62, p. 259] and Milnor-Stasheff [74,
p. 298], respectively.

2) In the classical framework, the independence of c(f(D)) from the
choice of the connection D can be shown by using the so-called transgression
formula (see, e.g., Kobayashi -Nomizu [49, Vol. II], Naber [81]). However,
this quite popular approach cannot be applied here.

The results obtained so far in the current section are summarized in the
following:

9.4.8 Theorem (Chern -Weil). Let X be a generalized de Rham 2k-space
and let P be a G-principal sheaf over X, where G ≡ (G, ρ,L, ∂) is a Lie sheaf
of groups. We assume that P admits connections and, as in (9.1.1), there
is a Bianchi datum attached to G. Then each k-morphism f ∈ Ik(G) and
any connection D on P determine a closed 2k-form f(D) ∈ Ω2k(X), whose
corresponding cohomology class c(f(D)) ∈ H2k(X, ker d) is independent of
the choice of D.

Owing to the independence of c
(
f(D)

)
from D, we set

(9.4.19) c(f,P) := c
(
f(D)

)
,

for any connection D on P.

9.4.9 Definition. The cohomology class c(f,P) ∈ H2k(X, ker d) is called
the characteristic class of P associated with the k-morphism f ∈
Ik(G).

9.4.10 Proposition. With the assumptions of Theorem 9.4.8, if P admits
a flat connection, then c(f,P) = 0, for every k-morphism f ∈ Ik(G).

Proof. Let D be any flat connection on P. In virtue of Proposition 8.6.2,
all the curvature forms Ωα vanish. Therefore, by Lemma 9.2.1, f(D) = 0,
which concludes the proof.

9.4.11 Remark. The same result holds, of course, under any one of the
(equivalent) conditions (F. 2) – (F. 5) of Theorem 8.6.12, as well as for any
flat G-principal sheaf (see Proposition 8.6.18).

Fixing a principal sheaf P as in Theorem 9.4.8, we shall show that the
assignment of the characteristic class c(f,P) to a k-morphism, for any k,
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determines a map with some nice properties. To see this, we consider the
direct sum of A-modules

(9.4.20) I∗(G) :=
∞⊕

k=0

Ik(G).

It is an A-module, in virtue of Subsection 1.3.2. As usual, I0(G) := A.
Similarly, we define the A(X)-modules

H∗(X, ker d) =
∞⊕

k=0

Hk(X, ker d),(9.4.21)

H∗∗(X, ker d) =
∞⊕

k=0

H2k(X, ker d).(9.4.22)

Obviously,

(9.4.23) H∗∗(X, ker d) ⊂−−→ H∗(X, ker d).

It is also clear that the modules (9.4.20) – (9.4.22) are K-vector spaces, since
K is canonically imbedded in A.

By Theorem 9.4.8 we obtain the map

(9.4.24) WP : I∗(G) −→ H∗(X, ker d) : f �→ WP(f) := c(f,P).

9.4.12 Definition. Let P be a G-principal sheaf over a generalized de Rham
space X, as in Theorem 9.4.8. The map WP , defined by (9.4.24), is called
the Chern -Weil map of P.

9.4.13 Proposition. The Chern -Weil map WP is a K-linear morphism
satisfying the following functorial property

φ# ◦ WP = Wφ∗(P) ◦ φ∗,

for every continuous map φ : Y → X. Equivalently, we have the commutat-
ive diagram:

I∗(G)
WP �� H∗(X, ker d)

I∗(φ∗(G))

φ∗

� Wφ∗(P) �� H∗(Y, kerφ∗(d))

φ#

�

Diagram 9.2
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The vertical map φ∗ in Diagram 9.2 is the morphism induced by the pull-
back of k-morphisms (see Section 9.3), whereas φ# is defined by (9.4.12).
The functorial property is also known as the naturality of WP .

Proof. The first assertion results from the fact that all the maps involved in
the construction of the characteristic classes, in particular the differentials
dpdd and the coboundary operators δp (see also Diagram 9.1) are linear maps
with respect to K, for all p’s.

The naturality of WP is a straightforward combination of Proposition
9.4.5 and equality (9.4.19): If f ∈ Ik(G), then

(φ# ◦ WP)(f) = φ#
(
c(f,P)

)
= φ#

(
c(f(D))

)
=

c
(
φ∗(f)(f∗(D))

)
= c
(
φ∗(f), φ∗(P)

)
= Wφ∗(P)

(
φ∗(f)

)
.

We now examine the behavior of the Chern -Weil maps corresponding to
two equivalent principal sheaves (see Definition 4.6.1). We always assume
that the principal sheaves considered admit connections and that (9.1.1) is
in force.

9.4.14 Proposition. Let P and P ′ be two G-principal sheaves over a gen-
eralized de Rham space X. If P and P ′ are equivalent, then

WP = WP ′ .

Proof. Let h ≡ (h, idG , idL, idX) be an isomorphism defining the equi-
valence of P and P ′. Taking local frames over a common open cover-
ing U = (UαUU ) of X, h is in bijective correspondence with a 0-cochain
(hα) ∈ C0(U ,G) satisfying the properties of Theorem 4.4.2.

If D′ is an arbitrary connection on P ′ with corresponding curvature
R′ ≡ (Ω′

α), then D := D′ ◦ h is the unique connection on P, which is
h-conjugate with D′ (see Definition 6.4.1). By (8.5.4′), the local curvature
forms (Ωα) of D satisfy

ρ(h−1
α ).Ω′

α = Ωα, α ∈ I.

Therefore, for any f ∈ Ik(G) and x ∈ UαUU , equality (9.2.2) and the analog
of (3.3.10) for the action (8.1.7) on forms of higher degree, as well as the
invariance of f̂ (see Lemma 9.1.3), imply that

f̂(Ωα)(x) = f̂(Ωα(x), . . . ,Ωα(x))
= f̂

(
ρ(h−1

α (x)) · Ω′
α(x), . . . , ρ(h−1

α (x)) · Ω′
α(x)
)

= f̂(Ω′
α(x), . . . ,Ω′

α(x))
= f̂(Ω′

α)(x);
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that is, f̂(Ωα) = f̂(Ω′
α), for all α ∈ I. As a result, f(D) = f(D′), and the

Chern -Weil Theorem 9.4.8 yields

WP(f) = WP ′(f),

for every f ∈ Ik(G) and k ∈ Z+
0 . This completes the proof.

9.5. The Chern -Weil homomorphism

We shall show that, under suitable conditions, the Chern -Weil map (9.4.24)
becomes an algebra homomorphism. For the moment we remain with the
assumptions of the previous sections; that is, we assume that X is a gener-
alized de Rham space and P ≡ (P,G, X, π) is a principal sheaf admitting
connections with curvatures, as ensured by the existence of a Bianchi datum
(see (9.1.1)).

For our purpose, we supply I∗(G) with a product in the following way:
If f ∈ Ik(G) and g ∈ I l(G), we define the (k + l)-morphism f � g by

(9.5.1)

(f � g)(u1, . . . , uk, uk+1, . . . , ul) :=
1

(k + l)!

∑
σ∈Sk+l

f(uσ(1)
, . . . , uσ(k)

) · g(uσ(k+1)
, . . . , uσ(k+l)

),

for every (u1, . . . , uk+l) ∈
∏k+l L. Here Sk+l denotes the group of permuta-

tions of {1, . . . , k + l} and the center dot on the right-hand side denotes the
multiplication in A.

It is straightforward to verify that f �g ∈ Ik+l(G); thus I∗(G), equipped
with the multiplication (9.5.1), has the structure of a (graded) commutative
A-algebra with identity . In particular, I∗(G) is a K-algebra with the same
properties, after the canonical imbedding K ↪→ A↪↪ .

Given two morphisms f ∈ Ik(G) and g ∈ I l(G), using (9.2.1) and (9.2.2),
we construct the forms

(f̂ � g)(Ωα) ∈ Ω2(k+l)(UαUU ) = (
∧2(k+l)Ω1)(UαUU ),(9.5.2)

f̂(Ωα) ∧ ĝ(Ωα) ∈ Ω2k(UαUU )
∧

Ω2l(UαUU )

= (
∧2kΩ1)(UαUU )

∧
(
∧2lΩ1)(UαUU ).

(9.5.3)

In order to find the relationship between these forms, we need a few
preliminary remarks. For any p ≥ 2, we know that the sheaf

Ωp = Ω1
∧

A . . .
∧

AΩ1︸ ︷︷︷ ︸︸
p−factors

=
∧pΩ1
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is generated by the presheaf

(9.5.4) U �−→�� Ω1(U)
∧

A(U) . . .
∧

A(U)Ω
1(U) =

∧p(Ω1(U)).

(For the sake of convenience, in what follows the index A will be omitted.)
We denote by

ρpρρU :
∧p(Ω1(U)) −→ (

∧pΩ1)(U)

the canonical map assigning to each “section” of the presheaf (9.5.4) the
corresponding section of

∧pΩ over U (see (1.2.2)). For any decomposable
element (θ1 ∧ . . . ∧ θpθ ) ∈

∧p(Ω1(U)) and every x ∈ U , we have that

(9.5.5) ρpρρU (θ1 ∧ . . . ∧ θpθ )(x) = ρpρρU,x(θ1 ∧ . . . ∧ θpθ ) = θ1(x) ∧ . . . ∧ θpθ (x),

where
ρpρρU,x :

∧p(Ω(U)) −→ (
∧pΩ)x

∼= Ωx

∧
. . .
∧

Ωx︸ ︷︷︷ ︸︸
p−factors

is the canonical map into the stalk. The last term of (9.5.5) actually de-
termines the exterior product on the stalk over x.

Analogously, thinking of Ω2k
∧

Ω2l as the sheaf generated by the presheaf
U �→ Ω2k(U)

∧
Ω2l(U), we have a corresponding canonical map (for every

open U)

(9.5.6) ρk,l
U : Ω2k(U)

∧
Ω2l(U) −→ (Ω2k

∧
Ω2l)(U)

satisfying equality

(9.5.7) ρk,l
U (s ∧ t)(x) = ρk,l

U,x(s ∧ t) = s(x) ∧ t(x), x ∈ U.

Again the last exterior product is meaningful after the identification of stalks
(Ω2k
∧

Ω2l)x
∼= Ω2k

x

∧
Ω2l

x and because s, t are sections of sheaves.

With the previous notations in mind, (9.5.2) and (9.5.3) are now related
as follows.

9.5.1 Lemma. For any f ∈ Ik(G) and g ∈ I l(G), equality

(9.5.8) (f̂ � g)(Ωα) = ρk,l
UαUU

(
f̂(Ωα) ∧ ĝ(Ωα)

)
is satisfied for every α ∈ I.
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Proof. Using (9.5.7) and(9.2.2), we see that

ρk,l
UαUU

(
f̂(Ωα) ∧ ĝ(Ωα)

)
(x) = f̂(Ωα)(x) ∧ ĝ(Ωα)(x) =

f̂(Ωα(x), . . . ,Ωα(x)︸ ︷︷︷ ︸︸
k−times

) ∧ ĝ(Ωα(x), . . . ,Ωα(x)︸ ︷︷︷ ︸︸
l−times

),

for every x ∈ UαUU . Hence, if Ωα =
∑

i∈I θi ⊗ ui,

(9.5.9)

ρk,l
UαUU

(
f̂(Ωα) ∧ ĝ(Ωα)

)
(x) =( ∑

i1,...,ik∈I

f(ui1 , . . . , uik) · θi1 ∧ . . . ∧ θik

)
∧

∧
( ∑

j1,...,jl∈I

g(uj1 , . . . , ujl
) · θj1 ∧ . . . ∧ θjl

)
=

∑
i1,...,ik+l∈I

f(ui1 , . . . , uik) · g(uik+1
, . . . , uik+l

) · θi1 ∧ . . . ∧ θik+l
.

On the other hand,

(f̂ � g)(Ωα)(x) = ̂(f � g)(Ωα(x), . . . ,Ωα(x)︸ ︷︷︷ ︸︸
(k+l)−times

) =

∑
i1,...,ik+l∈I

(f � g)(ui1 , . . . , uik+l
) · θi1 ∧ . . . ∧ θik+l

=(9.5.10)

1
(k + l)!

∑∑
σ

f(uσ(i1)
, . . . , uσ(ik)

) · g(uσ(ik+1)
, . . . , uσ(ik+l)

) · θi1 ∧ . . . ∧ θik+l
,

where the first sum in the last row is taken over all i1, . . . , ik+l ∈ I, and σ
is running in the group of permutations Sk+l.

Now, using the symmetry of both f and g, along with elementary com-
binatorics, we check that the coefficients of θi1 ∧ . . . ∧ θik+l

in (9.5.9) and
(9.5.10) coincide. Thus, by linear extension, we get equality (9.5.8) of the
statement.

9.5.2 Proposition. For every f ∈ Ik(G), g ∈ I l(G) and any connection D
on P, we have that

(9.5.11) (f � g)(D) = ρk,l
X

(
f(D) ∧ g(D)

)
,

where ρk,l
X is the canonical map (9.5.6) over X.
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Proof. Let any x ∈ X. If x ∈ UαUU , for some α ∈ I, then Lemmata 9.2.1,
9.5.1, and equality (9.5.7) imply that

(f � g)(D)(x) = (f̂ � g)(Ωα)(x) = ρk,l
UαUU

(
f̂(Ωα) ∧ ĝ(Ωα)

)
(x) =

f̂(Ωα)(x) ∧ ĝ(Ωα)(x) = f(D)(x) ∧ g(D)(x) = ρk,l
X

(
f(D) ∧ g(D)

)
(x),

which concludes the proof.

To bring to completion the aim of this section, we need to define an
appropriate product on H∗(X, ker d), involving the exterior product of forms
(viz. sections), since the classes we are interested in arise from such objects.

However, the cohomology classes c(ω) ∈ Ȟp(X, ker d), obtained from the
closed forms ω ∈ Ωp(X), as discussed before (and summarized in) Lemma
9.4.1, may be problematic with regard to this product. As a matter of
fact, if ω1, ω2 are two closed forms as before, then it is not assured that
c(ω1 ∧ ω2) = c(ω1) ∧ c(ω2), which would be the desirable result. This is
due to the fact that the class of ω is constructed by a cocycle, obtained by
successive applications of the chasing diagram routine, so the shifting from
the cochains of a certain degree to another may not preserve the exterior
product.

To overcome this difficulty, we consider a new (equivalent) cohomology,
which behaves well with respect to the exterior product, and then we transfer
the latter product to H∗(X, ker d). Of course, this is done at an extra cost,
as we explain in what follows.

The new cohomology is derived from the A(X)-complex

0 −→ Γ(A)
ΓX(d0)−−−−−− →−− ΓX(Ω1)

ΓX(d1)−−−−−−− →−− ΓX(Ω2) −→ · · · ,

where ΓX is the (global) section functor. The previous complex is also
written in the form

(9.5.12) 0 −→ A(X)
d0

X−−→ Ω1(X)
d1

X−−−−− →−− Ω2(X) −→ · · ·

Now, in addition to the assumptions (9.1.1), we further suppose that
(this is the extra cost !)

X is a de Rham space, which means that

0 −→ A d0

−−→ Ω1 d1

−−→ Ω2 −→ · · · −→ Ωp dp

−−→ · · ·−−

is an acyclic resolution of ker d.
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(see Definition 2.5.5). But then we can apply the abstract de Rham Theorem
(see the end of Subsection 1.6.3 and equality (1.6.36)), by which

(9.5.13)

Ȟp(X, ker d) = Hp(X, ker d) =

ker
{
dpddX : Ωp(X) −→ Ωp+1(X)

}
im
{
dpdd −1

X : Ωp−1(X) −→ Ωp(X)
} =:

ker
(
dpddX

)
im
(
dpdd −1

X

)
within isomorphisms of A(X)-modules (see also Remark 9.4.2(1)). We recall
that ker d is the A-module ker{d : A → Ω1}. Although it is customary to
drop the superscript and subscript of dpddX and simply write d, in order to
avoid any confusion between d : A → Ω1 and dpddX : Ωp(X) → Ωp+1(X), we
retain the full notation of the latter differential.

If ω ∈ Ωp(X) is a closed form, we denote by

[ω]d ∈
ker
(
dpddX

)
im
(
dpdd −1

X

)
the cohomology class of ω defined by the sequence (9.5.12), whereas c(ω) is
the class of ω in Hp(X, ker d). Hence, we have the bijective correspondence

(9.5.14) Hp(X, ker d) � c(ω)
hp−−−−− →−− [ω]d ∈

ker
(
dpddX

)
im
(
dpdd −1

X

) ,
where hp stands for the isomorphism (9.5.13).

Before proceeding further, let us explain how one defines the exterior
product of classes of the previous kind. For two classes

[ω1]d ∈
ker
(
dpddX

)
im
(
dpdd −1

X

) and [ω2]d ∈
ker
(
dq

X

)
im
(
dq−1

X

) ,
we set (see (9.5.6) and the notations of Proposition 9.5.2)

(9.5.15) [ω1]d ∧ [ω2]d := [ρp,qρρX (ω1 ∧ ω2)]d ∈
ker
(
dpdd +q

X

)
im
(
dpdd +q−1

X

) .
The right-hand side class is defined, because if ω1 and ω2 are closed forms,
so is ρp,qρρX (ω1 ∧ ω2). Indeed, for every x ∈ X, using (9.5.7) we have:(

dpdd +q
X (ρp,qρρX (ω1 ∧ ω2))

)
(x) = dpdd +q

X

(
ω1(x) ∧ ω2(x)

)
=

dpddX(ω1(x)) ∧ (ω2(x)) + (ω1(x)) ∧ dq
X(ω2(x)) =

(dpddXω1)(x) ∧ (ω2(x)) + (ω1(x)) ∧ (dq
Xω2)(x) = 0.
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We prove that (9.5.15) is independent of the representatives of the classes
on the left-hand side. To see this, assume that [ω1]d = [ω′

1]d and [ω2]d =
[ω′

2]d. Then there are θ1 ∈ Ωp−1 and θ2 ∈ Ωq−1 such that

(9.5.16) ω′
1 = ω1 + dpdd −1

X θ1 and ω′
2 = ω2 + dq−1

X θ2.

We shall show that

(9.5.17) ρp,qρρX (ω′
1 ∧ ω′

2) = ρp,qρρX (ω1 ∧ ω2) + dpdd +q−1
X θ,

where

(9.5.18) θ = ρpρρ −1,q
X (θ1 ∧ ω2) + (−1)pρp,qρρ −1

X (ω1 ∧ θ2) + ρpρρ −1,q−1
X (θ1 ∧ θ2).

Thus, in virtue of (9.5.7), it suffices to show that

ω′
1(x) ∧ ω′

2(x) = ω1(x) ∧ ω2(x) + (dpdd +q−1
X θ)(x)

= ω1(x) ∧ ω2(x) + dpdd +q−1
X (θ(x)),

(9.5.19)

for every x ∈ X.
Indeed, taking into account that ω1 and ω2 are closed, as well as that

dpdd +1 ◦ dpdd = 0, (9.5.18) yields

dpdd +q−1
X (θ(x)) =

dpdd +q−1
X

(
θ1(x) ∧ ω2(x) + (−1)p ω1(x) ∧ θ2(x) + θ1(x) ∧ θ2(x)

)
=

dpdd −1
X (θ1(x)) ∧ ω2(x) + ω1(x) ∧ dq−1

X (θ2(x)) + dpdd −1
X (θ1(x)) ∧ dq−1

X (θ2(x)).

Hence, in virtue of (9.5.16) and the preceding equality, we have

ω1(x) ∧ ω2(x) + dpdd +q−1
X (θ(x)) =(

ω1(x) + dpdd −1
X (θ1(x))

)
∧
(
ω2(x) + dq−1

X (θ2(x))
)

=
ω′

1(x) ∧ ω′
2(x);

that is, we obtain (9.5.19), which, as already explained, proves (9.5.17) and
the independence of (9.5.15) from the representatives of the classes.

Now, in virtue of the isomorphism (9.5.13), the exterior product of two
classes c(w1) ∈ Hp(X, ker d) and c(w2) ∈ Hq(X, ker d) is, by definition, the
class c(w1) ∧ c(w2) ∈ Hp+q(X, ker d) given by

(9.5.20) c(w1) ∧ c(w2) := h−1
p+q

(
[w1]d ∧ [w2]d

)
= h−1

p+q

(
[ρp,qρρX (ω1 ∧ ω2)]d

)
.

As a result, H∗(X, ker d) has the structure of a (graded) A(X)-algebra. In
particular, H∗(X, ker d) is a K-algebra.

The previous preparation allows us to conclude with the following:
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9.5.3 Theorem. Let X be a de Rham space, G a Lie sheaf of groups and
(G,D, d2) a Bianchi datum. If P is a G-principal sheaf over X admitting
connections, then the Chern -Weil map WP : I∗(G) → H∗(X, ker d) becomes
a K-algebra morphism with respect to the products (9.5.1) and (9.5.20).

Proof. For any f ∈ Ik(G), g ∈ I l(G), and for an arbitrary connection D on
P, equalities (9.4.24) and (9.4.19) imply that

WP(f � g) = c
(
(f � g)(P)

)
= c
(
(f � g)(D)

)
,

or, by (9.5.14) and (9.5.11),

WP(f � g) = h−1
k+l

(
[(f � g)(D)]d

)
= h−1

k+l

(
ρk,l

X [f(D) ∧ g(D)]d
)
.

Hence, in virtue of (9.5.20),

WP(f � g) = c
(
f(D)

)
∧ c
(
g(D)
)

=

c(f,P) ∧ c(g,P) = WP(f) ∧ WP(g).

The morphism of K-algebras WP , obtained under the conditions of the
preceding theorem, is called the Chern -Weil homomorphism of P.

Notes. 1) In the case when ker d = R, the previous situation is reminiscent
of the classical analog within the framework of ordinary principal sheaves
and Ad-invariant morphisms.

2) If we consider a principal sheaf with structure sheaf GL(n,A), then
a k-morphism f :

∏k MmMM ×n(A) → A can be connected with symmetric
Ad-invariant polynomials, so we obtain a Chern -Weil homomorphism in-
volving such polynomials. Furthermore, combining Proposition 5.2.5 and
Theorem 7.1.6, we obtain a Chern -Weil homomorphism in the context of
vector sheaves (and polynomials). A direct proof of this is given in Mallios
[62, Vol. II, p. 271].



Chapter 10

Applications
and further examples

L’ application pratique se trouve quand
on ne la cherche pas et on peut dire
que tout le programme de civilisation
repose sur ce principe. ... [d’ import-
antes recherches mathématiques] elles
sont inspirées par le désir qui est le mo-´
tif commun de tout travail scientifique,
celui de savoir et de comprendre.

J. Hadamard [40, pp. 115–116]

T his chapter contains a few applications and examples further illustrating
some of the general ideas exhibited in the preceding chapters. They

supplement, in a sense, the basic examples given at various stages of our
exposition.

369
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More precisely, in Section 10.1 we discuss the notion of differential triad
in the context of non-commutative geometry. In Section 10.2 we exam-
ine how the connection theory of infinite-dimensional bundles fits into our
scheme. This is applied to the concrete case of manifolds and bundles mod-
elled on projective finitely generated A-modules, where A is a unital com-
mutative associative locally m-convex algebra (Section 10.3). In Section 10.4
we deal with the torsion of an A-connection on the vector sheaf Ω∗, and we
show that the local torsion forms satisfy the analogs of Cartan’s structure
equation and Bianchi’s identity. In Section 10.5 we prove that the existence
of a Riemannian metric on a vector sheaf is equivalent to the reduction of
its structure sheaf to the orthogonal group sheaf.

Finally, the problems concluding the chapter raise certain research ques-
tions that have not been touched upon here. Undoubtedly, an answer to
them would be an add-on to our work, enhancing the effectiveness of the
present approach.

10.1. A non-commutative differential triad

Starting with a differential triad (A, d, Ω) in the (original) sense of Definition
2.1.2, in Section 3.1 we constructed its matrix sheaf extension (Mn(A), d,
Mn(Ω)), where Mn(A) is a non-commutative algebra sheaf. Hence, the
notion of differential triad is susceptible of a generalization within the non-
commutative framework. Of course, the question of how far one can go in
this direction remains open.

In the present section we want to outline another example of a non-com-
mutative differential triad derived from non-commutative geometry. This
idea has been suggested by A. Asada ([5]) who is heartily thanked again
here.

We briefly recall that a ∗-algebra is a complex algebra A with an in-
volution, i.e., a map ∗ : A → A satisfying the properties:

(a + b)∗ = a∗ + b∗(i)

(λa)∗ = λa∗(ii)
(a · b)∗ = b∗ · a∗(iii)

(a∗)∗ = a(iv)

for every a, b ∈ A and λ ∈ C.
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A C∗-algebra is a Banach ∗-algebra A whose involution satisfies, in
addition, the C∗-property :

(v) ‖ a∗ · a ‖ = ‖ a ‖2, a ∈ A.

By the Gel’fand-Naimark theorem, a C∗-algebra is isometrically ∗-iso-
morphic with a closed subspace of the space L(H) of continuous (bounded)
operators of a complex Hilbert space H. The space L(H) is a C∗-algebra
whose involution associates to each operator T ∈ L(H) its adjoint T ∗. To
avoid any confusion, we denote by J the involution of L(H), thus J(T ) = T ∗.

From the very extensive literature on C∗-algebras, we cite, e.g., Bonsall-
Duncan [11] and Murphy [80], where the reader is referred for details.

Let A be a C∗-algebra, viewed as an infinite-dimensional Hilbert space
(of operators). We assume that J is self-adjoint, i.e. J∗ = J . Since J 2 = id
(: J has square 1), we further assume that the two proper spaces

{T | J(T ) = T} and {T | J(T ) = −T}

are infinite-dimensional. In this case, the Hilbert space at hand admits a
polarization and the space itself is said to be polarized . Polarized Hilbert
spaces are important to loop groups and integrable systems (see [103, p. 80]).

According to A. Connes’s general construction (see [21, pp. 19, 313]), the
quantized differential da of a ∈ A is defined as follows: If a is identified
with an operator T ∈ L(H), then

da ≡ dT := [J, T ] = J T − TJ.

The previous commutator is given by

[J, T ](S) = J(S) ◦ T − T ◦ J(S) = S∗ ◦ T − T ◦ S∗, S ∈ L(H).

On the other hand, we define Ω to be the A-module generated by the
elements [J, a] ≡ [J, T ], for all a ∈ A. As a result, we establish the map

d : A � a �−→�� da = [J, a] ∈ Ω,

which is C-linear and satisfies the Leibniz rule. The derivation d is rich in
geometric information, but this cannot be described here.

Now, let us consider a C∗-algebra sheaf A over a topological space X ≡
(X, TX). For each U ∈ TX , A(U) is a C∗-algebra; hence, by the above
constructions, we associate with it an A(U)-module Ω(U) and a C-linear
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map dU : A(U) → Ω(U) satisfying the Leibniz rule. Therefore, varying
U in TX , we obtain the A-module Ω := S

(
U �−→�� Ω(U)

)
and the C-linear

morphism d : A → Ω, with d := S
(
(dU )U∈TX

)
, satisfying the Leibniz rule.

Then (A, d, Ω) is a non-commutative differential triad.
A theory of non-commutative connections on vector sheaves seems to

be more complicated, since even the construction of ordinary (non sheaf-
theoretic) non-commutative connections is based on particular technicalities
(such as the Schatten–von Neumann ideals etc.) which are beyond the scope
of this work. The interested reader is referred to Asada [4] (see also Connes
[21]) for the latter terminology and related results.

Note. Non-commutative geometry is an “algebraic” approach to differen-
tial geometry within the non-commutative framework (see Connes op. cit.,
Madore [56] and their references). Among its ambitions are the description
and understanding of the “quantum world”. Without entering the discussion
whether this target may or may not be achieved by the concrete methods
of non-commutative geometry (cf., for instance, J. Nestruev’s comments in
[83, p. 141]), we would like to say that this point of view has the same philo-
sophy as ADG; namely, to bypass the manifold structure on a space X and
concentrate on the algebraic quantities over it. The reader who is familiar
with non-commutative geometry, may have noticed that certain principles
of it are closely related with analogous ones of ADG. However, many aspects
of the former lack a convenient localization and cannot be included in our
scheme.

10.2. Classical infinite-dimensional connections

As we saw in Example 6.2(a), in conjunction with Theorem 6.2.1, connec-
tions on finite-dimensional principal bundles can be thought of as (sheaf-
theoretic) connections in the sense of Definition 6.1.1. This is based on the
identification (see Example 3.3.6(a) and equality (3.3.13))

Λ1(U, G) ∼= Λ1(U, R) ⊗C∞(U,R) C∞(U, G),

if G denotes the Lie algebra of a given (finite-dimensional) Lie group G. We
recall that Λ1(U, G) is the C∞(U, R)-module of G-valued differential 1-forms
on an open U ⊆ X. Moreover, Ω(U) ∼= Λ1(U, R) if Ω ≡ Ω1

X is the sheaf (of
germs) of R-valued differential 1-forms on the smooth manifold X.

Although the above identification is not generally valid in the infinite-
dimensional framework, we obtain a sheaf-theoretic interpretation of the
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connections on an infinite-dimensional principal bundle, under a slight modi-
fication of Example 6.2.(a).

More precisely, we start with a principal bundle (P, G, X, π) whose base
X and structural group G have an appropriate infinite-dimensional differen-
tial structure (e.g., Banach manifold and Banach-Lie group, respectively). If
G is the Lie algebra of G, we consider the sheaf of germs of smooth G-valued
forms defined on X

ΩX(G) := S
(
U �−→�� Λ1(U, G)

)
.

Following Example 4.1.9(a), we obtain the principal sheaf of smooth sections
of P

P := S
(
U �−→�� Γ(U, P )

)
,

whose structure sheaf G ≡ (G,Ad,L, ∂) is defined as in Example 3.3.6(a).
Namely,

G = C∞
X (G) := S

(
U �−→�� C∞(U, G)

)
,

L = C∞
X (G) := S

(
U �−→�� C∞(U, G)

)
,

the Maurer-Cartan differential ∂ : G → ΩX(G) is generated by the morph-
isms

∂U : C∞(U, G) −→ Λ1(U, G) : f �→ ∂U (f) := f−1 · df,

while the representation Ad : G → L is generated by the morphisms

AdU : C∞(U, G) −→ Aut
(
C∞

X (G)|U
)
,

defined, in their turn, by(
AdU (g)(f)

)
(x) :=

(
Ad(g(x))

)
(f(x)),

for every g ∈ C∞(U, G), f ∈ C∞(V, G), x ∈ V , and every open V ⊆ U .
On the right-hand side of the preceding equality, Ad : G → Aut(G) is the
ordinary adjoint representation of G.

As in the same Example 3.3.6(a), we define the local actions

δU : C∞(U, G) × Λ1(U, G) −→ Λ1(U, G),

with δU (g, ω) := Ad(g).ω, the 1-form on the right-hand side being given by

(Ad(g).ω)x(v) := (Ad(g))(ωx(v)); x ∈ U, v ∈ TxTT X.
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Varying U in the topology of X, we obtain an action

δ : C∞
X (G) ×X ΩX(G) −→ ΩX(G).

To remind us that δ comes from the adjoint representation, we set

Ad(a).w := δ(a,w), (a, w) ∈ G ×X ΩX(G).

Then ∂ satisfies the fundamental property

∂(a · b) = Ad(b−1).∂(a) + ∂(b); (a, b) ∈ G ×X G.

Now let us turn to the connections of the principal sheaf P constructed
from the bundle P . First recall that (see (4.1.9)) the natural sections sα ∈
P(UαUU ) of P are given by sα = σ̃α, if σα ∈ Γ(UαUU , P ) are the (smooth)
natural sections of P . Similarly, by (4.3.7), the transition sections of P are
the sections γαβ = g̃αβ ∈ G(UαUU ), if gαβ ∈ C∞(UαUU , G) are the transition
functions of G.

A connection on P will be a morphism D : P → ΩX(G) such that

D(p · g) = Ad(g−1).D(p) + ∂(g), (p, g) ∈ P ×X G.

As in the general theory of Section 6.1, D is equivalent to the existence of a
0-cochain (ωα) ∈ C0(U , ΩX(G)) satisfying the compatibility condition

(10.2.1) ωβ = Ad(γ−1
αβ ).ωα + ∂(γαβ),

over UαβUU �=�� ∅, for all α, β ∈ I. In fact, ωα = D(sα). The first term on the
right-hand side of (10.2.1) is the section defined by

(Ad(γ−1
αβ ).ωα)(x) = Ad(γ−1

αβ (x)).ωα(x).

By the construction of ΩX(G), we may write ωα = θ̃α and ωβ = θ̃β for
θα ∈ Λ1(UαUU , G) and θβ ∈ Λ1(UβU , G). Hence, (10.2.1) takes the form

θ̃β = Ad(g̃−1
αβ ).θ̃α + ∂(g̃−1

αβ ) =
(
Ad(g−1

αβ ).θα + ∂UαβUU (g−1
αβ )
)̃

.

Since the presheaf of G-valued forms generating ΩX(G) is complete, the
canonical map

Λ1(U, G) −→ ΩX(G)(U) : θ �→ θ̃

is a bijection, thus the last equality implies

θβ = Ad(g−1
αβ ).θα + ∂UαβUU (g−1

αβ ) = Ad(g−1
αβ ).θα + g−1

αβ .dgαβ ;
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that is, the 1-forms θα ∈ Λ1(UαUU , G), α ∈ I, determine a connection on P
with connection forms θα. The converse is proved by reversing the previous
arguments.

Hence, analogously to Theorem 6.2.1, one infers:

The connections on an infinite-dimensional principal bundle P are
in bijective correspondence with the connections D : P → ΩX(G) on
the sheaf P of germs of smooth sections of P .

However, we do not know a reasonable way to express ΩX(G) in terms of Ω
and L, as in the finite-dimensional case, already described in the beginning
of this section.

In the next section we apply the previous discussion to the frame bundles
of a particular category of infinite-dimensional vector bundles.

10.3. On the geometry of A-bundles

We outline an application whose full details can be found in Vassiliou-
Papatriantafillou [134]. We are mainly interested in studying the connections
on the frame bundle F (E) of a vector bundle whose fiber type is a projective
finitely generated module over an appropriate topological algebra A. As we
shall see, the topological structure of A is crucial for our considerations.

Before approaching our objective, let us say a few words about the
bundles in the title, in order to clarify when and how these bundles are
connected with our sheaf-theoretic techniques.

In many areas of pure mathematics and theoretical physics, one fre-
quently encounters vector spaces having the additional structure of a mod-
ule over a topological algebra A. A number of problems related with, e.g.,
operator theory, theoretical physics, differential topology, to name but a
few, have been successfully treated by taking into account this additional
structure (see Kaplansky [47], Selesnick [110], Mǐšcenko [75], respectively).ˇ

Of particular interest, in the same direction, are manifolds and vector
bundles, whose models are projective finitely generated A-modules (the relev-
ant definitions will be given below). For the sake of brevity, such manifolds
and bundles henceforth are called A-manifolds and A-bundles, respect-
ively. We refer to Kobayashi [48], Shurygin [111], Prastaro [102] for some
applications of this aspect in differential geometry, PDEs, and mechanics.

The structure and classification of topological A-bundles have been stud-
ied by A. Mallios (see [59] and the references therein), whereas differentiable



376 Chapter 10. Applications and further examples

A-bundles have been considered by M. Papatriantafillou, within an appropri-
ate differential framework (see [90], [95], [96]). In both aspects, A is a locally
m-convex algebra, a case encompassing all the aforementioned examples and
applications.

As already proven in [96], differentiable A-bundles admit linear connec-
tions, which are equivalent to covariant A-derivations (see [95]), in contrast
to the general infinite-dimensional case (cf., e.g., Flaschel-Klingenberg [29],
Vilms [138]). But, if we want to view an infinite-dimensional vector bundle
as a bundle associated with its principal bundle of frames, and to reduce lin-
ear connections on the former to connections on the latter, a serious obstacle
arises: If the fiber of the bundle is a non-Banachable infinite dimensional
vector space P , then the general linear group GL(P ) of P is not necessarily
a Lie group, not even a topological one as is, for instance, the case of a
Frechet space. Thus the frame bundle of a vector bundle of this type may´
not be smooth or topological, let alone have connections.

However, in the context of an A-bundle E of fiber type P , the structural
group of the frame bundle F (E) is the group GLA(P ) of A-linear auto-
morphisms of P , which is always a topological group. In addition, if A is
a Q-algebra, i.e., the set A·AA of invertible elements of A is open in A, then
GLA(P ) is proved to be a Lie group and F (E) becomes a smooth prin-
cipal bundle. Moreover, each linear connection ∇ on P induces a 0-cochain
of local forms (ωα) satisfying the compatibility condition (6.2.1) and vice-
versa. The same family of forms globalizes to a principal connection form ω
on F (E), thus the linear connections on E are in bijective correspondence
with the connections on the frame bundle F (E).

Unfortunately, in the most important and frequently met examples of A-
bundles, A is either the algebra C(X) of continuous functions on a topological
space X, or the algebra C∞(X) of smooth functions on a smooth manifold
X. In both cases, A is not a Q-algebra, unless X is compact (as a matter
of fact, the previous functional algebras are Q if and only if X is compact;
see Mallios [58, Scholium 1.1, p. 221] and [62, Vol. II, (11.39), p. 371]).
As a result, in the general (non-compact) case, F (E) is treated only as a
topological bundle, in which case (ωα) cannot be globalized to a connection
form on F (E) as before.

Yet, the sheaf of germs F(E) of certain continuous sections of F (E)
(which play the rôle of “differentiable” sections) admits a connectionˆ D
in the sense of Section 10.2, fully determined by (and determining) the
local forms (ωα). Therefore, the linear connections on E are in biject-
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ive correspondence with the connections D on F(E). Of course, if A is a
Q-algebra, the connections D coincide, within a bijection, with the ordinary
connections on the smooth bundle of frames F (E).

In what follows we fix a unital commutative associative lmc (: locally
m-convex) algebra A (see also the brief comments in 8.8.8), and we denote
by PFG(A) the category of projective finitely generated A-modules.
We recall that, if M ∈ PFG(A), then (by definition)

(10.3.1) M ⊕ M1MM = Am

for some M1MM ∈ PFG(A) and m ∈ N. Obviously, A ∈ PFG(A).
Since the objects of PFG(A) will be used as models of the manifolds

and bundles considered below, we need to define a topology and a method
of differentiation on them.

We topologize an M , satisfying (10.3.1), by taking the relative topology
τMτ on M , induced by the product topology of Am. It turns out that τMτ does
not depend on M1MM or m. Moreover, it is the unique topology making M a
topological A-module and any A-multilinear map on M continuous. We call
τMτ the canonical topology of M . For details we refer to Papatriantafillou
[89] in conjunction with Mallios [57].

The description of the differentiation method is a little more complic-
ated. It is due to Vu Xuan Chi [139], originally defined on modules over
a topological ring . To this end, for any M, N ∈ PFG(A), we denote by
LA(M, N) the projective finitely generated A-module of A-linear maps from
M into N . As usual, N (x) stands for the filter of open neighborhoods of
x ∈ M and 0M is the zero element of M .

With these notations, for x ∈ M and W ∈ N (x), we say that a map
f : W → N is A-differentiable at x if there is a Df(x) ∈ LA(M, N) such
that the remainder φ of f at x, given by

φ(h) := f(x + h) − f(x) − Df(x)(h); h ∈ M with x + h ∈ U,

satisfies the following infinitesimality condition:

∀ V ∈ N (0N ) ∃ U ∈ N (0M ) : ∀B ∈ N (0A) ∃ A ∈ N (0A) :

a ∈ A ⇒ φ(aU) ⊂ aBV.

This differentiation, applied to our case, where the structure of the mod-
ules is richer than the one considered by Vu Xuan Chi op. cit., has a number
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of fundamental properties, missing both in the context of the latter work
and that of locally convex spaces. In particular,

i) A-differentiability implies continuity.
ii) The composition and the evaluation maps are A-differentiable.
iii) The chain rule holds true for every order of differentiation.

The proofs can be found in Papatriantafillou [90], where an analogous dif-
ferentiation is introduced on ∗-algebras.

An infinitely A-differentiable map will be called A-smooth.
Following the standard pattern, we obtain the category Man(A) of

A-manifolds, modelled on the objects of PFG(A), and A-smooth morph-
isms.

We construct the tangent space TxTT X at a point x of X ∈ Man(A) by
considering classes of equivalent A-curves. An A-curve is an A-smooth map
α : V → A, where V ∈ N (0A). If X is modelled on M and (U, φ) is a chart
at x ∈ X, then the bijection

φ̄ : TxTT X
�−−→ M : [(α, x)] �→ D(φ ◦ α)(0)

provides TxTT X with the structure of a (projective finitely generated) A-mod-
ule. Furthermore, the tangent bundle TX of X is an A-manifold. If f :
X → Y is A-smooth, the differential df : TX → TY is also A-smooth and
its restrictions to the tangent spaces are A-linear maps.

Vector A-bundles are defined similarly: Let X, E ∈ Man(A), π : E → X
be A-smooth and P ∈ PFG(A). We assume that

ExE := π−1(x) ∈ PFG(A); x ∈ X,

and that there exist an open covering U := {UαUU }α∈I of X and (trivializing)
A-diffeomorphisms

ταττ : π−1(UαUU ) �−−→ UαUU × P ; α ∈ I,

such that pr1 ◦ ταττ = π, with the restrictions ταxττ : ExE → {x}×P of ταττ to the
fibers ExE , x ∈ UαUU , being A-module isomorphisms.

A triplet E ≡ (E, π, X) satisfying the previous properties is called an
A-bundle. An obvious example is the tangent bundle of an A-manifold.

It is worth noticing that the definition of infinite dimensional vector
bundles (from Banach ones and beyond) includes as an axiom the differ-
entiability of the transition functions (cf. condition (VB. 3) in Lang [54]).
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However, in our context, although the underlying vector spaces of the models
are infinite-dimensional locally convex spaces, this condition is now a con-
sequence of the properties of the projective finitely generated A-modules. In
fact, we have the next result, whose proof is included here just to give an
idea of the mechanism used in this framework.

10.3.1 Lemma. Let M, N, P ∈ PFG(A), an open U ⊆ M and an A-
smooth map f : U × N → P such that the partial maps fxff : N → P , with
fxff (y) := f(x, y), y ∈ N , are A-linear for all x ∈ U . Then the map

F : U −→ LA(N, P ) : x �→ fxff

is A-smooth.

Proof. Let N1NN , P1PP ∈ PFG(A) and n, p ∈ N, with N⊕N1NN = An and P⊕P1PP =
Ap. The A-smooth extension of f

f : U × (N ⊕ N1NN ) → P ⊕ P1PP : (x, y, y1) �→ (f(x, y), 0),

induces the map F : U → LA(An, Ap) : x �→ fx. It is elementary to
show that LA(N, P ) is a direct factor of LA(An, Ap) and F = pr ◦ F , where
pr : LA(An, Ap) → LA(N, P ) denotes the respective projection. Therefore,
F is A-smooth if and only if F is A-smooth, the other component of F van-
ishing. Since LA(An, Ap) is A-isomorphic with the A-module MnMM ×p(A) of
n × p matrices with entries in A, it suffices to prove that

U −→ MnMM ×p(A) : x �→
(
aij(x)

)
:=
(
prj ◦ fx(ei)

)
is A-smooth. This is a consequence of the A-smoothness of the maps

f i : U → Ap : x �→ f(x, ei) = (ai1(x), . . . , aip(x)),

for all indices i = 1, . . . , n.

Consequently, we prove at once the following:

10.3.2 Proposition. Let E ≡ (E, π, X) be an A-bundle of fiber type P ∈
PFG(A), with a trivializing covering {(UαUU , ταττ ) |α ∈ I}. Then the transition
functions

(10.3.2) gαβ : UαβUU −→ LA(P ) := LA(P, P ) : x �→ ταxττ ◦ τ−1
βxτ

are A-smooth.
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By their definition, the transition functions (10.3.2) take their values in
the group GLA(P ) of invertible elements of the algebra LA(P ). The latter,
being an object of PFG(A), admits the canonical topology, and the algebra
multiplication

(10.3.3) LA(P ) × LA(P ) � (f, g) �−→�� g ◦ f ∈ LA(P )

is continuous (as an A-bilinear map). On the other hand, LA(P ), being also
a unital lmc-algebra, has a continuous inversion (see Mallios [58, Chap. II,
Lemma 3.1]), thus GLA(M), topologized with the relative topology induced
by the canonical topology of LA(P ), is a topological group. Therefore, the
cocycle (gαβ) ∈ Z1(U , GLA(P )) determines a topological principal bundle
F (E) ≡ (F (E), GLA(P ), X, p), called the bundle of frames or frame
bundle of E.

In summary, we obtain:

10.3.3 Theorem. If E is an A-bundle of fiber type P ∈ PFG(A), then the
bundle of frames F (E) is a topological principal bundle with structural group
the general A-linear group GLA(P ).

Now assume that A is, in particular, a Q-algebra (see p. 376). This
property is inherited by the algebra LA(P ), for every P ∈ PFG(A) (see Swan
[120, Corollary 1.2] and Mallios [57, Theorem 1.1]). Thus the restriction of
(10.3.2) to GLA(P ) yields a corresponding A-smooth “multiplication”

GLA(P ) × GLA(P ) −→ GLA(P ) : (f, g) �→ g ◦ f.

To view GLA(P ) as a Lie group, we should prove the differentiability
of the inversion. Unfortunately, this cannot be deduced from the differenti-
ability of the multiplication, since such a deduction is based on the inverse
mapping theorem, which is generally not valid in this context. However, the
differentiability in question is shown straightforwardly in the next:

10.3.4 Lemma. Let A be a commutative associative lmc Q-algebra with
unit and P ∈ PFG(A). Then the inversion map inv : f �→ f−1 is A-smooth
in GLA(P ).

Proof. Let f ∈ GLA(P ) and set Dinv(f)(h) := −f−1 ◦ h ◦ f−1, for every
h ∈ LA(P ). Following the standard pattern (see, e.g., Cartan [19, Théorème´
2.4.4, p. 34] we check that the remainder of inv at f

φ(h) := inv(f + h) − inv(f) − Dinv(f)(h)
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can be transformed to φ(h) = f−1◦ψ(h)◦f−1, where ψ(h) = h◦(f +h)−1◦h.
We prove that ψ is infinitesimal: Let 0 be the zero element of LA(P )

and V ∈ N (0). The continuity of the composition at (0, f−1,0) implies
the existence of U1UU ∈ N (0), V1VV ∈ N (f−1) with U1UU ◦ V1VV ◦ U1UU ⊆ V . Since
V1VV ∈ N (f−1) and inv is continuous, there exists V2VV ∈ N (f) with V −1

2VV ⊆ V1VV .
The continuity of the A-module operations also determine A1 ∈ N (0A) and
U2UU ∈ N (0), with A1U2UU ⊆ V2VV − f ∈ N (0). We set U := U1UU ∩ U2UU , and, for
B ∈ N (0A), A := A1 ∩ B. Then, for any a ∈ A and h ∈ U , we have that

ψ(ah) = ah ◦ (f + ah)−1 ◦ ah = a2h ◦ (f + ah)−1 ◦ h

∈ aAU1UU ◦ (f + A1U2UU )−1 ◦ U1UU ⊆ aBU1UU ◦ V −1
2VV ◦ U1UU

⊆ aBU1UU ◦ V1VV ◦ U1UU ⊆ aBV,

which proves the assertion. Since an A-linear combination of infinitesimal
maps is infinitesimal, φ is also infinitesimal. This completes the proof.

Therefore, we are led to the following:

10.3.5 Theorem. Let A be a unital commutative associative lmc Q-algebra
and let P ∈ PFG(A). Then GLA(P ) is a Lie group. Therefore, for every
A-bundle E of fiber type P , the corresponding bundle of frames F (E) is an
A-smooth principal bundle.

Given an A-bundle E ≡ (E, π, X), the set of A-smooth sections of E
will be denoted by Γ(X, E). An A-connection on E is defined to be an
A-bilinear map

∇E : Γ(X, TX) × Γ(X, E) −→ Γ(X, E) : (ξ, s) → ∇�� E
ξ s,

satisfying the following properties:

∇E
fξs = f · ∇E

ξ s,

∇E
ξ (fs) = f · ∇E

ξ s + (df ◦ ξ) · s,

for every ξ ∈ Γ(X, TX), s ∈ Γ(X, E), and every A-smooth map f : X → A.
Here a connection is essentially identified with a covariant derivation.

This well known fact in finite dimensional bundles (owing to the existence
of bases in the models), is not necessarily true in the infinite dimensional
case, even for Banach bundles (cf. Flaschel-Klingenberg [29], Vilms [138]).
In our context, although bases do not exist, we recover this property of finite
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dimensional bundles by showing that ∇E amounts to a family of (general-
ized) Christoffel symbols,

– firstly, by imbedding the given bundle in one with bases; and
– secondly, by extending ∇E to a suitable map,

under the condition that the base manifold admits A-bump functions (see
below). The technical details are given in Vassiliou-Papatriantafillou [134,
Theorem 4.2]. Here we merely recall that the Christoffel symbols now have
the form

Γα : UαUU → L2
A(M × P, P ) ∼= LA(M,LA(P )); α ∈ I,

and satisfy the compatibility conditions

Γβ(x)(h, k) =(10.3.4)(
gβα(x) ◦ Γα(x) − D(gβα ◦ φ−1

α )(φα(x))
)(

(φ̄α ◦ φ̄−1
β )(h), gαβ(x)(k)

)
,

for every h ∈ M , k ∈ P , x ∈ UαβUU and α, β ∈ I. The previous expressions
are defined with respect to a smooth atlas {(UαUU , φα) |α ∈ I} of X and a
trivializing covering {(UαUU , ταττ ) |α ∈ I} of E. The isomorphism φ̄α has been
explained in the discussion concerning the tangent space of an A-manifold
(see p. 378).

The equivalence of ∇E with the family (Γα), as already commented,
relies on the existence of appropriate bump functions. In fact, analogously
to the standard case, we say that a manifold X ∈ Man(A) admits A-bump
functions, if

for every open U ⊆ X and x ∈ U , there is an open V ⊆ X, with
x ∈ V ⊆ V ⊆ U , and an A-smooth map f : X → A such that
f |V = 1, f |X\U = 0.

The existence of A-bump functions on A-manifolds is ensured if A coincides
with the algebra C(X) of continuous functions on a completely regular Haus-
dorff topological space X, or with the algebra C∞(X) of smooth functions
on a compact manifold X (see Papatriantafillou [93] and [92], respectively).
The general case still remains open.

Similarly, an A-connection is equivalent to a splitting of the short exact
sequence of A-bundles (see Papatriantafillou [95])

0 i−−→ V E −→ TE
Tπ!−−−−−− →−− π∗(TM) −→ 0,

where V E is the vertical subbundle of TE, and Tπ! := (τEτ , Tπ) is the
morphism induced by the universal property of the pull-back (cf. also Vilms
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[138] regarding the case of connections on Banach bundles). Again this
result is valid for finite-dimensional bundles but not necessarily for infinite-
dimensional ones.

Concerning the connections of the bundle of frames, we have the next:

10.3.6 Theorem. Let A be a unital commutative associative lmc Q-algebra
and let E ≡ (E, π,X) be an A-bundle of fiber type P ∈ PFG(A). Then the
A-connections on E correspond bijectively to the connections on the bundle
of frames F (E) ≡ (F (E), GLA(P ), X, p).

Proof. Let Λ1(UαUU , LA(P )) denote the A-module of LA(P )-valued A-smooth
1-forms on UαUU , α ∈ I.

Given a connection ∇E on E, its Christoffel symbols (Γα) induce the
1-forms ωα ∈ Λ1(UαUU , LA(P )) defined by

(10.3.5)
(
ωα,x(v)

)
(h) := Γα(x)(φ̄α(v), h),

for every x ∈ UαUU , v ∈ TxTT X and h ∈ P .
We check that (10.3.4) yields the compatibility condition (: gauge trans-

formation)

(10.3.6) ωβ = Ad(g−1
αβ ).ωα + g−1

αβ · dgαβ .

We recall that the last term on the right-hand side of (10.3.6) is the total
differential mentioned in Example 3.3.6(a). Therefore, as in the classical
case (see, e.g., Kobayashi -Nomizu [49], Pham Mau Quan [101], Sulanke-
Wintgen [118]), we obtain a global connection form ω ∈ Λ1(F (E), LA(P ))
by setting

(10.3.7) ω|π−1(UαUU ) := Ad(g−1
α ).π∗ωα + g−1

α · dgα,

where gα : π−1(UαUU ) → GLA(P ) is the A-smooth map defined by the equality
p = sα(π(p)) ·gα(p), for every p ∈ π−1(UαUU ), if (sα) are the natural sections of
F (E) over the open covering U = {UαUU |α ∈ I}. The local connection forms
of ω are precisely the given ωα’s.

Conversely, starting with a connection form ω and its local connection
forms (ωα) on the bundle of frames, we see that equalities (10.3.5), for all
α ∈ I, determine a family of Christoffel symbols satisfying (10.3.4), as a
result of (10.3.6). Hence, we obtain an A-connection on E. The bijectivity
of the statement is routinely checked.
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The natural question now arising is what happens if A is not a
Q-algebra. In this case, GLA(P ) may not be a Lie group with cor-
responding Lie algebra LA(P ). As before, an A-connection ∇E on E
determines the local forms (10.3.5) satisfying (10.3.6), but (10.3.7) has
no meaning, so the family (ωα) does not globalize to a connection form
ω on F (E). However, using the ideas of Section 10.2, each ∇E will be
associated with an abstract connection D on an appropriate sheaf.

To this end, we say that a map g : U → GLA(P ) (U ⊆ X open) is
invertibly A-smooth, if g and g−1 (with g−1(x) := g(x)−1, x ∈ U) are
A-smooth when they are considered as taking values in LA(P ). Similarly,
a local section of F (E) will be called invertibly A-smooth, if its principal
parts are invertibly A-smooth. By the principal part of a section of F (E),
relative to a trivialization Φα : F (E)|UαUU → GLA(P ), we mean the map
pr2 ◦ Φα ◦ s : U ∩ UαUU → GLA(P ).

If Γ(UαUU , F (E)), α ∈ I, are the sets of invertibly A-smooth sections of
F (E) over the trivializing open covering U of both E and F (E), we ob-
tain the presheaf UαUU �−→�� Γ(UαUU , F (E)) generating a sheaf F(E). Similarly,
GLA(P ) denotes the sheaf of germs of invertibly A-smooth GLA(P )-valued
maps on X. Taking into account the structure of the principal bundle of
frames F (E) and following the general construction of Example 4.1.9(a), we
see that the quadruple

F(E) ≡ (F(E),GLA(P ), X, π̃)

is a principal sheaf. The structure sheaf GLA(P ) is a Lie sheaf of groups of
the form

(GLA(P ),Ad,LA(P ), ∂),

where LA(P ) is the sheaf of germs of A-smooth LA(P )-valued maps on X,
Ad : GLA(P ) → Aut

(
LA(P )

)
the sheafification of the usual adjoint repres-

entation of GLA(P ) on LA(P ), and ∂ : GLA(P ) → Ω1
X(LA(P )) is the Maurer-

Cartan differential obtained by the sheafification of the ordinary total dif-
ferential (with respect to the invertibly A-smoothness). Here, Ω1

X(LA(P )) is
the sheaf of germs of LA(P )-valued A-smooth 1-forms on X, thus we have
the canonical identifications

(10.3.8)
(
Ω1

X(LA(P ))
)
(U) ∼= Λ1(U,LA(P )); U ∈ TX .

Moreover, under (10.3.8), the local connection forms (ωα) determine
a 0-cochain (ω̃α) ∈ C0

(
U , Ω1

X(LA(P ))
)
, which define a unique connection

D : F(E) → Ω1
X(LA(P )) with local connection forms (ω̃α).
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Reversing our arguments, we check that a connection D on F(E) de-
termines a unique A-connection ∇E on E.

To conclude, we summarize the main results of the present section in the
following statement.

10.3.7 Theorem. Let A be an arbitrary unital commutative associative lmc
algebra. Also, let E be an A-bundle, F (E) its bundle of frames, and F(E)
the principal sheaf of germs of invertibly A-smooth sections of F (E). Then
there exists a bijective correspondence between the A-connections ∇E on E
and the connections D on F(E). In particular, if A is a Q-algebra, then
both ∇E and D correspond bijectively to a global connection (form) ω on the
bundle of frames F (E).

The previous discussion shows that the (abstract) connections D on a
topological object, namely F(E), describe, through appropriate isomorph-
isms, the connections of E in all of their equivalent forms, as well as, in the
case of a Q-algebra, the corresponding connections of the (smooth) bundle
of frames F (E). Therefore, the example of A-bundles illustrates, once again,
the efficiency of the sheaf-theoretic approach in enlarging certain aspects of
the ordinary differential geometry to a non-smooth context.

10.4. The torsion of a linear connection on Ω∗

If X is a smooth manifold, a linear connection on the tangent bundle TX
induces the corresponding torsion and its torsion form. This is a standard
fact found in most of the books dealing with connections. The purpose of the
present section is to obtain the analogous notions in our abstract framework.

To explain the title and the general setting of the section, let us recall
Example 2.1.4(a): Given a smooth manifold X, we define the sheaf of germs
of its differential 1-forms Ω := Ω1

X , which is a C∞
X -module. In particular, if

X is finite-dimensional, Ω is a vector sheaf. The dual module Ω∗ is identified
with the sheaf of germs of smooth sections of the tangent bundle TX, in
other words the sheaf of germs of smooth vector fields of X. Therefore, the
abstract analog of the torsion will be obtained by considering A-connections
on Ω∗.

Here, starting with a differential triad (A, d, Ω) whose Ω is assumed to
be a vector sheaf, we define the torsion as an appropriate morphism on the
sheaf of frames of Ω∗.
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Before moving on to the main subject, we prove a few auxiliary results
concerning vector sheaves in general.

10.4.1 Lemma. Let E ≡ (E , πE , X) be a vector sheaf of rank n. Then the
A-module E∗ := HomA(E ,A) is also a vector sheaf of rank n.

Proof. Let U ≡ ((UαUU ), (ψα)) be a local frame of E . We already know (see
Section 5.1) that each local coordinate ψα : E|UαUU

�−−→ A�−− n|UαUU determines the
basis eα = (eα

i ), 1 ≤ i ≤ n, of E(UαUU ), given by eα
i = ψ−1

α (εi|UαUU ), if (εi) is the
natural basis of An(X) ∼= A(X)n.

Without loss of generality, we may assume that (UαUU ) is a basis for the
topology of X (see also the comments preceding (4.1.5)). Thus, according
to the conclusion of Subsection 1.2.2, E is identified with the sheaf generated
by the presheaf of its sections over U . The same principle applies to every
other sheaf considered in the sequel.

With the previous remarks in mind, we have that E∗ is generated by
the presheaf of A(UαUU )-modules UαUU �→ HomA|Uα

(E|UαUU ,A|UαUU ). Therefore, for
every V ∈ U with V ⊆ UαUU , we can consider the A(V )-isomorphism

(10.4.1)
ψ∗

α,V : HomA|V (E|V ,A|V ) �−−→ A� (V )n :

f �−→��
(
f(eα

1 |V ), . . . , f(eα
n|V )
)
,

where the map f in the target is, obviously, the induced morphism of sec-
tions.

The inverse of (10.4.1) is obtained as follows: If (α1, . . . , αn) ∈ A(V )n,
the morphism (ψ∗

α,V )−1(α1, . . . , αn) ∈ HomA|V (E|V ,A|V ) is determined by

(10.4.1′)
(
(ψ∗

α,V )−1(α1, . . . , αn)
)
(u) :=

n∑
i=1

uiαi(x),

for every u =
∑n

i=1 uie
α
i (x) ∈ ExE and x ∈ V .

Varying V in UαUU , we obtain a presheaf isomorphism generating an
A|UαUU -isomorphism

(10.4.2) ψ∗
α : E∗|UαUU

�−−→ A� n|UαUU .

The local frame
(
(UαUU ), (ψ∗

α)
)

determines the desired vector sheaf structure
on E∗.
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In virtue of the previous lemma we call E∗ the dual vector sheaf of E .

Each coordinate ψ∗
α of E∗ induces the basis e∗α = (∗eα

i ), 1 ≤ i ≤ n, of
E∗(UαUU ), with

(10.4.3) ∗eα
i := (ψ∗

α)−1(εi|UαUU ).

As expected, e∗α coincides –up to isomorphism– with the dual basis of eα.
Indeed, after the identification

E∗(UαUU ) = HomA(E ,A)(UαUU ) ∼= HomA|Uα
(E|UαUU ,A|UαUU ),

each ∗eα
i is viewed as an element of HomA|Uα

(E|UαUU ,A|UαUU ). Thus, the induced
morphism of sections (see also (1.1.3)) ∗eα

i = (∗eα
i ) : E(UαUU ) → A(UαUU ) can be

evaluated at the sections of the basis eα = (eα
1 , . . . , eα

n). Therefore, for every
x ∈ UαUU , (10.4.3) and (10.4.1′), along with the completeness of the presheaves
involved and (1.2.17), yield:

∗eα
i (eα

j )(x) =
(
(ψ∗

α)−1(εi|UαUU )
)(

eα
j (x)
)

≡
(
(ψ∗

α,UαUU )−1(εi|UαUU )
)(

eα
j (x)
)

= δij(x),

from which we obtain

(10.4.4) ∗eα
i (eα

j ) ≡ δij |UαUU ; i, j = 1, . . . , n.

The second auxiliary result is:

10.4.2 Lemma. Let E be a vector sheaf. Then

(10.4.5) (E
∧

AE)(UαUU ) ∼= E(UαUU )
∧

A(UαUU )E(UαUU ),

for every (UαUU , ψα) in the local frame of E.

Proof. For convenience, we omit the index of the exterior product. Then,
as in the proof of Lemma 10.4.1, we assume that U is a basis for the topology
of X. Since ψα : E|UαUU

�−−→ A�−− n|UαUU is an A|UαUU -isomorphism, it follows that

(10.4.6)

(E
∧
E)(UαUU ) = (E

∧
E)|UαUU (UαUU )

= (E|UαUU

∧
E|UαUU )(UαUU )

∼= (An|UαUU

∧
An|UαUU )(UαUU )

= (An
∧
An)(UαUU ).
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On the other hand, by (5.1.2),

An(UαUU )
∧
An(UαUU ) ∼= A(UαUU )n

∧
A(UαUU )n ∼= A(UαUU )(

n
2).

Thus the sheaf An
∧
An, generated by the presheaf UαUU �−→ A�� n(UαUU )

∧
An(UαUU ),

can be identified with the sheaf A(n
2), generated by UαUU �−→ A�� (UαUU )(

n
2); hence,

by the completeness of the latter,

(An
∧
An)(UαUU ) ∼= A(UαUU )(

n
2),

from which, along with (10.4.6), we get

(10.4.7) (E
∧
E)(UαUU ) ∼= A(UαUU )(

n
2).

By the same token,

(10.4.8)

E(UαUU )
∧
E(UαUU ) ∼= An(UαUU )

∧
An(UαUU )

∼= A(UαUU )n
∧
A(UαUU )n

∼= A(UαUU )(
n
2).

The isomorphisms (10.4.7) and (10.4.8) prove the lemma.

To define the abstract torsion, we start with a differential triad (A, d, Ω),
where Ω is a vector sheaf of rank n.

As in Section 8.1, in order to avoid confusion with the exterior powers
Ωn and Ω(U)n, U ⊆ X open, we set

Ω(n) = Ω ×X · · · ×X Ω︸ ︷︷︷ ︸︸
n−factors

and Ω(UαUU )(n) = Ω(UαUU ) × · · · × Ω(UαUU )︸ ︷︷︷ ︸︸
n−factors

,

where the second product is now the usual cartesian product.
Since Ω∗ is a vector sheaf of rank n, we obtain the corresponding prin-

cipal sheaf of frames P(Ω∗) ≡ (P(Ω∗),GL(n,A), X, π̃). We denote by (ψα),
(ψ∗

α) and (Ψ∗
α) the coordinates of Ω, Ω∗ and P(Ω∗), respectively, over a com-

mon open covering U = (UαUU ), which is a basis for the topology of X. The
coordinates (ψα) and (ψ∗

α) induce the bases

θα := (θα
1 , . . . , θα

n) and θ∗α := (∗θα
1 , . . . , ∗θα

n)

of Ω(UαUU ) and Ω∗(UαUU ), respectively.
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For each UαUU ∈ U , we define the map

(10.4.9) FUFF αUU : IsoA|Uα

(
An|UαUU , Ω∗|UαUU

)
−→ Ω(UαUU )(n)

by setting

(10.4.10) FUFF αUU (f) := (fijff )−1 · (θα)T ,

where the matrix (fijff ) ∈ GL(n,A(UαUU )) is determined by

(10.4.11) f(εi|UαUU ) =
n∑

j=1

fjif · ∗θα
i ,

and (θα)T denotes the transpose of θα = (θα
1 , . . . , θα

n). It is clear that (FUFF αUU ),
with UαUU running in U , is a presheaf morphism.

10.4.3 Definition. The canonical morphism of P(Ω∗) is the morphism
(of sheaves of sets)

(10.4.12) F : P(Ω∗) −→ Ω(n)

generated by the presheaf morphism (FUFF αUU ).

Let us compute the images F(FF σ∗
α) ∈ Ω(n)(UαUU ) of the natural sections σ∗

α

of P(Ω∗), since they can be used to determine F in a direct way.

By (5.2.6′), σ∗
α = ˜(ψ∗

α)−1, where ψ∗
α ∈ IsoA|Uα

(Ω∗|UαUU ,An|UαUU ) is the co-
ordinate of Ω∗ over UαUU . Hence Diagram 1.7 yields

F(FF σ∗
α) = F

(˜(ψ∗
α)−1
)

=
(
FUFF αUU

(
(ψ∗

α)−1
))̃

=
(
(ψ∗

ij) · (θα)T
)̃

.(see (10.4.10))

where (ψ∗
ij) is the matrix of ψ∗

α, determined by reversing the analog of
(10.4.11). But the definition of θ∗α implies that (ψ∗

ij) = I (: the identity
matrix), from which it follows that

(10.4.13) F(FF σ∗
α) =

(
(θα)T

)˜ ≡ θ̃α =
(
θα
1 , . . . , θα

n

)̃
, α ∈ I.

After the natural identification

(10.4.14) Ω(UαUU )(n)(s1, . . . , sn) �−−→ (s1, . . . , sn)̃)) ∈ Ω(n)(UαUU ),
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we can write F(FF σ∗
α) ≡ θα and call the previous sections the canonical local

forms of P(Ω∗), under an obvious abuse of terminology, of course.
We shall show that F is tensorial, with respect to appropriate actions. To

this end, observe that each group GL(n,A(UαUU )) acts on the left of Ω(UαUU )(n)

in the following way:

(10.4.15)
GL(n,A(UαUU )) × Ω(UαUU )(n) −→ Ω(UαUU )(n) :(

(gij), (ω1, . . . , ωn)
)
�−→�� (gij)−1 · (ω1, . . . , ωn)T .

The previous local actions determine a presheaf morphism generating an
action of GL(n,A) on the left of Ω(n)).

10.4.4 Proposition. The canonical morphism F is tensorial with respect
to the action of GL(n,A) on the right of P(Ω∗), and the action of GL(n,A)
on the left of Ω(n), generated by the local actions (10.4.15).

Proof. It suffices to work locally. Indeed, for any h ∈ IsoA|Uα
(An|UαUU , Ω∗|UαUU )

and g ∈ GL(n,A(UαUU )), we have that

FUFF αUU (h · g) := FUFF αUU (h ◦ g) =
(
(h ◦ g)ij

)−1 · (θα)T = (gij)−1 · FUFF αUU (h),

which yields the result.

The tensoriality of F and (1.4.13) essentially determine F. As a matterFF
of fact, if p ∈ P(Ω∗) with π̃(x) ∈ UαUU , there is a unique gα ∈ GL(n,A)x such
that p = σ∗

α · gα. Hence,

(10.4.16) F(FF p) = g−1
α · F(FF σ∗

α) = g−1
α ·
(
(θα)T

)̃
(x).

But, if x ∈ UαβUU , we also have

(10.4.16′) F(FF p) = g−1
β ·
(
(θβ)T

)̃
(x).

However, the two expressions of F coincide. This is proved by taking
into account the following facts:

i) gβ = g∗αβ(x)−1 · gα, where (g∗αβ) is the cocycle of P(Ω∗).

ii) By Corollary 5.2.3, g∗αβ is identified with the transition matrix, say(∗ψαβ
ij

)
, of the coordinate transformation ψ∗

αβ of Ω∗.

iii) If we denote by
(
ψαβ

ij

)
the transition matrix of the coordinate trans-

formation ψαβ of Ω, the definition of (θα), α ∈ I, and elementary calculations
show that

(θβ)T =
(
ψαβ

ij

)T · (θα)T .
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iv) Since the bases (θ∗α) and (θα) are dual, for all α ∈ I (see(10.4.4)), it
follows that (∗ψαβ

ij

)
=
((

ψαβ
ij

)T )−1
.

Therefore,

g−1
β ·
(
(θβ)T

)˜(x) = g−1
α ·
((∗ψαβ

ij

))̃
(x) ·
((

ψαβ
ij

)T · (θα)T
)̃

(x)

= g−1
α ·
((∗ψαβ

ij

)
·
(
ψαβ

ij

)T · (θα)T
)̃

(x)

= g−1
α ·
(
(θα)T

)̃
(x).

The previous arguments actually prove:

10.4.5 Corollary. The canonical morphism F is completely determined by
the family (of local canonical forms) (θα) via (10.4.16).

Proof. Let F ′ : P(Ω∗) → Ω(n) be the map with F ′(p) := g−1
α ·
(
(θα)T

)̃
(x),

for any p as in (10.4.16). F ′ is well defined. It is continuous, since over each
UαUU ∈ U ,

F ′(p) = k
(
p, σ∗

α(π(p))
)−1 · θα(π(p))

(see Proposition 4.1.4); thus F ′ is a continuous morphism. By its construc-
tion, F ′ is tensorial.

Moreover, (10.4.13) and the definition of F ′ imply that

F ′(σ∗
α) =

(
(θα)T

)̃
= F(FF σ∗

α).

Hence, the preceding equality and the tensoriality of both F and F ′ imply
that F = F ′.

Now, we further assume that

Ω∗ admits an A-connection ∇. We recall that ∇ is completely de-
termined by the connection matrices ωα := (ωα

ij) ∈ MnMM (Ω(UαUU )), α ∈ I
(see (7.1.4) and Theorem 7.1.4). The corresponding curvature R is
also completely determined by the curvature matrices Rα = (Rα

ij) ∈
MnMM (Ω2(UαUU )) (see (8.5.23) and its subsequent discussion).

To define the torsion, we need an appropriate exterior product: After
the identification MnMM (Ω(UαUU )) ∼= Ω(UαUU )(n

2), analogously to (8.1.19) we have
the exterior products

∧UαUU : Ω(UαUU )(n
2) × Ω(UαUU )(n) −→

(
Ω(UαUU )2

)(n) =
(
Ω(UαUU )

∧
A(UαUU )Ω(UαUU )

)(n)
,
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for all UαUU ∈ U , which generate an exterior product

(10.4.17) ∧ : Ω(n2) × Ω(n) −→ (Ω2)(n).

Using the later and the previous assumptions about Ω∗, we define the
K-morphism, called Cartan (first) structure operator,

W : Ω(n) −→ (Ω2)(n),

given by the Cartan (first) structure equation

(10.4.18) W(WW a) := d1a + ωα(x) ∧ a, a ∈ (Ω(n))x
∼= (Ωx)(n).

We clarify that if a = (a1, . . . , an), then d1a = (d1a1, . . . , d
1an).

10.4.6 Definition. The torsion of an A-connection ∇ on Ω∗ (equivalently,
of a connection D on P(Ω∗)) is the morphism of (sheaves of sets) T := W◦WW F,FF
also shown in Diagram 10.1. Accordingly, by abuse of terminology, we call
local torsion forms of ∇ the local sections

Θα := T(TT σ∗
α) ∈ (Ω2)(n)(UαUU ), α ∈ I.

P(Ω∗)
F �� Ω(n)

(Ω2)(n).

W

�
T

�

Diagram 10.1

10.4.7 Proposition. The local torsion forms satisfy the local Cartan
(first) structure equations

(10.4.19) Θα =
(
d1θα + ωα ∧ θα

)̃
; α ∈ I,

within appropriate identifications.

In the previous statement, by the notation introduced in ( ♦ ), p. 104,
the superscript “˜ ” represents the map(

Ω(UαUU )2)(n) � t → t̃ ∈ (Ω2)(n)(UαUU ).

Recall that UαUU �−→��
(
Ω(UαUU )2)(n) generates (Ω2)(n) (in this respect see also

the Subsection 1.3.6). Moreover, for convenience, we write ∧ instead of ∧UαUU .
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Proof. In virtue of (10.4.13) and (10.4.18), we have that

Θα(x) = (W ◦ F)(FF σ∗
α)(x) = W(WW θ̃α )(x) = W(WW θ̃α(x))

= W(WW θα(x)) = d1(θα(x)) + ωα(x) ∧ θα(x),

after (Ω(n))x
∼= (Ωx)(n). But ωα(x) ∧ θα(x) = (ωα ∧UαUU θα)̃)) (x), since

ωα ∧UαUU θα ∈
(
Ω(UαUU )2)(n). On the other hand, by Lemma 10.4.2, d1θα ∈(

Ω2(UαUU )
)(n) ∼=

(
Ω(UαUU )2

)(n), i.e., d1θα may be thought of as element of(
Ω(UαUU )2

)(n), thus (d1θα)̃)) ∈ (Ω2)(n)(UαUU ). Consequently,

Θα(x) ≡ d1(θα(x)) + ωα(x) ∧ θα(x)

= (d1θα)̃)) (x) + (ωα ∧UαUU θα)̃)) (x)

=
(
d1θα + ωα ∧ θα

)̃
(x),

which yields the result.

As we saw before, Θα ∈ (Ω2)(n)(UαUU ), d1θα ∈
(
Ω2(UαUU )

)(n) and ωα∧UαUU θα ∈(
Ω(UαUU )2)(n). However, if we take into account the second order analog of

(10.4.14) and Lemma 10.4.2, we obtain the isomorphisms

(Ω2)(n)(UαUU ) ∼=
(
Ω2(UαUU )

)(n) ∼=
(
Ω(UαUU )2

)(n)
.

Therefore, we prove the following:

10.4.8 Corollary. Within an isomorphism, (10.4.9) also takes the form:

(10.4.19′) Θα = d1θα + ωα ∧ θα, α ∈ I.

To differentiate Θα, we need a second order differential (same sym-
bol !) d2 on the sections of (Ω2)(n). Thus, if we are given a Bianchi datum
(A, d, Ω, d1, Ω2, d2, Ω3) (see the relevant comments concerning the termino-
logy in the beginning of Section 8.3), the differential d2 induces the differ-
entials

d2 :
(
Ω2(UαUU )

)(n) −→
(
Ω3(UαUU )

)(n) :

(ζ1, . . . , ζnζζ ) = ζ �−→�� d2(ζ) := (d2ζ1, . . . , d
2ζnζζ ),

for every α ∈ I. By the identification
(
Ωp(UαUU )

)(n) ∼=
(
Ω(UαUU )p

)(n) (see
Lemma 10.4.2), we can also interpret the previous operators as morphisms
of the form

d2 :
(
Ω(UαUU )2

)(n) −→
(
Ω(UαUU )3

)(n)
, α ∈ I.



394 Chapter 10. Applications and further examples

Moreover, we need the second order analogs of the local exterior products
generating (10.4.17). Namely, following the same pattern, we obtain the
morphisms (same unadorned symbol for both !)

∧ :
(
Ω(UαUU )2

)(n2) × Ω(UαUU )(n) −→
(
Ω(UαUU )3

)(n)
,

∧ : Ω(UαUU )(n
2) ×
(
Ω(UαUU )2

)(n) −→
(
Ω(UαUU )3

)n
.

10.4.9 Theorem. Let Ω be a vector sheaf of rank n, equipped with an A-
connection and a Bianchi datum (A, d, Ω, d1, Ω2, d2, Ω3). Then, within iso-
morphism, the following local Bianchi identities

d2Θα =
(
Rα ∧ θα − ωα ∧ Θα)

)̃
≡ Rα ∧ θα − ωα ∧ Θα

are satisfied, for all α ∈ I.

Proof. Considering the isomorphisms preceding Corollary 10.4.8, we take

d1θα ∈
(
Ω(UαUU )2

)(n)
,

ωα ∧ θα ∈
(
Ω(UαUU )2

)(n) ∼=
(
Ω2(UαUU )

)(n)
,

d2Θα ∈ (Ω2)(n)(UαUU ) ∼=
(
Ω2(UαUU )

)(n) ∼=
(
Ω(UαUU )2

)(n)
,

and we differentiate (10.4.19′) by using the appropriate differential and ex-
terior product each time. Hence, elementary calculations and the properties
of d2 listed before (8.3.5), show that

d2Θα = d2(d1θα + ωα ∧ θα) = d2(ωα ∧ θα) = (d1ωα) ∧ θα − ωα ∧ d1θα.

Applying Cartan’s second structure equation of ∇ (see (8.5.24)) and, once
more, equality (10.4.19′), we obtain

(d1ωα) ∧ θα − ωα ∧ d1θα =
(Rα − ωα ∧ ωα) ∧ θα − ωα ∧ (Θα − ωα ∧ θα) =

Rα ∧ θα − ωα ∧ Θα,

which, substituted in the preceding series of equalities, leads to the identities
of the statement.

Note. In Mallios [62, Vol. II, p. 236], the local torsion forms (Θα) (called
local torsions therein) are defined by (10.4.19′), starting with the local bases
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(θα) of Ω, relative to U . In our approach we have shown that the forms (θα)
define the torsion as a global (Ω2)(n)-valued morphism T on P(Ω∗), from
which we obtain the local torsion forms.

In the remainder of this section we outline the construction of the torsion
morphism derived from the classical torsion form of the principal bundle of
linear frames of a smooth manifold.

So we begin with an n-dimensional smooth manifold X and denote by
TX ≡ (TX, τ, X) its tangent bundle. The (principal) bundle of (linear)
frames of X is denoted by L(X) ≡ (L(X), GL(n, R), X, π). Its total space
consists of all the bases (: linear frames) of the tangent spaces TxTT X, for all
x ∈ X. Equivalently, a basis of TxTT X is identified with a linear isomorphism
Rn → TxTT X. If (UαUU , φα) is a chart of X, with coordinates (xα

i )i=1,...,n, then
L(X) is trivial over UαUU by means of the GL(n, R)-equivariant diffeomorphism

Φα : π−1(UαUU ) −→ UαUU × GL(n, R) : u �→ (x, (uij)),

if u : Rn �−−→ TxTT X. The matrix figuring in the image of Φα is determined by

u(ei) =
n∑

j=1

uji
∂

∂xα
j

∣∣∣∣∣∣∣
x
,

where
(

∂
∂xα

j

∣∣∣∣
x

)
is the natural basis of TxTT X with respect to (UαUU , φα).

For any natural section (alias moving frame) sα ∈ Γ(UαUU , L(X)) and any
x ∈ UαUU , sα(x) is the linear isomorphism Rn → TxTT X satisfying equality

(10.4.20) (sα(x))(v) =
n∑

i=1

vi
∂

∂xα
i

∣∣∣∣∣∣∣
x
,

for every v =
∑n

i=1 viei ∈ Rn.
In this context, the canonical form of L(X) is defined to be the 1-

form θ ∈ Λ1(L(X), Rn) defined by (see, e.g., Kobayashi -Nomizu [49, p. 118],
Bleecker [10, p. 78])

θu(ξ) := u−1(TuTT π(ξ)),

for every ξ ∈ TuTT L(X) and u ∈ L(X) interpreted as a linear isomorphism
u : Rn → TxTT X, with TuTT π = π∗,u = duπ denoting the differential of π at u.
The form θ is tensorial, or GL(n, R)-equivariant, in the sense that

(R∗
gθ)u(ξ) = g−1.θu(ξ) := g−1 ◦ θu(ξ); ξ ∈ TuTT L(X), u ∈ L(X),
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if Rg denotes the right translation of GL(n, R) by g, and g identifies with a
linear automorphism of Rn.

Taking the pull-back of θ by the local sections (sα) of L(X), we obtain
the canonical local forms of L(X)

θ α = s∗αθ ∈ Λ1(UαUU , Rn), α ∈ I.

A simple calculation shows that

θ α,x = sα(x)−1 ; x ∈ UαUU ,

thus (10.4.20) yields the equalities

θ α,x

( ∂

∂xα
i

∣∣∣∣∣∣∣
x

)
= ei ; x ∈ UαUU , 1 ≤ i ≤ n.

Hence, the smooth map θ α( ∂
∂xα

i
) ∈ C∞(UαUU , Rn) reduces to the constant ei.

Moreover, writing θ α as an n-tuple of R-valued 1-forms, i.e.,

Λ1(U, Rn) � θ α ≡ ( θα
1 , . . . , θα

n) ∈
(
Λ1(U, R)

)n
,

we find that

(10.4.21) θ α = (dxα
1 , . . . , dxα

n), α ∈ I.

In other words, relative to the chart (UαUU , φα), each local torsion form θ α

is precisely the ordinary basis of Λ1(UαUU , R), which is the dual of the basis
( ∂

∂xα
i
) of TUαUU .

To translate the previous classical apparatus into our abstract setting,
we consider the following sheaves (see also Example 2.1.4(a)):
• A ≡ C∞

X := S
(
UαUU �−→�� C∞(UαUU , R)

)
, i.e., the sheaf of germs of real-valued

smooth functions on X;
• Ω ≡ Ω1

X := S
(
UαUU �−→�� Λ1(UαUU , R)

)
, i.e., the sheaf of germs of differential

1-forms on X;
• L := S

(
UαUU �−→�� Γ(UαUU , L(X))

)
, i.e., the sheaf of germs of smooth sections

of L(X);
• GL(n, R) := S

(
UαUU �−→�� C∞(UαUU , GL(n, R))

)
, i.e., the sheaf of germs of

GL(n, R)-valued functions of X.
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Note that all the presheaves involved above are defined with respect to the
open covering U = (UαUU ), determined by the smooth structure of X, thus U
is a basis for the topology of X.

We observe that any section s ∈ Γ(UαUU , L(X)) corresponds bijectively to
a unique invertible matrix (sij) ∈ GL(n, C∞(UαUU , R)), determined by

s(x)(ei) =
n∑

j=1

sji(x)
∂

∂xα
j

∣∣∣∣∣∣∣
x
.

This fact implies the identifications

L(UαUU ) ∼= GL(n, C∞(UαUU , R)) ∼=
IsoA|Uα

(An|UαUU , Ω∗|UαUU ) ∼= P(Ω∗)(UαUU ),

for every UαUU ∈ U ; hence,
L ∼= P(Ω∗).

Similarly,

C∞(UαUU , GL(n, R)) ∼= C∞(UαUU , R)n2 ∼=
GL(n,C∞(UαUU , R)) ∼= GL(n,A(UαUU )),

for every UαUU ∈ U . Thus,

GL(n, R) ∼= GL(n,A).

Now, given the canonical form θ of L(X), the corresponding canonical
local forms (θ α) determine a unique basis (θα) of Ω(UαUU ), the elements θα

i of
each θα being defined by the isomorphism (see also 10.4.21)

Λ1(UαUU , R) �−−→ Ω1
X(UαUU ) ≡ Ω(UαUU ) : dxα

i �→ d̃xα
i =: θα

i .

As a result, we state the following conclusion:

10.4.10 Theorem. Let X be an n-dimensional smooth manifold. Then the
canonical form θ ∈ Λ1(L(X), Rn), on the bundle of linear frames L(X) of X,
determines the canonical morphism F : L ∼= P(Ω∗) → Ω(n) and the torsion
W : L ∼= P(Ω∗) → (Ω2)(n) on the sheaf L of germs of smooth sections of
L(X).
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10.5. Riemannian metrics

We intend to show that, under suitable conditions on a given algebra-
ized space (X,A), the existence of a Riemannian metric on a vector sheaf
(E , π, X) of rank n amounts to the reduction of GL(n,A) to the orthogonal
group sheaf O(n).

Before the main results, we give a short account of Riemannian metrics,
and we prove some auxiliary results serving the purpose of this section.

If (E , π, X) is an arbitrary A-module, our aim is to define an inner
product on E . Classically, an inner product (on a real vector space) is a
positive-definite real-valued function on the given space. In our context,
where the coefficients live in the algebra sheaf A (instead of the classical
field of reals), we need beforehand an ordering in A, so that in the latter we
may consider positive and negative elements.

Motivated by certain algebraic structures, such as ordered fields (see,
e.g., Lang [53, p. 390]), and taking into account the structure of A, we say
that (X,A) is a preordered algebraized space if there is a subsheaf S of A
(called preorder) with the following properties:

S + S ⊆ S,(10.5.1)
λS ⊆ S,(10.5.2)
S · S ⊆ S,(10.5.3)

for every λ ∈ R+ ↪→ A↪↪ . All the algebraic operations listed above are defined
stalk-wise and R+ is the short-hand notation for the constant sheaf R+×X.
Such a preordered algebraized space is conveniently denoted by (X,A,S).

A preordered algebraized space (X,A,S) is called (partially) ordered
if S satisfies the additional condition

(10.5.4) S ∩ (−S) = 0,

where 0 is the constant sheaf 0, also identified with the (image of the) zero
section of S over X.

For the sake of completeness, we add that a sheaf S satisfying the prop-
erties (10.5.1) – (10.5.3) is also known as the (pointed) multiplicative con-
vex cone of A, whereas (10.5.1) – (10.5.4) characterize S as the (pointed)
multiplicative convex salient cone of A.

If (X,A,S) is an ordered algebraized space, then the positive elements
of A are, by definition, the elements of S itself. It is customary to set



10.5. Riemannian metrics 399

A+ := S. Analogously, the negative elements of A are the elements of
A− := −S. Accordingly, sections of A taking values in A+ or A− are called
positive or negative sections respectively.

Now, turning to A-modules (in particular vector sheaves), we first define
the notion of inner product.

10.5.1 Definition. Let (X,A,S) be an ordered algebraized space and let
E ≡ (E , π, X) be an A-module. A (sheaf) morphism ρ : E ×X E → A is
called an A-valued inner product if it is

i) symmetric and A-bilinear,
ii) positive-definite; that is,

(10.5.5)

{
ρ(u, u) ∈ SxS = (A+)x

∼= (Ax)+,

ρ(u, u) = 0x ⇐⇒ u = 0x,

for every u ∈ ExE and every x ∈ X. In the preceding equivalence, the first 0x

is clearly the zero element of Ax, whereas the second one is the zero of ExE .

An inner product ρ on E induces a canonical A-morphism

(10.5.6) ρ̃ : E −→ E∗ := HomA(E ,A)

in the following way: Let U be a fixed open subset of X and let s ∈ E(U)
be a fixed section. For each open V ⊆ U , we define the A(V )-linear map

(10.5.7) ρ̃U (s)V : E(V ) −→ A(V ) : t �→ ρ(s|V , t).

Varying V in U , we obtain a presheaf morphism generating a morphism
of sheaves

ρ̃U (s) ∈ HomA|U (E|U ,A|U ).

Therefore, varying s in E(U), we obtain a new presheaf morphism.

ρ̃U : E(U) −→ HomA|U (E|U ,A|U ),

where each ρ̃U is A(U)-linear. Running U in the topology of X, (ρ̃U ) gen-
erates the desired A-morphism ρ̃.

Based on equality (10.5.5), it is not hard to show that ρ̃ is an injective
A-morphism but not necessarily a surjective one. As in the case of infinite-
dimensional vector spaces, the surjectivity of ρ̃ characterizes a particular
class of inner products. The abstract homologue of this classical case is
described in the following:
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10.5.2 Definition. An inner product ρ is said to be strongly non-degene-
rate if the canonical morphism ρ̃ is surjective; hence, ρ is an A-isomorphism.
Using a terminology suggested by ordinary differential geometry, we also say
that such a ρ is a Riemannian A-metric and the pair (E , ρ) a Rieman-
nian A-module. In the same spirit, an inner product, whose canonical
morphism ρ̃ is only injective, is called weakly non-degenerate.

If E = An (i.e., E is a free module), a Riemannian A-metric on E is
completely known by its matrix (ρij) ∈ GL(n,A(X)) ∼= GL(n,A)(X), where
ρij := ρ(εi, εj). Here ρ denotes the induced morphism of sections, and
εi ∈ An(X) ∼= A(X)n, 1 ≤ i ≤ n, are the natural (global) sections of An.

Similarly, if E is a Riemannian vector sheaf with corresponding coordin-
ates ψα : E|UαUU → An|UαUU over U = (UαUU ), then ρ is completely determined by
the family of local metrics ρα : E|UαUU ×UαUU E|UαUU → A|UαUU , restrictions of ρ to
the indicated domains. Each ρα is equivalently defined by the (local) matrix
(ρα

ij) ∈ GL(n,A(UαUU )) ∼= GL(n,A)(UαUU ), whose entries are given by

ρα
ij := ρ

(
eα
i , eα

j

)
= ρ
(
ψ−1

α (εi|UαUU ), ψ−1
α (εj |UαUU )

)
; 1 ≤ i, j ≤ n,

(see (5.1.3)). A direct consequence of the definitions is that the invertible
matrices (ρij) and (ρα

ij) are symmetric, i.e.,

(ρij) = (ρij)T and (ρα
ij) = (ρα

ij)
T ,

where the superscript T denotes the transpose of the matrix involved.
If we start with an ordered algebraized space (X,A,S) where, in ad-

dition, A is assumed to be a Riemannian A-module with metric ρ, then
the free A-module An is provided with a natural Riemannian metric, called
extension of ρ,

(10.5.8) ρn : An ×X An −→ A : (a, b) �→ ρn(a, b) :=
n∑

i=1

ρ(ai, bi),

for every a = (a1, . . . , an) and b = (b1, . . . , bn) in the given domain.
On the other hand, assuming again that (A, ρ) is a Riemannian module,

a vector sheaf E (of rank n) can be equipped with a Riemannian metric in
various ways. One routine is, roughly speaking, the following: We choose
a local frame (UαUU , (ψα)) and restrict the metric ρn , defined by (10.5.8), to
every An|UαUU . Transferring the latter metrics by the coordinates, we obtain
a family of local Riemannian metrics, say ρα : E|UαUU ×UαUU E|UαUU → A|UαUU ,
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α ∈ I. We get a (global) Riemannian metric ρE on E by gluing together the
ρα’s, a procedure applicable if, for instance, A admits a partition of unity
subordinate to U .

The idea just described hides certain subtleties. Firstly, to define a
partition of unity subordinate to U , the covering need to be locally finite.
For this purpose, X is assumed to be a (Hausdorff) paracompact space.
Then, for any local frame (V, (χα)) of E , there is a locally finite refinement
U of V, which yields (by appropriate restrictions) a local frame (U , (ψα)) of
E with the desired property.

Secondly, the morphism ρE , obtained by the gluing process via a partition
of unity, is, in general, only symmetric and bilinear. We do get a (positive-
definite) inner product if we further assume that the partition of unity, say
(fαff ), is strictly positive; that is,

fαff (u) ∈ A+
x ∩ A·

x, for every u ∈ Ax, x ∈ X, α ∈ I.

Notice that

A+
x := (A+)x

∼= (Ax)+ and A·
x := (A·)x

∼= (Ax)·.
We do not give further details (which can otherwise be found in [62,

Vol. I, pp. 316–330]; see in particular Theorem 8.3, p. 328 ibid.) because,
as explained earlier, our intention is to obtain Riemannian metrics from
a reduction of the structure sheaf. However, there are still a couple of
important notions needed later on.

10.5.3 Definition. An ordered algebraized space (X,A,S) has square roots
if the following conditions are satisfied:

i) The strictly positive elements of A are invertible, i.e., A+ − 0 ⊆ A·;
ii) For every a ∈ A+, there is a unique b ∈ A+ such that

(a, b) ∈ A+ ×X A+ and b2 = a.

In this case, b is called the square root of a, also denoted by
√

a.

The square root of a section is defined in the obvious way. We note
that the existence of square roots is not guaranteed for sheaves of arbitrary
algebras. The sheaves of germs of R-valued continuous (resp. smooth maps)
on a Hausdorff paracompact topological space (resp. smooth manifold) X
are typical examples of algebraized spaces with square roots.

10.5.4 Definition. If (A, ρ) is a Riemannian A-module also admitting
square roots, then the A-valued norm on An is the morphism

‖ · ‖ : An −→ A+ ⊂ A : a → ‖�� a ‖ :=
√

ρn(a, a).
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With the foregoing machinery at our disposal (: existence of square roots,
norms etc.), we can perform the analog of the Gram-Schmidt orthogon-
alization process to any basis of sections of An. As a matter of fact, given
a basis (σi) ∈ An(X) ∼= A(X)n, 1 ≤ i ≤ n, we construct an orthonormal
basis (si), 1 ≤ i ≤ n; in other words,

‖ si ‖ =
√

ρn(si, si) = 1|X , ρn(si, sj) = δij .

The steps of the process follow the standard inductive pattern of the classical
case, under the necessary modifications. The same procedure works for any
free A-module.

Let us fix a Riemannian A-module (A, ρ) with square roots and an or-
thonormal basis (εi) ∈ An(X). An isometry of An (with respect to ρn) is
an A-morphism f : An → An satisfying

ρn(f(u), f(v)) = ρn(u, v), (u, v) ∈ An ×X An.

It corresponds bijectively to a matrix

(fijff ) ∈ GL(n,A(X)) such that (fijff ) · (fijff )T = I,

where I is the identity matrix and fijff = ρn(εi, εj). Thus

(fijff ) ∈ O(n,A(X)),

the latter symbol denoting the orthogonal group with coefficients in A(X).
The orthogonal group sheaf O(n,A) is the sheaf of groups generated by
the complete presheaf of (local) orthogonal groups

U �−→�� O(n,A(U)).

The preceding preliminary (though lengthy) discussion brings us to the
main target of the present section. Before stating its results, let us gather
all the properties of A needed henceforth. So, we assume that:

(10.5.9)

(X,A,S) is an ordered algebraized space such that (A, ρ) is a
Riemannian A-module (with a Riemannian metric ρ), also ad-
mitting square roots. If ρn is the Riemannian metric on An,
defined by (10.5.8), we fix an orthonormal basis (εi)1≤i≤n of
A(X)n, relative to ρn, by applying the Gram-Schmidt ortho-
gonalization process.
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10.5.5 Proposition. With the assumptions (10.5.9), we consider a vector
sheaf E = (E , π, X) of rank n and a local frame (U , (ψα)) of it. If the co-
ordinate transformations ψαβ := ψα ◦ψ−1

β : An|UαβUU → An|UαβUU are isometries
(with respect to ρn), then E is provided with a Riemannian A-metric.

Proof. For each α ∈ I, we define the morphism ρα
E : E|UαUU ×UαUU E|UαUU by

setting ρα
E := ρn ◦ (ψα × ψα), as in the diagram

E|UαUU ×UαUU E|UαUU
ρα
E � A|UαUU

An|UαUU ×UαUU An|UαUU

ρn

��

ψα × ψα
��

Diagram 10.2

where, for the sake of simplicity, we have omitted the symbol of restriction
from ρn.

We shall show that ρα
E = ρβ

E over E|UαβUU ×UαβUU E|UαβUU . Indeed, for every
(u, v) in the last sheaf, we have that

ρβ
E(u, v) = ρn

(
ψβ(u), ψβ(v)

)
= ρn
(
ψαβ(ψβ(u), ψαβ(ψβ(v))

)
= ρn
(
ψα(u), ψα(v)

)
= ρα

E (u, v).

Therefore, gluing the morphisms (ρα
E )α∈I together, we obtain a morphism

ρ : E ×X E . It is a Riemannian A-metric since all the previous partial
morphisms have the same property, in virtue of our assumptions.

Proposition 10.5.5 implies that the transition matrix
(
ψαβ

ij

)
correspond-

ing to ψαβ is an orthogonal matrix, i.e.,(
ψαβ

ij

)
∈ O(n,A(UαβUU ));

thus, identifying the coordinate transformations with the transition matrices
(recall Proposition 5.1.4 and its preceding discussion), we see that the cocycle
of E now has the form

(10.5.10) (ψαβ) ∈ Z1(U ,O(n,A)).

Consequently, the previous proposition can be restated as follows:
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10.5.5 Proposition (restated). If the cocycle of E has coefficients in
O(n,A), then E admits a Riemannian A-metric ρE .

10.5.6 Corollary. Under the assumptions of Propositions 10.5.5, the co-
ordinates ψα : E|UαUU → An|UαUU , α ∈ I, are isometries with respect to the
metrics ρE and ρn.

Proof. Reverting to the beginning of the proof of Proposition 10.5.5, we
see that the isometry property of ψα is merely the definition of ρα

E .

10.5.7 Corollary. Let E be a vector sheaf of rank n, equipped with a
Riemannian A-metric ρE . If the coordinates (ψα) are isometries (with re-
spect to ρE and ρn), then (ψαβ) ∈ Z1(U ,O(n,A)).

Proof. For every (u, v) ∈ E|UαβUU ×UαβUU E|UαβUU , the assumption implies that

ρE(u, v) = ρn
(
ψα(u), ψα(v)

)
= ρn
(
ψβ(u), ψβ(v)

)
,

for all α, β ∈ I. Therefore, for every (a, b) ∈ An|UαβUU ×UαβUU An|UαβUU ,

ρn
(
ψαβ(a), ψαβ(b)

)
= ρn
(
ψα(ψ−1

β (a)), ψα(ψ−1
β (b))

)
= ρE
(
ψ−1

β (a), ψ−1
β (b)

)
= ρn
(
ψβ(ψ−1

β (a)), ψβ(ψ−1
β (b))

)
= ρn(a, b),

which means that ψαβ ∈ O(n,A(UαβUU )) ∼= O(n,A(UαβUU )).

In virtue of Corollaries 10.5.6 and 10.5.7 we also have:

10.5.8 Corollary. Let E be a vector sheaf of rank n and (U , (ψα)) a given
local frame of it. Then the following conditions are equivalent:

i) (ψαβ) ∈ Z1(U ,O(n,A)).
ii) There exists a Riemannian A-metric ρE on E such that the coordinates

(ψα) are isometries (with respect to ρE and ρn).

With the assumptions (10.5.9) always in force, the converse of Proposi-
tion 10.5.5 is stated in the following way.

10.5.9 Proposition. Let E be a vector sheaf of rank n admitting a Rieman-
nian A-metric ρE . Then there always exists a local frame (U , (ψα)) of E such
that the coordinates (ψα) are isometries and the respective cocycle has coef-
ficients in O(n,A).
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Proof. Let (U , (χα)) be a local frame of E . We consider the canonical
orthonormal basis (εi) of An(X) ∼= A(X)n and the basis ( ᾱ

i ) of E(UαUU ) with
ēα
i := χ−1

α (εi|UαUU ), 1 ≤ i ≤ n. Applying the Gram-Schmidt orthogonalization
process to (¯α

i ), we obtain an orthonormal basis (eα
i ) of E(UαUU ). Then the

maps ψα : E|UαUU → An|UαUU , defined by ψα(eα
i ) = εi|UαUU , for all 1 ≤ i ≤ n and

α ∈ I, induce coordinates which are isometries with respect to the metrics
involved. By Corollary 10.5.8 we get a cocycle of the form (10.5.10).

Using a suitable terminology, a Riemannian local frame is a frame
satisfying the properties of Proposition 10.5.9.

We now formulate the existence of Riemannian metrics in terms of prin-
cipal sheaves and also the reduction of their structure sheaf (see Section 4.7).

We start with a Riemannian vector sheaf (E , ρE) of rank n. Mimicking
the general technique of the construction of the principal sheaf of frames
P(E) (see Section 5.2), we define the sheaf of orthonormal frames PoPP (E)
of E . As a matter of fact, we choose a Riemannian local frame (U , (ψα)) of
E so that U be the basis for the topology of X. Also, we denote by

IsomA(An, E) ⊂ IsoA(An, E)

the A(X)-module of isometries (with respect to ρn and ρE). Localizing the
previous module over U , we obtain the presheaf of modules

UαUU �−→�� IsomA|Uα
(An|UαUU , E|UαUU ).

The sheafification of the latter is, by definition, the sheaf PoPP (E).
As in the case of the ordinary sheaf of frames, for each α ∈ I, we define

the coordinate
Φo

α : PoPP (E)|UαUU
�−−→ O� (n,A)|UαUU ,

generated by the A(V )-isomorphisms, when V is varying in UαUU ,

Φo
α,V : IsomA|V (An|V , E|V ) −→ O(n,A(V )) : f → ψα ◦ f,

the isometry ψα ◦ f being identified with its orthogonal matrix. Therefore,
it is routinely checked that

PoPP (E) ≡ (PoPP (E),O(n,A), X, πo)

is a principal sheaf, subsheaf of P(E).
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Let us denote by go
αβ ∈ O(n,A)(UαβUU ) the transition sections of PoPP (E),

and by gαβ ∈ GL(n,A)(UαβUU ) the transition sections of P(E). Then, identi-
fying G with the sheaf of germs of its sections, Diagram 1.7 and Corollary
5.2.3 imply that

go
αβ =

(
Φo

α ◦ (Φo
β)−1
)
(1|UαβUU )

=
((

Φo
α,UαβUU ◦ (Φo

β,UαβUU )−1
)
(1|UαβUU )

)̃
= (ψα ◦ ψ−1

β )̃)) = ψ̃αβ = gαβ .

Thus, in virtue of Proposition 4.7.2 and Corollary 4.7.5,

the principal sheaf of frames P(E) of a Riemannian vector sheaf E
reduces to the principal (sub)sheaf of orthonormal frames PoPP (E); equi-
valently, GL(n,A) reduces to O(n,A).

Conversely, assume that GL(n,A) reduces to O(n,A). Then there exists
a O(n,A)-principal subsheaf F of P(E). If (gαβ) denotes the cocycle of
F , we have that (gαβ) ∈ Z1(U ,O(n,A)). Since (gαβ) coincides with the
cocycle of P(E), and the latter coincides –up to isomorphism– with the
cocycle (ψαβ) of E , we have that (ψαβ) = (gαβ) ∈ Z1(U ,O(n,A)); hence, in
virtue of Corollary 10.5.8, E has a Riemannian A-metric. However, we can
select as local frame of E a Riemannian one, whose open sets form the basis
for the topology of X. In this case, we construct, as earlier, the principal
sheaf of orthonormal frames PoPP (E). Since its cocycle also coincides with
(ψαβ) = (gαβ), we conclude that PoPP (E) = F , within an isomorphism. In
other words,

the reduction of GL(n,A) to O(n,A) implies that P(E) reduces to
PoPP (E), and E is a Riemannian vector sheaf.

Putting together the previous italicized conclusions, we state the follow-
ing main result, closing the present section.

10.5.10 Theorem. Let E be a vector sheaf of rank n. With the assumptions
(10.5.9) on A, the following conditions are equivalent:

i) The sheaf E admits a Riemannian A-metric.
ii) The sheaf of frames (P(E),GL(n,A), X, π) reduces to the sheaf of

orthonormal frames (PoPP (E),O(n,A), X, πo).
iii) The general linear group sheaf GL(n,A) reduces to the orthogonal

group sheaf O(n,A).
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10.6. Problems for further investigation

The following list of selected problems presents a research interest, and
complements some of the ideas expounded in the main part of this work.

1. Define the notion of Grassmann sheaf and classify vector sheaves by
means of it.

2. Construct universal sheaves and connections.

3. Define the abstract notions of parallel translation and holonomy, and
relate them with connections.

4. Relate flat connections, and relative notions of flatness, with repres-
entations of the fundamental group of the base space of a principal
sheaf on its structure sheaf.

5. Find conditions under which it is possible to determine connections
with prescribed curvature.

6. Develop a general theory of G-structures, where G is Lie sheaf of
groups.

7. Develop a sheaf-theoretic approach to symplectic geometry and geo-
metric quantization.

8. Develop a sheaf-theoretic approach to gauge theory.

Certain problems stated above might be hard to answer and represent
large undertakings. Nevertheless, their investigation would be a valuable
contribution towards the same direction of research. The interested readers
are kindly invited to explore the new territory opened by ADG.

As you set out for Ithaka
hope the voyage is a long one,
full of adventure, full of discovery.

(From Constantine Cavafy’s (1863–1933) Ithaka∗)

∗C. P. Kavafy, Collected Poems. Translated by Edmund Keeley and Philip Sher-
rard. Princeton University Press, Princeton N. J., 1992

˜
˜
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List of symbols

The list contains the main symbols, with a fixed meaning, together with a brief
description and the page of their first appearance.

Chapter 1

TX topology of X 2

S ≡ (S, π, X) sheaf over X 2

π : S → X projection of S 2

SxS := π−1(x) stalk of S at x 2

S|U := π−1(U) restriction of S to U 2

φ : S → T sheaf morphism 3

φx : SxS → TxTT restriction of a sheaf morphism to the
stalk at x 3

Hom(S, T ) set of sheaf morphisms of S into T 3

ShX category of sheaves over X 3

S ×X T fiber product of sheaves over X 4

G ≡ (G, π, X) sheaf of groups 4

γ : G ×X G → G multiplication of G 4

α : G → G inversion of G 4

A ≡ (A, π, X) sheaf of algebras 4

E ≡ (E , π, X) A-module (also vector sheaf, p. 164) 4

421



422 List of symbols

S(U) ≡ Γ(U,S) set of continuous local sections of S 5

S(X) ≡ Γ(X,S) set of continuous global sections of S 6

φ̄U : S(U) → T (U) induced morphism of sections 6

s−1 ∈ G(U) inverse section in a sheaf of groups 6

1 ∈ G(X) unit or identity section of G 6

0 ∈ A(X), E(X) zero section of A, E 7

1 ∈ A(X) unit section of A 7

ρU
V restriction map of a presheaf 7

S ≡
(
S(U), ρU

V

)
presheaf 7

φ ≡ (φU ) morphism of presheaves 9

Hom(S, T ) set of presheaf morphisms of S into T 10

PShX category of presheaves over X 10

Γ(S) presheaf of sections of S 10

Γ : ShX → PShX section functor 10

Γ(φ) ≡ φ̄ morphism of sections induced by φ 10

N (x) filter of open neighborhoods of x 11

[s]x germ of s at x 11

ρU,x : S(U) → SxS canonical map into germs 11

ρU : S(U) → S(U) canonical map between sections 12

s̃ := ρU (s) sheaf section associated to a presheaf
section s 12

S(S) sheaf generated by the presheaf S

(sheafification) 12

S sheafification functor 12

S(φ) morphism of sheaves generated by φ 13

φx := lim−→
U∈N (x)

φU inductive (direct) limit of (φU ) 13

CoPShX category of complete presheaves 16
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UαβUU := UαUU ∩ UβU overlapping of two sets 16

C0(U, K) K-valued continuous functions on U 17

CX sheaf of germs of continuous functions
on X 17

C∞(U, K) K-valued smooth functions on U 17

C∞
M sheaf of germs of smooth functions on

a manifold M 17

FXF constant sheaf of stalk type F 17

S ⊕ T direct or Whitney sum of two
A-modules 19∏

i∈I SiSS direct product of a family of sheaves 19⊕
i∈I SiSS direct sum of a family of A-modules 20

Sn = S(n) same as
∏n

i=1SiSS with SiSS = S 20

Γ(S) ⊗Γ(A) Γ(T ) tensor product of presheaves of sections 21

S ⊗A T tensor product of A-modules 21

φ ⊗ ψ tensor product of A-morphisms 21∧pS p-th exterior power of an A-module 22

φ ∧ ψ exterior product of A-morphisms 23

HomA(S, T ) set of A-morphisms between A-modules 23

HomA(S, T ) sheaf of germs of A-morphisms 24

S∗ := HomA(S,A) dual (A-module) of S 24

End(S) sheaf of germs of endomorphisms of S 24

Aut(S) sheaf of germs of automorphisms of S 24

f∗(S) pull-back of S by f 26

f∗
Uff canonical or adjunction map 26

f∗
yff canonical bijection of stalks 26

f∗ pull-back functor 27
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f∗(φ) pull-back of a morphism 26

Sf (U) set of continuous sections along f 27

1∗ unit section of f∗(A) 28

f∗ff (S) push-out of S by f 28

f∗ff (φ) push-out of a morphism 28

1∗ unit section of f∗ff (A) 29

f∗ff push-out functor 29

kerφ kernel of an A-morphism of sheaves 30

imφ image of an A-morphism of sheaves 30

kerφ = ker ((φU )) kernel of an A-morphism of presheaves 31

im φ = im ((φU )) image of an A-morphism of presheaves 31

Cq(U ,S) A(X)-module of (Čech) q-cochains 33

UαUU 0...αq abbreviation of UαUU 0 ∩ . . . ∩ UαUU
q

33

δ ≡ δq coboundary operator 33

|σ| support of a simplex σ 34

σi i-th face ofii σ 34

Z+
0 := N ∪ {0} set of non-negative integers 34

Č·(U ,S) Čech cochain complex of U 34

Žq(U ,S) A(X)-module of q-th Čech cocycles of U 35

B̌q(U ,S) A(X)-module of q-th Čech coboundaries
of U 35

Ȟq(U ,S) q-th Čech cohomology module (group) of
U with coefficients in an A-module S 35

[f ]U cohomology class of (a cocycle) f

in Ȟq(U ,S) 35

τqττ cochain map induced by a refining
map τ 35

τ∗
qττ cohomology map induced by τ 36
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tUV cohomology map Ȟq(U ,S) → Ȟq(V,S)
induced by a refinement V of U (cf. also
p. 49) 37

Ȟq(X,S) q-th Čech cohomology module (group)
of X with coefficients in an A-module S 37

tU canonical map Ȟq(U ,S) → Ȟq(X,S)
(cf. also p. 50) 38

[f ] cohomology class of f in Ȟq(X,S) 38

Ȟ∗(X,S) Čech cohomology of X with coefficients
in an A-module S 39

Ȟq(X, S) q-th Čech cohomology module (group)
of X with coefficients in an A-module S 39

Ȟ∗(X, S) Čech cohomology of X with coefficients
in an A-module S 40

φU ,q morphism of cochains over U , induced
by a morphism φ (cf. also p. 44) 40

φ∗
U ,q morphism of cohomology groups of U

induced by a morphism φ 41

φ∗
q ≡ φ∗ morphism of cohomology groups of X

induced by a morphism φ (cf. also p. 44) 41

δ∗ connecting morphism of cohomology
groups 41

C̄q(U , T ) liftable q-cochains 44

H̄q(X, T ) liftable q-cohomology module 44

C· ≡ (Cq, dq)q∈Z abstract complex 46

C·(U , E·, δ, d) double complex (over U) 51

H1(U ,G) 1st cohomology set of U with
coefficients in non-abelian G 49

1U ∈ H1(U ,G) equivalence class of the trivial cocycle 49

H1(X,G) 1st cohomology set of X with
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coefficients in non-abelian G 50

[(fαβff )] ∈ H1(U ,G) cohomology class of a cocycle (fαβff ) 50

1 ∈ H1(X,G) distinguished element 50

Ȟ
p(X, E·) p-hypercohomology group of X

with coefficients in the complex E· 52

Chapter 2

(X,A) algebraized space 54

(A, d, Ω) differential triad 54

(f∗ff (A), f∗ff (d), f∗ff (Ω)) push-out of a differential triad 60

(f, fAff , fΩff ) morphism of differential triads 61

DT category of differential triads 65

DM category of C∞-manifolds 65

ρUV 67

τUVττ 68

(f∗(A), f∗(d), f∗(Ω)) pull-back of a differential triad 80

Ωp ≡
∧pΩ1 p-th exterior power of Ω ≡ Ω1 82

Ω· ≡
∧

Ω exterior algebra of Ω 82

∧ exterior product in Ω· 82

d0 d0 := d 83

d1 : Ω1 −→ Ω2 1st exterior derivation 83

dpdd : Ωp −→ Ωp+1 p-th exterior derivation 83

Chapter 3(
MnMM (A(U)), µU

V

)
presheaf of matrices 90

Mn(A) matrix algebra sheaf of order n 90

Mn(Ω) n-th square matrix extension of Ω 91

λ1 Mn(Ω) �−−→ Ω ⊗A Mn(A) 92
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µ1 inverse of λ1 92

d : Mn(A) → Mn(Ω) square matrix extension of d : A → Ω 93

Mm×n(A) d−→ Md−− m×n(Ω) matrix extension of d : A → Ω 94

A· sheaf of units of A 94

∂̃ : A· → Ω logarithmic differential of A· 95

GL(n,A) general linear sheaf group 96

∂̃ : GL(n,A) → Mn(Ω) logarithmic differential of GL(n,A) 96

Ad adjoint representation of GL(n,A) 97

also of C∞
X (G) 107

ρ : G → Aut(L) representation of G on L 101

δ : G ×X L → L (left) action of G on L 101

Ω(L) abbreviation of Ω ⊗A L 103

ρ(g).w action of g on w relative to ρ 103

(· · · )̃)) equivalent of (̃· · · ), if (· · · ) contains
a long, complicated section 104

∂ : G → Ω(L) Maurer-Cartan differential 104

G ≡ (G, ρ,L, ∂) Lie sheaf of groups 105

C∞
X (G) sheaf of G-valued maps on X 106

C∞
X (G) sheaf of G-valued maps on X 106

Λ1(U, G) G-valued 1-forms on U 106

ΩX(G) sheaf of G-valued 1-forms 106

λ1 ΩX(G) �−−→ Ω ⊗C∞
X

C∞
X (G) 107

µ1 inverse of λ1 107

TxTT f ≡ dxf ordinary differential of a smooth
function at x 109

C∞(U, G) generalized smooth G-valued maps 112

τ the isomorphism of f∗(A)-modules
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f∗(S ⊗A T ) ∼= f∗(S) ⊗f∗(A) f∗(T ) 116

∂∗ Maurer-Cartan differential of f∗(G) 118

ρ∗ representation of f∗(G) on f∗(L) 123

∆∗ action of f∗(G) on f∗(Ω) (f∗(L)) 123

Chapter 4

(P,G, X, π) principal sheaf 132

U = {UαUU ⊆ X |α ∈ I} (open) covering of X 132

φα : P|UαUU
�−−→ G|�−− UαUU coordinate of a principal sheaf P 132

U ≡ (U , (φα)) local frame with its coordinates 133

k : P ×X P → G morphism connecting elements in the
same stalks of a principal sheaf 134

(sα) natural sections of P 135

(s∗α) natural sections of f∗(P) 139

(f, φ, φ, idX) morphism of principal sheaves 140

(f, φ, idX) particular case of the above 140

f∗
Sff equivalent to pr2|f∗(S) 140

(gαβ) ∈ Z1(U ,G) 1-cocycle with values in G 144

P G(X) set of equivalence classes of G-isomor-
phic principal sheaves over X 156

Chapter 5

E ≡ (E , π, X) vector sheaf (also A-module, p. 4) 164

ψα : E|UαUU
�−→ A� n|UαUU coordinate of a vector sheaf E 164

eα
i ∈ E(UαUU ), i ∈ I natural sections of a vector sheaf 165

ψαβ = ψα ◦ ψ−1
β coordinate transformation of a vector

sheaf 166(
gαβ
ij

)
transition matrix of E 167
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(ψαβ) ∈ Z1(U ,GL(n,A)) 1-cocycle of a vector sheaf 167

Φn
A(X) set of equivalence classes of A-isomorphic

vector sheaves of rank n over X 170

IsoA|V (An|V , E|V ) set of A|V -isomorphisms of A|V
onto E|V 173

P(E) sheaf of frames of a vector sheaf E 173

δF : G ×X F → F action of G on F 177

Q ∼= (P ×X F)/G associated sheaf of type F 180

Q ∼= P ×G
X F other symbol for the above 180

HomG(P,F) sheaf of tensorial morphisms 187

ad : G ×X G → G adjoint action of G on itself 187

ad(P) sheaf associated by the adjoint action 187

Homad(P,G) group of tensorial morphisms with
respect to the adjoint action 187

Homad(P,G) sheaf of germs of the above 188

GA(P) group of gauge transformations of P 188

GA(P) sheaf of gauge transformations of P 189

φ(P) ∼= (P ×X H)/G associated sheaf of type (the sheaf
of groups) H 190

M = (P ×X S)/G associated A-module of type
(the A-module) S 194

E ∼= (P ×X An)/G associated vector sheaf 195

ρ(P) ∼= (P ×X L)/G ρ-adjoint sheaf associated to P 196

Chapter 6

D : P → Ω(L) connection on a principal sheaf P 212

Dα local connections 213

(ωα) local connection forms 214

ωo canonical flat connection on X × G 220
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C(P) sheaf of connections 222

(Dα − Dβ) Maurer-Cartan cocycle 226

a(P) Atiyah class of P 226

PαPP := P|UαUU = π−1(UαUU ) restriction of P to UαUU 227

Conn(P) set of connections on P 234

D∗ pull-back connection 240

(ω∗
α) local connection forms of D∗ 241

f∗D same as D ◦ f 243

M(P) moduli space of P 244

M(P) moduli sheaf of P 245

(P, D) ∼ (P ′, D′) equivalent sheaves with connections 248

P G(X)D quotient space induced by the
above equivalence 249

Ȟ
1(

X,G ∂−→ Ω(L)
)

1-hypercohomology group with

coefficients in G ∂−→ Ω(L) 249

Chapter 7

Ω(E) abbreviation of E ⊗A Ω ∼= Ω ⊗A E 256

∇ A-connection on E 256

ωα :=
(
ωα

ij

)
local connection matrix 257

φ : Mm(Ω) → Mn(Ω) morphism induced by the morphism
φ : Mm(A) → Mn(A) 268

Chapter 8

Ωp(L) = Ωp ⊗A L p-th L-valued exterior power of Ω 281

Ω·(L) =
∧

(Ω(L)) L-valued exterior algebra of Ω 281

∧ exterior product in Ω·(L) 281

[a, b] same as a∧b for a, b ∈ Ω·(L) 281
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λ2 analog of λ1 (see Chap. 3) for 2-forms 285

µ2 analog of µ1 (see Chap. 3) for 2-forms 285

λ2 inverse of µ2 285

d1 : Ω1(L) → Ω2(L) 1st order differential on Ω1(L) 287

D : Ω1(L) → Ω2(L) Cartan second structure operator 288

λp p-form analog of λ1 293

µp inverse of λp 293

(G,D) curvature datum 288

R ≡ RD curvature of a connection D

(on a principal sheaf) 297

Ωα := RD(sα) local curvature forms of D 298

d2 : Ω2(L) → Ω3(L) 2nd order differential on Ω2(L) 301

(G,D, d2) Bianchi datum 301

d2
H extension of d2 to Hom(P,Ω2(L)) 301

∧H extension of ∧ to Hom(P,Ω·(L)) 302

D ≡ DD covariant exterior differential 303

R(P) sheaf of curvatures 308

D : C(P) → R(P) 308

∇1 : Ω1(E) → Ω2(E) 1st prolongation of ∇ 320

R∇ curvature of an A-connection 320

Rα =
(
Rα

ij

)
curvature matrix 321

A Topological algebra 340

Chapter 9

f̂ :
∏k

i=1 Ωqi(L) → Ωq morphism induced by f : L(k) → A 343

Ik(G) set of ρ-invariant symmetric
k-morphisms 345

f̂αff section morphism over UαUU induced by f̂ 346
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f̂(Ωα) abbreviation of f̂αff (Ωα, . . . ,Ωα) 346

f(D) ∈ Ω2k(X) form defined by a k-morphism f and
a connection D 346

z(ω) cocycle determined by a closed form ω 354

c(ω) cohomology class determined by a
closed form ω 354

c(f(D)) cohomology class determined by f(D) 355

φ# morphism between cohomology groups
induced by the pull-back morphism 356

c(f,P) characteristic class of P induced by
a k-morphism f 359

I∗(G) direct sum of all Ik(G) 360

H∗(X, ker d) direct sum of all Hk(X, ker d) 360

H∗∗(X, ker d) direct sum of all H2k(X, ker d) 360

WP the Chern -Weil map of P 360

f � g product of f, g ∈ I∗(G) 362

Sk+l the group of permutations of k + l

elements 362

ρk,l
U the canonical map

Ω2k(U) ∧ Ω2l(U) −→ (Ω2k ∧ Ω2l)(U) 363

[w]d class of w in ker(dp
X)

im(dp−1
X )

366

Chapter 10

PFG(A) category of projective finitely generated
A-modules 377

Man(A) category of A-manifolds 378

F (E) bundle of frames of a vector bundle E 380

Γ(X, E) set of smooth sections of E 381

∇E A-connection on E 381
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F(E) sheaf of germs of invertibly smooth
sections of E 384

GLA(P ) sheaf of germs of generalized smooth
GLA(P )-valued maps 384

e∗α = (∗eα
i ) natural basis of E∗(UαUU ) 387

(θα)T transpose of (θα) 389

F : P(Ω∗) → Ω(n) canonical morphism of P(Ω∗) 389

W : Ω(n) → (Ω2)(n) Cartan first structure operator 392

T torsion of an A-connection on Ω∗ 392

Θα local torsion forms 392

L(X) bundle of linear frames of a smooth
manifold X 395

θ ∈ Λ1(L(X), Rn) canonical form of L(X) 395

θ α ∈ Λ1(UαUU , Rn) local canonical forms of L(X) 396

(X,A,S) preordered algebraized space 398

A+ := S positive elements of A 399

A− := −S negative elements of A 399

ρ : E ×X E → A A-valued inner product on E 399

ρ̃ : E → E∗ canonical morphism induced by an
inner product ρ 399

(E , ρ) Riemannian A-module 400

ρn extension of ρ to An 400
√

a square root of a ∈ A+ 401

‖ · ‖ A-valued norm on An 401

O(n,A) orthogonal group sheaf 402

PoPP (E) sheaf of orthonormal frames 405

IsomA(An, E) A(X)-module of isometries 405





Subject index

A

A-module, 31
A-morphism, 31

– image of, 31
– kernel of, 31

A-presheaf, see A-module
A-bundle, 375, 378
A-connection, 381
A-curve, 378
A-differentiable, 377
A-manifold, 375, 378
A-module, 377
A-smooth map, 378
A-smooth morphism, 378
A-connection, 256

– 1st prolongation of, 320
– flat, 324
– torsion of, 392

A-connections
– f -conjugate, 264
– f -related, 264

A-isomorphism, 168
A-module, 4

– associated with P, 194
– dual, 24
– injective, 47
– locally free, 164
– of Lie algebras, 91, 101
– partition of unity of, 47
– reflexive, 233

– Riemannian, 400
A-morphism, 5

– compatible with (φ, φ), 267
– of vector sheaves, 168

A-submodule, 5
A-valued norm, 401
abelian principal sheaf, 248
action, 101
adjoint action of G, 187
adjoint representation

– of C∞
X (G), 107

– of GL(n,A), 97
adjoint sheaf of P, 196
adjunction map, 26
algebra

– ∗, 370
– C∗, 371
– topological, 340

– locally convex, 340
– locally m-convex, 340
– σ-complete, 340

algebraized space, 54
– base space of, 54
– ordered (partially), 398
– preordered, 398
– structure sheaf of, 54

associated
– A-module, 194
– sheaf

– by a morphism of sheaves

435
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of groups, 190
– coordinates of, 179
– of type F , 179
– vector, 196

Atiyah class, 226

B

base of a sheaf, 2
basis

– dual, 387
– of E(UαUU ), 166
– orthonormal, 402

Bianchi
– datum, 301
– identity

– local, 394
– second identity, 302, 303

– local, 303
Bockstein operator, 41
bump functions, 382
bundle of frames

– of E, 380
– of X, 395

– local canonical forms of,
396

– canonical form of, 395

C

C∗-algebra, 371
canonical

– form of L(X), 395
– local forms of L(X), 396
– local forms of P(Ω∗), 390
– map

–f∗
Uff (in pull-backs), see ad-
junction map

– ρU,x (into germs), 11
– tU (of cohomology mod-

ules), 38, 50

– map (morphism)
– ρU (of sections), 12

– morphism of P(Ω∗), 389
– topology, 377

Cartan
– 1st structure equation, 392

– local, 392
– 1st structure operator, 392
– 2nd structure equation, 288

– local, 298
– local of ∇, 321

– 2nd structure operator, 288
category

– of complete presheaves, 16
– of differential triads, 65
– of presheaves, 10
– of sheaves, 3

Čech
– coboundary, 35
– cochain, 33
– cochain complex, 34
– cocycle, 35
– cohomology, 39, 40

– liftable, 44
– cohomology group, 35
– cohomology module, 35, 38,

39
– hypercohomology group

– of U , 52, 251
– of X, 52, 251

Chern -Weil
– homomorphism, 368
– map, 360

Christoffel symbols, 382
coboundary, 35

– homomorphism, see opera-
tor

– liftable, 44



Subject index 437

– operator, 33
cochain, 33, 49

– liftable, 44, 46
cocycle, 35, 49

– Maurer-Cartan, 226
– condition, 144, 167
– liftable, 44
– of a principal sheaf, 144
– of a vector sheaf, 167

cocycles
– cohomologous, 49, 150
– equivalent, 49

cohomology
– 1st of a principal sheaf, 156
– 1st of a vector sheaf, 168
– group, 38
– long exact sequence

– for presheaves, 41
– for sheaves, 45

– module
– liftable, 44
– with coefficients in S, 40
– with coefficients in S, 35,

38
– set (1st) of X, 50
– set (1st) of U , 49

complete
– parallelism, 325
– presheaf, 16

complex
– cochain, 34
– double, 51
– of A-modules, 46

composition law for morphisms
of differential triads, 64

conjugate
– A-connections, 264
– connections, 235

connecting morphism
– of cohomology groups, 41

connection
– canonical flat of P = X×G,

220
– canonical local of P, 213
– flat, 324
– integrable, 325
– local matrix of, 257
– on a principal sheaf, 212
– pull-back of, 240
– trivial, 328

connections
– gauge equivalent, 243
– set of, 234
– f -conjugate, 235
– f -related, 235

constant
– presheaf, 18
– sheaf, 17

convex cone
– multiplicative, 398
– multiplicative salient, 398

coordinate 1-cocycle, 144
coordinate transformation

– of a principal sheaf, 143
– of a vector sheaf, 166

coordinates
– of a principal sheaf, 132
– of a vector sheaf, 165
– of an associated sheaf, 179

coordinatizing covering
– of a principal sheaf, 133
– of a vector sheaf, 165

covariant exterior differential, 303
curvature

– datum, 288
– matrix of ∇, 321
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– of a connection, 297
– of an A-connection, 320

D

∂-flat principal sheaf, 326
datum

– Bianchi, 301
– curvature, 288
– precurvature, 287

de Rham
– abstract theorem, 48
– complex, 85
– generalized space, 86
– generalized p-space, 86
– space, 87

derivation
–A-valued of A, 58
– Kahler, 57¨
– Ω-valued of A, 55

differentiable map in abstracto, 79
differential

– covariant exterior, 303
– Kahler, 57¨
– logarithmic, 109

– of A·, 95
– of GL(n,A), 96

– Maurer-Cartan, 104
– quantized, 371
– total, see logarithmic

differential triad, 54
– pull-back of, 80
– push-out of, 60
– restriction of, 81

direct product of presheaves, 19
direct sum of A-modules, 19, 20
distinguished element, 50
dual

– A-module, 24
– basis, 387

– vector sheaf, 387

E

element
– negative, 399
– positive, 398

equivalent
– Maxwell fields, 272
– pairs (P, D), 248

equivariance property, 132
– of a coordinate, 133
– of a morphism of principal

sheaves, 140
equivariant morphism, 132
étalé space, 17
exact sequence

– of A-modules, 31
– of A-modules, 30
– short, 31

exponential morphism, 339
extension of a metric, 400
exterior

– algebra of Ω, 82
– L-valued, 281

– covariant differential, 303
– derivation, 83
– power of A-modules, 22
– power of Ω, 82

– L-valued, 281
– product

– in Ω·, 82
– in Ω·(L), 281
– of A-morphisms, 23

F

fiber, see stalk
fiber product

– of A-modules, 19
– of sheaves, 4, 19
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field strength, 279
flat

– A-connection, 324
– connection, 324
– principal sheaf, 330
– representative, 330

f -morphism, 127
form, 82, 212

– canonical of L(X), 395
– closed, 347, 351

frame
– bundle, see bundle of frames
– horizontal (of sections), 325
– linear, 395
– local

– of a principal sheaf, 133
Frobenius

– condition, 332
– theorem, 332

functor
– section, 10
– sheafification, 12

G

G-morphism, 141
G-principal sheaf, 132
gauge

– equivalent connections, 243
– group of P, 188
– local

– of a principal sheaf, 133
– of a vector sheaf, 165

– potential, 214
– potentials, 214
– transform, 222
– transformation, 188
– transformations

– group of, 188
– sheaf (of germs) of, 189

general linear group sheaf, 96
generalized smooth, 112
germ of s at x, 11
global section, 6
Gram-Schmidt orthogonalization,

402
group

– general linear GL(n,A(U)),
96

– orthogonal O(n,A(X)), 402
group of units, 94
group sheaf

– general linear, 96
– orthogonal, 402

H

homotopy operator, 36
horizontal

– frame (of sections), 325
– section, 325

hypercohomology (Čech), 51, 249

I

identity section of G, 6
image

– direct, of a sheaf see push-
out 28

– inverse, of a sheaf see pull-
back 26

– of an A-morphism, 31
– of an A-morphism, 30

induced morphism of sections, 6
inner product, 399

– non-degenerate
– strongly, 400
– weakly, 400

integrable connection, 325
inverse section of G, 6
invertible element, 94
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invertibly A-smooth, 384
involution, 370
isometry, 402
isomorphism

– of presheaves, 10
– of principal sheaves, 141
– of sheaves, 3
– of vector sheaves, 168

K

k-morphism, 342
– ρ-invariant, 343
– symmetric, 342

Kahler¨
– derivation, 57
– differential, 57

kernel
– of an A-morphism, 31
– of an A-morphism, 30

L

Leibniz condition, 55, 58
Leibniz-Koszul condition, 256
Lie algebra A-module, 91, 101
Lie sheaf of groups, 105

– abelian, 105
– morphism of, 114
– pull-back of, 127

liftable
– (Čech) cohomology, 44
– (refinement) cochain, 46
– cochain, 44

line sheaf, 272
linear frame, 395
lmc see topological algebra 340
local

– Bianchi identity, 394
– Bianchi second identity, 303

– Cartan structure equation,
298, 392

– connection forms, 214
– connection matrix, 257
– curvature forms, 298
– frame

– Riemannian, 405
– of a principal sheaf, 133
– of a vector sheaf, 165

– gauge, 133, 165
– section of a sheaf, 6
– torsion forms, 392

logarithmic differential, 109
– of A·, 95
– of GL(n,A), 96

long exact cohomology sequence
– for presheaves, 41
– for sheaves, 45

M

matrix algebra sheaf, 90
matrix sheaf extension

– n-th square of (A, d, Ω), 94
– n-th square of d, 93
– n-th square of Ω, 91
– of d, 94

matter field, 196
Maurer-Cartan

– cocycle, 226
– connections, 213
– differential, 104
– equation, 289

Maxwell field, 272
metric

– Riemannian, 400
– extension of, 400

module
– A, 31
– A, 4
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– projective finitely generated,
377

– canonical topology of, 377
moduli

– sheaf, 245
– space, 244

monopresheaf, 18
morphism

– canonical of P(Ω∗), 389
– equivariant, 132
– exponential, 339
– identity (of differential tri-

ads), 62
– induced of sections, 6
– of Lie sheaves of groups, 114
– of differential triads, 61
– of presheaves, 9

– injective, 10
– surjective, 10

– of principal sheaves, 140
– equivariance property of,

140
– of sheaves, 3

– compatible with φ, 205
– injective, 3
– of unital algebras, 61
– surjective, 3
– with algebraic structure, 5

– of unital algebras, 61
– of vector sheaves, 168
– of A-modules, 5
– tensorial, 185

N

natural sections
– of a principal sheaf, 135
– of a vector sheaf, 165

naturality of the Chern -Weil ho-
momorphism WP , 361

negative
– elements, 399
– section, 399

norm on A, 401

O

orthogonal group, 402
– sheaf, 402

orthonormal
– basis, 402
– frames (sheaf of), 405

P

p-form, 82
parallel sections, 325
parallelism (complete), 325
particle field, 196
partition of unity, 47

– strictly positive, 401
positive

– elements, 398
– section, 399

precurvature datum, 287
preorder, 398
presheaf

– complete, 16
– constant, 18
– isomorphism of, 10
– morphism, 9
– of A(U)-modules, see A-mo-

dule
– of sections of a sheaf, 10
– of sets, 7
– restriction maps of, 7
– sections of, 8

principal sheaf, 132
– 1st cohomology class of, 156
– abelian, 248
– cocycle of, 144
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– coordinate mappings of, 132
– coordinates of, 132
– ∂-flat, 326
– flat, 330
– gauge transformation of, 188
– local frame of, 133
– natural sections of, 135
– of germs of sections of a prin-

cipal bundle, 137
– structure sheaf of, 132
– structure type of, 133

principal sheaves
– equivalent, 156
– isomorphisms of, 141
– morphism of, 140

principal subsheaf, 161
product

– inner, 399
– of differential triads, 66, 74

– projections of, 66
– universal property of, 66

projection of a sheaf, 2
projective finitely generated mod-

ule, 377
prolongation of A-connection, 320
pull-back

– adjunction map, 26
– canonical map of sections,

26
– connection, 240
– functor, 27
– of a Lie sheaf of groups, 116,

127
– of a principal sheaf, 138
– of a principal sheaf– univer-

sal property of, 142
– of a sheaf, 26

push-out

– functor, 29
– of a sheaf, 28

Q

Q-algebra, 376
quantized differential, 371

R

(ρ, ∂)-connection, 213
ρ-invariant k-morphism, 343
reduction

– of a principal sheaf, 159
– of the structure sheaf, 159,

160
refinement liftable cochain, 46
refining map, 35
reflexive A-module, 233
related A-connections, 264
related connections, 235
representation of G, 101

– trivial, 105
resolution, 46

– acyclic, 47
– fine, 47
– flabby, 48
– injective, 48
– soft, 48

restriction maps of a presheaf, 7
restriction of a sheaf, 2
Riemannian

– local frame, 405
– metric, 400
– module, 400

S

section
– along f , 27
– functor, 10
– horizontal, 325
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– identity of G, 6
– inverse of G, 6
– natural

– of a principal sheaf, 135
– of a vector sheaf, 165

– negative, 399
– of a presheaf, 8
– of a sheaf, 5

– global, 6
– local, 6

– parallel, 325
– positive, 399
– transition, 144
– unit of A, 7
– unit of G, 6
– zero of A, 7

set of connections, 234
sheaf, 2

– associated with P, 178
– by a morphism of sheaves

of groups, 190
– base of, 2
– constant, 17
– fiber of, 2
– fine, 47
– flabby, 47
– generated by a presheaf, 12
– isomorphism, 3
– line, 272
– matrix algebra, 90
– morphism, 3
– of algebras, 4
– of connections, 223
– of curvatures, 308
– of frames, 173

– natural sections of, 174
– of germs

– of A-endomorphisms, 24

– of A-morphisms, 24
– of automorphisms, 24
– of continuous functions, 17
– of gauge transformations,

189
– of sections, 15
– of smooth functions, 17
– of tensorial morphisms, 187

– of groups, 4
– inversion of, 4
– multiplication of, 4

– of K-vector spaces, 4
– of orthonormal frames, 405
– of p-forms, 82
– of rings, 4
– of units of A, 94
– principal, 132

– structure sheaf of, 132
– structure type of, 133

– projection of, 2
– pull-back of, 26
– push-out of, 28
– section of, 5
– soft, 47
– space, 2
– stalk of, 2
– vector, 164

sheafification
– functor, 12
– of a presheaf, 12

sheaves
– isomorphism of, 3
– morphism of, 3

simplex, 34
– face of, 34
– support of, 34

smooth
– generalized, 112
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– invertibly, 384
solution of ∂x = θ, 333
square

– matrix sheaf extension
– of (A, d, Ω), 94
– of Ω, 91
– of d, 93

– root, 401
stalk, 2

– of type F , 17
– preserving, 3

structure equation
– Cartan first, 392

– local, 392
– Cartan second, 288

– local, 298
structure operator

– Cartan first, 392
– Cartan second, 288

structure sheaf
– of a principal sheaf, 132
– of an algebraized space, 54

structure type
– F , 178
– of a principal sheaf, 133

subsheaf, 3
– principal, 161

symmetric k-morphism, 342

T

tensor product
– of A-modules, 21
– of A-morphisms, 21
– of presheaves (of sections),

21
tensorial morphism, 185
tensorial morphisms

– sheaf (of germs) of, 187
topological algebra, 340

– locally m-convex (lmc), 340

– σ-complete, 340
torsion

– local forms of, 392
– of an A-connection, 392

total differential, 109
total space, see sheaf space
transition

– matrix, 167
– section, 144

trivial
– bundle, 220
– connection, 328
– representation, 105

U

unit
– section of A, 7
– section of G, 6

universal property
– of product of differential tri-

ads, 66
– of pull-back, 81
– of push-out, 81

V

vector sheaf, 164
– 1st cohomology class of, 168
– associated with P, 196
– cocycle of, 167
– coordinate transformations

of, 166
– coordinates of, 165
– dual of, 387
– local frame of, 165

– Riemannian, 405
– natural sections of, 165

W

Whitney sum of A-modules, 19, 20
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